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Using Technology with This Course 


There are three types of optional technology material in this text: Computer 
Key-In features, Computer Exercises, and suggestions for using graphing 
calculators and software to explore concepts and confirm results. 

The Computer Key-In features can be used by students without previous 
programming experience. They include a program that students can run to 
explore an algebra topic covered in the chapter. Some writing of programs may 
be required in some of these features, 

The optional Computer Exercises are designed for students who have some 
familiarity with programming in BASIC. Students are usually asked to write 
one or more programs related to the lesson just presented. 

The suggestions for applying computer graphing techniques are appropriate 
for use with a graphing calculator or with graphing software such as Algebra 
Plotter Plus or McDougal Littell Mathpack. 

Calculator Key-In features and certain exercise sets also suggest appropri- 
ate use of scientific and graphing calculators with this course. 


Using Technology — xiii 


SE LL 
Reading Your Algebra Book 


An algebra book requires a different type of reading than a novel or a short 
story. Every sentence in a math book is full of information and logically 
linked to the surrounding sentences, You should read the sentences carefully 
and think about their meaning. As you read, remember that algebra builds 
upon itself; for example, the method of multiplying binomials that you'll 
study on page 200 will be useful to you on page 544, Be sure to read with 
a pencil and paper: Do calculations, draw sketches, and take notes. 


Vocabulary 


You'll learn many new words in 
algebra. Some, such as polynomial 
and parabola, are mathematical in 
nature. Others, such as power and 
proof, are used in everyday speech 
but have different meanings when 
used in algebra. Important words 
whose meanings you'll learn are 
printed in heavy type. They are 
also listed at the beginning of each 
Self-Test. If you don’t recall the 
meaning of a word, you can look it 
up in the Glossary or the Index at 
the back of the book. The Glossary 
will give you a definition, and the 
Index will give you p 
for more information. 


e references 


Symbols 


Algebra, and mathematics in general, has its own symbolic language. You 

| must be able to read these symbols in order to understand algebra. For exam- 
ple, |x| > 2 means “‘the absolute value of x is greater than 2,”° If you aren't 
sure what a symbol means, check the list of symbols on page xvi. 


Diagrams 


Throughout this book you'll find 
many diagrams. They contain infor- 
mation that will help you understand 
the concepts under discussion. Study 
the diagrams carefully as you read the 
text that accompanies them 


xiv Reading Your Algebra Book 


Displayed Material 


Throughout this book important information is displayed in gray boxes. 
This information includes properties, definitions, methods, and summaries. 
Be sure to read and understand the material in these boxes. You should find 
these boxes useful when reviewing for tests and exams. 


PAO eh EST LA RE TE: * OE SE TE EEO 
If a is a real number and m and n are positive integers, then a” + a” = a™*". 


This book also contains worked-out examples. They will help you in doing 
many of the exercises and problems. 


Example — Simplify +. 
Solution = x°-x8 =x°'5 =x Answer 


Reading Aids 


Throughout this book you will find 
sections called Reading Algebra. 
These sections deal with such topics 
as independent study and problem 
solving strategies. They will help 
you become a more effective reader 
and problem solver. 


Exercises, Tests, and Reviews 


Each lesson in this book is followed by Oral, Written, and Mixed Review 
Exercises. Lessons may also include Problems and optional Computer Exer- 
cises. Answers for all Mixed Review Exercises and for selected Written Exer- 
cises, Problems, and Computer Exercises are given at the back of this book. 
Within cach chapter you will find Self-Tests that you can use to check your 
progress. Answers for all Self-Tests are also given at the back of this book. 
Each chapter concludes with a Chap- ~ 
ter Summary that lists important ideas 
from the chapter, a Chapter Review in 
multiple-choice format, and a Chapter 
Test. Lesson numbers in the margins 
of the Review and Test indicate which 
lesson a group of questions covers. 
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RS 
Reading Algebra/Symbols 


Page Page 
x (times) I (a, b) ordered pair whose first 349 
, . component is a and 
= equals, is equal to : second component is b 
. is not equal to 2 fy fof x, the value of fatx 379 
()  parentheses—a grouping ¢ is greater than or equal to 457 
symbol 
{ | brackets—a grouping 6 S is less than or equal to 457 
symbol n the intersection of 476 
7 pi, a number approximately 8 U the union of 476 
equal to 7 = is approximately equal to 514 
€ is a member of, belongs to 10 V principal square root 517 
Jietis a P(A) probability of event A 603 
2 is this statement true? 27 a line AB 616 
el nthe zl. AB segment AB 616 
tie Boney ste AB the length of AB 616 
is less than 32 AB ray AB 616 
> is greater than 32 br angle 616 
—a opposite or additive inverse 36 é degree(s) 617 
ofa 
ja| absolute value of a aT » triangle 621 
| reciprocal or multiplicative 79 7. simian se an 
b inverse of b cos A cosine of A 627 
v1) empty set, null set 117 sinA — sine of A 627 
a:b ratio of a to b 287 tan A tangent of A 627 


xvi = Symbols 


fe | 
Reading Algebra/Table of Measures 


Metric Units 


Length 10 millimeters (mm) = 
100 centimeters 

1000 millimeters 

1000 meters = 


centimeter (cm) 


meter (m) 


kilometer (km) 
Area 100 square millimeters (mm?) = 
10,000 square centimeters = 


square centimeter (cm*) 
square meter (m*) 


Volume 1000 cubic millimeters (mm*) = 1 cubic centimeter (cm*) 
1,000,000 cubic centimeters = 1 cubic meter (m*) 
Liquid Capacity 1000 milliliters (mL) = 1 liter (L) 
1000 cubic centimeters = 1 liter 
Mass 1000 milligrams (mg) = 1 gram (g) 
1000 grams = 1 kilogram (kg) 
Temperature in O°C = freezing point of water 
degrees Celsius (°C) 100°C = boiling point of water 


United States Customary Units 


Length 12 inches (in.) = 1 foot (ft) 
36 inches| e - 
3 feet | ~ | yard (yd) 
7 feet 
5280 feet) = 1 mile (mi) 


1760 yards) 


Area 144 square inches (in.*) = 1 square foot (ft) 
9 square feet = 1 square yard (yd?) 
Volume 1728 cubic inches (in.*) = 1 cubic foot (tt) 
27 cubic feet = 1 cubic yard (yd*) 
Liquid Capacity 16 fluid ounces (fl 07) | pint (pt) 
2 pints = | quart (qt) 
4 quarts = | gallon (gal) 
Weight 16 ounces (oz) = 1 pound (Ib) 
‘Temperature in 32°F = freezing point of water 
degrees Fahrenheit (°F) 212°F = boiling point of water 
Time 
60 seconds (s) = | minute (min) 
60 minutes = | hour (h) 


Table of Measures xvii 


introduction to 
Algebra 


ional Press 
4.4 Ib/in? 8.8 lb/in? — 13.2 Ib/in? 


The deeper you swim, the 
heavier the pressure of 
water above you. The graph 
shows that the depth and 
the pressure are variables. 


PE ee ee Ree ea 
Variables and Equations 


2 EEE RAS VS TI 
1-1 Variables 


Objective —_To simplify numerical expressions and evaluate algebraic 
expressions. 


When you go to an ocean beach, you may find small shops that rent recrea- 
tional equipment, such as scuba gear, surfboards, and snorkeling gear, Sup- 
pose the rental charge for snorkeling gear is $4.50 per hour. The amount 
you'll pay for using the gear depends on the amount of time you have it. 


The rental charge follows this pattern: 


Rental charge = $4.50 * number of hours 
= $4.50 xh 


The letter / stands for the hours shown in the table: 1, 2, 3, or 4. Also, 
h can stand for other hours not in the table. We call h a variable. 

A variable is a symbol used to represent one or more numbers. The num- 
bers are called values of the variable. An expression that contains a variable, 
such as the expression 4.50 x h, is called a variable expression. An expression, 
such as 4.50 4, that names a particular number is called a numerical 
expression, or numeral. 

Another way to indicate multiplication is to use a raised dot, for 
example, 4.50 + 4. In algebra, products that contain a variable are usually 
written without the multiplication sign because it looks too much like the 
letter x, which is often used as a variable. 


19 nm can be written as = 197. 
aXb_ can be written as ab. 
1 


> Xx can be written as 
The number named by a numerical expression is called the value of the 
expression. Since the expressions 4 + 2 and 6 name the same number, they 
have the same value. To show that these expressions have the same value, you 
use the equals sign, 
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You write 44225 


and say “four plus two equals (or is equal fo or is) six.”” The simplest, or most 
common, name for the number six is 6. 
The symbol ” means “‘is not equal to.’ You write 


a+2#5 
to show that the expressions 4 + 2 and 5 do not have the same value. 
Replacing a numerical expression by the simplest name for its value is 
called simplifying the expression. When you simplify a numerical expression, 
you use the following principle. 


Substitution Principle 
An expression may be replaced by another expression that has the same value. 


Example 1 Simplify each expression. a. (42+ 6)+8 b. 54 + (8 — 2) 


Solution — The parentheses ( ) show how the numerals in the expression are to be 


grouped. The expression within the parentheses is simplified first. 
a. (42+ 6)+8=7+8=15 Answer 


Note that to read the symbols **(42 + 6) + 8,’’ you may say “the quantity 


forty-two divided by six, plus eight."’ 
b. 54+(8 —2)=54+6=9 Answer 
Replacing each variable in a variable expression by a given value and simplify- 


ing the result is called evaluating the expression or finding the value of the 
expression. 


Example 2 Evaluate each expression if a = 5. a. 7a b, (3a) + 2 
Solution — a. Substitute 5 for a, b. Substitute 5 for a. 


Ta=7°5 (3a) + 2 = (3-5) +2 
pm =35 Answer =15+2=17 Answer 


In Examples | and 2 the parentheses show how the variables and numbers 
in the expression are to be grouped. Notice that expressions within parentheses 
should be simplified first. 


Example 3 Evaluate (5x) — (3 + y) if x = 12 and y = 9. 


} Solution — First replace x with 12 and y with 9, and insert the necessary multiplication 


symbol. 


2 Chapter 1 


Then simplify the result. 


Gx) —@G+y) 

\ | 

Sis 12) (S439) 
60 — 12 =48 Answer 


Saardia 


Tell whether each statement is true or false. Give a reason for your 
answer. 


(Sample a. 7-5=20+15  b.3-4=344 0c 24242-2 
Solution — a. True, because the value of both 7-5 and 20 + 15 is 35. 


b. False, because 3-4 = 12, but 3 +4 = 7. 
c. False, because the value of both 2 + 2 and 2-2 is 4. 


1. 6-3=3-6 2. 4-0=0-6 

3.8+1#1+8 4. 54x14454x0.5 

5. 3-(4+2)=(3+4)-2 6. (14-3) -1=14-@G-1) 
(8 — 2) 

7; =8-1 8. 0.23 x 5=2.3x 0.5 


Simplify each expression. 
9. 9+ (5-4) 10. (9 + 5)-4 Il. 18 — (4-4) 


(22 - 7) 14 (13 + 11) 


12. (17 — 3) -3 13, ea 


Evaluate each expression if a = 1, b = 2, and c = 3. 


15. 7h 16. 6a 17. c-3 18. 9-6 
19. 2 20. (Se) — 4 21. b + (ac) 22. a + (be) 
23. 3-(a— 1) 24. 2-(b + 2) 25. (a+ 6) +c 26. a + (c — b) 


A 


Written Exercises 


Simplify each expression. 
i —3)it3 2. 9 + (18 — 2) 3. 5+ (11 + 1) 
4. (13 -6)-7 5. (6 + 12) +3 6. 6 + (12 + 3) 
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Simplify each expression. 
7. 29— (0-9) 8. 5 — (16+ 4) 9. (8-17) + (12+ 17) 
10. (12+ 11) — (2+ 11) 11. (26 + 4) + (30 = 2) 12. (40 = 10) = (1-4) 


Evaluate each expression if x = 2, y = 3, and z = 4. 


13. Sx 14. 6y 15. xy 
17. (4x) +7 18. (3y)—9 19. G2)— 7 
21. (2x) + (2y) 22. (32) — (4x) 23. 8-(y + 2) 
ales Dea (y +4) 
5. 3° — 4) 26. 3+ (y + 6) 27. ext : 
29. (4x) — 8 30. 42 — (8x) 31. (Syz) — x 32. 8 + (Oxy) 


Evaluate each expression in color for the given values of the variables. 


B 33. Area of a rectangle: 


1 
if / = 25 and w = 12 pa eh 
34. Perimeter of a rectangle: (2!) + (2) r x ioral 
7 


if 1 = 25 and w = 12 


35. Perimeter of a triangle: (a + b) + « 


if a= 10, b = 24, and c = 26 , 
4 ; . Exs. 35 and 36 
36. Area of a right triangle: u + (ab) tae 


ifa= 10 and b= 24 ~ 


37. Temperature in degrees Fahrenheit, given degrees Celsius: 
(L.8C)+ 32 ifC =37 


38. Distance in meters traveled by an object falling for t seconds: 
(3 -elen) if g =9.8 and t= 16 
39. Simple interest on a loan of P dollars: Prt 
if P = 5000 (dollars), r = 0.125 (12.5% per year), and 1 = 2 (years) 


40. Cost in cents of electricity to operate an electric light for one hour: 
(p-c) 


1000 if p = 75 (watts) and c = 9.5 (cents) per kilowatt hour 


For each variable find a value that will make a true statement. If possible, 
find more than one value. 


41. 4n = 12 42. 8x = 16 4. y+3=3+4+y 
44. m+5=5 45. 64 -y=3-2 46. 3+y=075+y 
C 47. a-a=2a 48. 2-8=2 49, (b- b) +3 = 4b 
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ee SS eee 
Mixed Review Exercises 


Perform the 


dicated operation. 


1. (0.3) + (1.2) 2. 21.25 + 8.07 3. 1.6+0.4 Oo'97.2°= 3:8 
§, 212.1 + 6.9 6;.6.32 — 4.7 7. 72.34 X 2.1 8. (33.6 = 2.1 
2 3 Si Nd 3 3 I 

9 ? 
3 10 10. 5 16 1. 2S 12. 8 4 
7 16 5 1 Pee ee | 
3 x t 
19.30 * 31 AS ie) aS Coa a oa 4 


OL ME LS LE LS LD LLP LF LF IEF OOP IPD ME MO LB 
Application / Energy Consumption 


Power is associated with the flow of electricity in a circuit. Your electric com 
pany determines your monthly electric bill based on how much electricity you 
have used. Electrical power is measured in watts (W). 

When p watts are used for ¢ hours, the amount of energy measured in 
watt-hours is represented by the expression p +r. The electric meter for your 
home measures the amount of electricity you use in units called kilowatt-hours 
(kW +h). A kilowatt is 1000 watts 

To find the number of kilowatt-hours an appliance uses, use the expression 
pt to determine the number of watt-howrs used and then divide by 1000. You 
can get an idea of what 1 kW <h of electricity is by thinking of a 100-watt 
light bulb. To use | kW -h of electricity, you need to burn the 100-watt light 
bulb for 10 hours 


Example An air conditioner uses 1330 watts for 6 hours 


How many kilowatt-hours does it use? 


Solution In the expression p +t 


p = 1330 and 1 = 6 


1330-6 = 7980 (watt-hours) 
7980 = 1000 = 7.98 (kW +h) 
Answer 


Exercises 


1. An iron using 1008 watts is plugged in 
for 2 hours. How many kilowatt-hours 
are used? 


2. A clothes dryer uses 4856 watts. How 


many kilowatt-hours are used if it runs 


for 10 hours? 


ar 
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1-2 Grouping Symbols 
Objective ‘To simplify expressions with and without grouping symbols. 


Parentheses have been used to show you how to group, the numerals in an ex- 
pression. Different groupings may produce different numbers. 

(150 + 10) + 5 means 15 + 5, or 20. 

150 = (10 + 5) means 150 = 15, or 10. 


A grouping symbol is a device, such as a pair of parentheses, used to 
enclose an expression that should be simplified first. Multiplication symbols are 
often left out of expressions with grouping symbols. 


a. 6(5 — 3) stands for 6 * (5 — 3). 
The parentheses tell you to simplify 5 — 3 first. Then multiply by 6. 
6(5 ~ 3) = 6(2) = 12) Answer 


| Example 1 simplify. a. 65-3) —_b. 6(5) —3 
| Setution 


b. 6(5) stands for 6 x 5. 
6(5)- 3 =30-3=27 Answer 


In Example 1, note that 6(5) stands for 6 x 5. Other ways to write this product 
using parentheses are (6)5 and (6)(5). 


; 12+4 : . 
In a fraction such as 7 the bar is a grouping symbol as well as a 


i 4 1S 
division sign. 


[  s c.g, 14s 
Example 2 Simplify 1s-7° 
= 2+ 
Solution pts = b= 16 8=2 Answer 


Throughout your work in algebra you will use these symbols: 


MRA 
Grouping Symbols 


Parentheses Brackets Fraction Bar 
6(5 — 3 - +4 
) 6|5 — 3] 1s—7 


If an expression contains more than one grouping symbol, first simplify the 
expression in the innermost grouping symbol. Then work toward the outermost 
grouping symbol until the simplest expression is found. 


6 Chapter 1 


18 (S233) 
13;'= 4 
14 Answer 


j Example 3 Simplify 18 — (527+ 6). Solution 18 — [52 = (7 + 6)| 


When there are no grouping symbols, simplify in the following order: 


1. Do all multiplications and divisions in order from left to right. 
2. Do all additions and subtractions in order from left to right. 


Example 4 Simplify: .294+15+4 b. 19-7+ 12-248 
Solution a.29+15-4 b. 19-74 12-2+8 


29+ 60 19-7+ 24 =8 
89 19—7 + 3 
Answer i + 3 
15 Answer 


7 4x+5y. 
Example 5 Evaluate x — - if x = 3 and y = 8, 


Solution Replace « with 3 and y with 8. Then simplify the result. 
4c+Sy _4:34+5°8 _ 12440 _ 52 


= = = 52 “ 
Ts 3-3-8 9-8 ; = 52 Answer 


You may wish to use a calculator to evaluate some expressions. If you do, 
be sure to read the Calculator Key-In on page 13 first. 


I SEAN ES ee 
Oral Exercises 


Describe the operation(s) for each expression. 
Sample Bvt 1) +5 
Solution 1 Multiply 3 by the sum of x and 1; then add 5 to the product. 


Solution 2 Add x and 1; multiply the sum by 3; then add 5 to the product. 


a. 7y Dis 2 3. Ox +4 5. 4(z + 6) 
6. 42x — 1) 7 3. — 5, 4=2 19, S22 

r+y x y 8+z 
11-20. In Exercises 1-10, evaluate each expression if x = 1, y = 3, and 2 = 7 
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Written Exercises 


Simplify each expression. 


A ia84+3-4 2a.94+5-2 3, a.,6-.3-43 4.a.5+10+5 
b. (8 + 3)4 b. (9 + 5)2 b. (6 — 3) +3 b. (5 + 10) +5 
e 6+5°3 8+3-2 3(12 — 8) 8:54+2-7 
641 65 Ty ge 8. T=) 
Evaluate each expression if ¢= 6, x = 3, y = 4, and z= 5. 
Pe ae 10. a. Sy— 3 Il. a. 18 — 4x 12. a. 7z2+8 
b. 2(x + 7) b. (18 — 4)x b. 7(z + 8) 
13. a. xy +2 15. a. 4xz + 3y 16. a. 9xyz — 1 
b. x(y + 2) b. 4(xz + 3y) b. 9x(zy — 1) 
17. 5G3y — 4x) 19. xyz — 42 20. (yy + 2)°2 
Or+: 4y — 20 101 —z Ay + x) 
* a —  . . Set pes ied o£ 
2 r+z as y+2 ae 10(r = 2) mS dy+x 
B 25. 2x + 4 +2) 26. 3[z + 52y — )] 
27. (Sy + 6z) — 34) + y 28. 22 — {72% Ge +2)] 


Evaluate each expression in color for the given values of the variables. 


29. Perimeter of a parallelogram: 2(a + b) 


b 
if a = 7.5 and b = 19.5 f sf 
a ‘a 
Ex. 29 
b 


30. Perimeter of an isosceles trapezoid: 2a + b + « 
if a = 20, b = 16, and ¢ = 48 
b Exs. 30-31 


31. Area of a trapezoid: Sh(b + ©) 
if h = 12, b = 16, and c = 48 


is 


=> 


32. Area of a circle: (arr if r= 28 
as an approximate value for 7. 


= i 
Ex. 32 h 
33. Perimeter of a Norman window: 2(r + /) + ar - 
if r = 2.00 and h = 3.00 
Use 3.14 as an approximate value for 7. Ex. 33 


8 © *hapter / 


34. Surface area of a rectangular solid: 2(/\y + wh + [h) 
if /= 14, w = 12, and h = 10 h 


! 


° 


Simplify the expression on each side of the . Then complete using one 
of the symbols = or # to make a true statement. 


24- >. 
3s, ee 36, BHP 2 5439-3 
37. 2[3(12 — 7)] 25-545 38. 3136 + (3 + 6)] 2 30 ~ [(36 = 3) + 6] 


Insert grouping symbols in the expression 5 - 8 — 6 + 2 so that its value is: 
C 39.5 40. 17 41. 25 42. 37 


Insert grouping symbols in 5 - 2 + 8 — 4 + 2 so that its value is: 
43. 15 44. 16 45.7 46. 12 


Mixed Review Exercises 


Simplify. 
1. (10-4) +2 2. 40-10 + 18-2 3. 8 x (26 — 8) 
BF 415° +3 §. (28 + 4) + (16 + 2) 6. (6 + 5)+(8 — 3) 


Evaluate if a = 3, b = 2, x = 8, and y = 5. 
7. x + ay 8. (5 — a)y 9. 3a — 2b 


10. tx +3 1. tary 12. x+ (2a — b) 


PR LL LPP LIE PL FL” LEFT EE EF LF MM 
Challenge 


Notice that: Al+2+3)=3°4 
Al+2+3+4=4°5 
A1+2+3+4+5)=5°6 


If this pattern continues to hold, predict the value of: 
Be Ae 2s tee S tO t 7 +8 S10) 


b. the sum of the integers from | to 100. 
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1-3 Equations 
Objective —_To find solution sets of equations over a given domain. 


An equation is formed by placing an equals sign between two numerical or 
variable expressions, called the sides of the equation. 


W-7=4 5x-1=9 yt+2=2+y 

—— - — ——-s —_—— 
Le be 

the two sides the two sides the two sides 


Sentences containing variables (like the equations Sx — | = 9 and 
y +2 =2-+ y) are called open sentences. The given set of numbers that a var- 
iable may represent is called the domain of the variable. 

A variable in an equation can be replaced by any of the numbers in its 
domain. The resulting equation may be either true or false. 

You may use braces { } to show a set of numbers. A short way to write 
“the set whose members are 1, 2, and 3°° is {1, 2, 3}. 


Example 1 The domain of x is {1, 2, 3}. 


Is the equation Sx ~ | = 9 true when x = 1? when x = 2? when x = 3? 


Solution — Replace x in turn by 1, 2, and 3. 


Sx-1=9 


False 
True 
False 


In Example 1, when x is replaced by 2, the resulting equation is true. 
Any value of a variable that turns an open sentence into a true statement is a 
solution, or root, of the sentence and is said to satisfy the sentence. 

The set of all solutions of an open sentence is called the solution set of 
the sentence. Finding the solution set is called solving the sentence. In 
Example 1, there is only one solution, For the equation 5x — 1 = 9 you may 
say either “‘The solution is 2,"° or *‘The solution set is {2}."° 

Some equations have more than one solution, and some equations have no 
solutions, The sentence y + 2 = 2 + y is true no matter what number is substi- 
tuted for y. Therefore the solution set is the set of all numbers. If you are 
asked to solve this equation over the domain {0, 1, 2, 3}, you state that the so- 
lution set is the domain itself, {0, 1, 2, 3}. 

Here is another way to show that the domain of a variable y is 
{0;-1, 2;:3: 


y € (0, 1, 2, 3} 


(Read **y belongs to the set whose members are 0, 1, 2, and 3.’’) 


10 = Chapter | 


Solve y(4 — y) = 3 if y € {0, 1, 2, 3}. 


0+(4—0)=3 | False The solutions are | and 3. 
1-(4-— 1)=3] True .. (read ‘‘therefore’’) the 
2-(4- 2)=3 | False solution set is {1, 3}. 
3-(4—3)=31 True Answer 


0 
1 
2 
3 


Solve over the domain {6, 8, 12}: 
Five more than twice a number is 29, What is the number? 


"Solution y | ya-y=3 


Use mental math to see which members of the given domain are solutions. 


Number | Five more than twice a number is 29. 


6 Five more than twice 6 is 29. False 
8 Five more than twice 8 is 29. False 
12 Five more than twice |2 is 29. Truc 


fe .. the number is 12. Answer 
BR Se), LAT OSE eee 
Oral Exercises 
Solve each equation if x € {0, 1, 2, 3, 4, 5, 6}. If there is no solution over 
the given domain, say **No solution.” 
lx+2= 2.x-1=4 3. 2x =6 4.x+5=1 
Ss. x+—3=3 6x+1=5 7xt+4=4+x 8. x+4=x 
Solve each problem over the domain {1, 3, 5, 7, 9}. Use mental math. 


9. Three more than twice a number is 13. What is the number? 
10. Eight times the sum of 4 and a number is 56. What is the number? 


Re aa 
- Written Exercises 


Solve each equation if x € {0, 1, 2, 3, 4, 5}. 


A 1.x+5=9 2.6+x=11 3.x-2=3 4x-3= 
S= x= 2 6.6-x=3 7. 2 =8 8. Sx = 10 
9. 8x = 16 10. 2x = 10 Il. 3x =0 12. 0= 4x 
13. x+3=1 14, x+2= 15. 4y=2 16. 4x = 
17. x-x= 18. 9x =9 19. x-x=0 20. x-x = 25 
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Solve each problem over the domain {0, 2, 4, 6, 8}. 

21. Eight times a number is 32, What is the number? 

22. Twelve more than a number is 20, What is the number? 
23. A number divided by four is 2. What is the number? 
24. Three less than a number is 3, What is the number? 


B 25. Three more than twice a number is 7, What is the number? 
26. Four times a number is 6 more than the number, What is the number? 


Solve each equation over the domain {0, 1, 2, 3, 4, 5, 6, 7, 8, 9}. 


27. 2a+9=17 28. 3b-4= 11 29. 10 = 8c —6 

30. 13 = 6d —-5 31. 9+ 9r=81 32. 5+ 5n = 50 

33. 2k=x+7 34. 3w=w-3 35. 2f=fef 

3%. W8—y) =0 37. (6— vil + vv =0 38. 27k = (3k)(3k)(3k) 


Suppose the domain for each equation is {1, 2, 3, 4,...}. (The dots show 
that the set goes on without end.) Determine the number of solutions for 
each equation. Write *‘None,”’ **One,”’ or ‘*More than one.’’ For those 
equations with one solution, try to determine what the solution is. 


C 9 axt+3=34+4 boxt+4=x+3 cxt+4=8 
40. a. x-x=1 bxtx=2 ce x—-x=2y 
41. a. 4x =8 ce 4x=4x4+1 
42. a. 3-x=x-3 C.x—3=3—>% 


Write two different equations for which the solution set over the domain 
{0, 1, 2, 3, 4} is the given set. 


43. {3} 44. {0} 45. {0, 1, 2, 3, 4} 46. {0, 3} 


Mixed Review Exercises 


Simplify. 
1. 11-9+3-11 2.7.4 (15 +5) 3. (17-8) +3 
4. (3+2-2)+8 S27 S a2 2 6. 42+7+ (2+ 1) 


Evaluate if a = 3, x = 2, y = 5, and z= 4. 
7. 3x + 42 8. 6: (z—x) 9. 4(yz + 2) 
10. Sxz + 3y 11. axz + (2y) 12. 2y — [4a + (x + 1)] 
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YY Calculator Key-In 


Does your calculator follow the steps for simplifying an expression stated on 
page 7? Experiment with your calculator by entering the following example 
exactly as it appears here: 8+3x4 

If your calculator displays the answer 20, it followed the order of opera- 
tions you learned: multiplication before addition. Your calculator has an alge- 
braic operating system. The answer 20 is correct. 

If your calculator displays the answer 44, it performed the addition and the 
multiplication in the order in which you pressed the keys. One way to get the 
correct answer on your calculator is to multiply 3 and 4 first and then add 8, 
just as you would if you were using pencil and paper. 


Exercises 


Use a calculator to simplify each expression. 


I. 21 —2:8 < 7:5 2. 0.8 + 1.2+ 0.4 
3. 0.75 + 0.25 x 0.5 — 1.4 4. 0.45 x 369 + 0.55 = 369 
5. 364 + 13 x 15,873 — 5291 x 7 x3 6. 432 x 0.25 — 24 + 0.25 


7. Evaluate C = 5(F — 32) + 9 for each value of F: 
a. F = 212 b. F = 32 c. F = 98.6 


Self-Test 1 


Vocabulary variable (p. 1) grouping symbol (p. 6) 
value of a variable (p. 1) equation (p. 10) 
variable expression (p. 1) side of an equation (p. 10) 
numerical expression (p. 1) open sentence (p. 10) 
value of a numerical expression domain of a variable (p. 10) 
(p. 1) solution or root (p. 10) 


simplify an expression (p. satisfy an open sentence (p. 10) 
substitution principle (p. solution set (p. 10) 
evaluate an expression (p. 2) solve an open sentence (p. 10) 


Evaluate if x = 4, y = 2, and z = 5. 


1. (5x + yz — 4) 2. 3x(y + z) Obj. 1-1, p. 1 
Ax + 5) 
2.8% 3G =) 4. qomer Obj. 1-2, p. 6 


Solve if x € {0, 1, 2, 3, 4, 5}. 
5. 12-2x=2 6 2x=x+3 Obj. 1-3, p. 10 


Check your answers with those at the back of the book 
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Applications and Problem Solving 


(oy DPSS > a TT 
1-4 Translating Words into Symbols 


Objective To translate phrases into variable expressions. 


To solve problems using algebra, you must often translate phrases about 
numbers into expressions containing variables. 


Phrase Translation 
Addition The sum of 8 and x 8+x 

A number increased by 7 n+7 

5 more than a number n+5 
Subtraction The difference between a number and 4 | x — 4 


A number decreased by 8 
5 less than a number 
6 minus a number 


Multiplication | The product of 4 and a number 4n 
Seven times a number In 
One third of a number 4y 

Division The quotient of a number and 8 i‘ 
A number divided by 10 ot 


Caution: Be careful with phrases involving subtraction. 
The phrase *'S less than x"* is translated x — 5 and nor 5 ~ x. 
The phrase **S more than x’* can be translated as either 5 + x or x + 5. 


Example 1 ‘Translate each phrase into a variable expression 


a. 3 less than half of x b. Half the difference between x and 3 


Solution a. 1x-3 b. tx - 3) 


( 
> 


1a x). In this 


book when we say “‘the difference between x and y,"’ we mean x — y. Also, 


Notice that the answer to Example | (b) is Li 3). not 


“the quotient of x and y"" means +, or x + y 
y 
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Example 2 if the length of a board in centimeters is /. 
then the length of a board 7 cm shorter is | — 7, 
and the length of a board 6 cm longer is | + 6 


Formulas are often used in algebra. Formulas are equations that state rules 
about relationships. Here are four useful formulas: 


A=lw Area of rectangle = length of rectangle * width of rectangle 
P=21+2w Perimeter of rectangle = (2 * length) + (2 * width) 
D=n Distance traveled = rate < time traveled 

C=np Cost = number of items * price per item 


Example 3 Find the area and perimeter of a rectangle with length 10 and width w 


Solution Area length * width Perimeter (2 X length) + (2 x width) 
10+ (2+ 10) + (2+ w) 
10w Answer 20 + 2w Answer 


Example 4 You and your friends buy 2 pizzas at p dollars each and 4 salads at y dollars 


each. How much do you and your friends spend? 


Solution Cost = number * price 


Pizza cost = 2p Salad cost = 4s 


Total cost = 2p + 4s 
You spend (2p + 4s) dollars. Answer 


Example § You travel (h + 4) hours 
at 80 km/h. How far do 
you travel? 


Solution Distance = rate * time 
BOC + 

You travel 80(h + 4) km 

Answer 
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Oral Exercises 


‘Translate each phrase into a variable expression. Use n for the variable. 


1. Eight times a number 2. The product of three and a number 
3. Five more than a number 4. One fourth of a number 

5. A number decreased by four 6. A number divided by five 

7. Nine less than half a number 8. Nine more than twice a number 


Complete each statement with a variable expression. 
9. A rectangle has width 6 units and length x units. Its area is 
units. 
10. A rectangle has width y and length 13. Its perimeter is —_ . 
11. You travel for (¢ — 2) hours at 75 km/h. You travel —?_ km. 


square 


12. You buy (m + 5) bagels at 35 cents each. The cost is —?_ cents. 
13. Al earns (p + 3) dollars per hour. In 8 hours, he earns —?— dollars. 


14. Our house is y years old. Four years ago it was —?_ years old. 
15. The Golden Gate Bridge was built n years ago. Three years from now it 
will have been standing —?_ years. 


16. A sports arena was d years old 15 years ago. It is now years old. 


17. Nine years from now Fenway Park will be g years old. It is now —2— 
years old. 

18. Mike jogs for half an hour at y mi/h. He jogs —2— mi. 

19. Workers on an assembly line produce (x + 10) cars each day. In 5 days 
they produce _?_ cars. 


20. A conveyor belt moves at n yd/min. In 10 minutes it moves —2_ yd. 


BRM Ties Soi ee 
Written Exercises 


Translate each phrase into a variable expression. 


A 1. 8 more than a number 2. Four times a number 
3. A number decreased by 11 4. The sum of 3 and a number 
5. Half of a number 6. A number increased by 10 
7. The quotient of 17 and d 8. A number divided by 3 
9. The product of 11 and x 10. The difference between a number and 2 
11. 7 more than twice y 12. 4 less than five times a number 
13. 8 less than half of n 14. 11 more than one third of a number 
15. 5 plus the quotient of a number and 8 16. 10 times the sum of a number and 9 
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Match each phrase in the first column with the corresponding variable 
expression in the second column. 


17. 
18. 
19. 


Seven decreased by three times a number a. x + 3) 
Twice the sum of a number and three b. 3x +1 
Five times the sum of a number and two CET 
The difference between three times a number and one aac 
Six times the difference of a number and five e. Sx +2 
Five less than six times a number be Se 
One more than three times a number g. S(x + 2) 
Twice a number, increased by three h. 6(x — 5) 
Seven less than three times a number i T= 3% 
Two increased by five times a number ji Gr 5 


Complete each statement with a variable expression. 


27. 


29 


31. 


Leann is 3 cm taller than Fred. 
If Fred’s height is fem, 

then Leann’s height is —2_ cm. 
Maria has $10 more than Luisa, 
If Maria has m dollars, 

then Luisa has _? — dollars. 


The sum of two numbers is 17. 
If one number is x, 
then the other number is —!_. 


Seiji is 3 in. taller than Dan. 
a. If Seiji’s height is s in 
then Dan’s height is 
b. If Dan’s height is d in., 
then Seiji’s height is —?_ in. 


in, 


There are 12 fewer boys than girls. 


a. If the number of girls is g. 
then there are —_ boys. 

b. If the number of boys is >, 
then there are —?_ girls. 


28. 


32. 


M 


Adam is 9 in. shorter than Jeff. 
If Jeff's height is j in., 
then Adam’s height is —2_ in. 


Dale has twice as much money as Leo. 


If Dale has d dollars, 
then Leo has _?— dollars. 


The product of two numbers is 18. 


If one number is y, 
then the other number is —2_. 


Ruth weighs 5 Ib less than Erin. 
a. If Ruth’s weight is r Ib, 

then Erin’s weight is —?_ Ib. 
b. If Erin's weight is e Ib, 

then Ruth's weight is —?— Ib. 
Two numbers differ by 12. 
a. If the smaller number is s, 

then the larger number is 
b. If the larger number is /. 


then the smaller number is —?— 


Answer each question. Use the formulas on page 15. 


37. 
38. 
39. 
40. 
41. 


I drove for 3 hours at r mi/h. How far did I go? 


Dick drove for A hours at 85 km/h, How far did he go? 


Pencils cost p cents each. How much will 5 pencils cost? 


Yogurt costs 75 cents per container. How much will x containers cost? 


Sketch a rectangle having length / and width 5. What is its area? 
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Answer each question. Use the formulas on page 15. 


42. Sketch a rectangle having length 7 and width w, What is its perimeter? 


43. Pencils cost p cents each and notebooks cost n cents each, How much will 


3 pencils and 2 notebooks cost? 


44. Shirts cost 20 dollars each and ties cost 12 dollars each. How much will 


s shirts and ¢ ties cost? 

How many minutes are in 3 hours? In 4 hours? 

How many days are in 4 weeks? In w weeks? 

How many years are in 36 months? In m months? 
How many minutes are in 330 seconds? In s seconds? 


Complete each statement with a variable expression. 


49. 


Oranges sell for ¢ cents per pound at Carl's Convenience Store. They cost 
5 cents per pound less at the local supermarket. Ten pounds of oranges cost 
1 cents at Carl’s and 2 cents at the supermarket. 


Vera drove at the rate of r km/h. Kim’s average speed was 3 km/h faster. 
In two hours, Vera traveled _?_ km and Kim traveled ?_ km. 


The difference between two numbers is five. The greater number is n. The 
smaller number is —?_. 

The difference between two numbers is eight. The smaller number is m. 
The larger number is _?_. 


An apple has 29 more calories than a peach and 13 fewer calories than a 
banana. If a peach has p calories, then there are —?_ calories in a fruit 
salad made with one apple, two peaches, and one banana. 


A cup of peanuts contains 8 more grams of carbohydrates than a cup of 
walnuts and | less gram than a cup of almonds. If a cup of walnuts 
contains w grams of carbohydrates, then a mix of one cup each of peanuts, 
walnuts, and almonds contains —?_ grams of carbohydrates. 


Evaluate if ¢= 2, x = 3, y = 4, and z= 5. 


AS x= 2y 2. 4 + 3yz 3. (2x — 9°33 
4. 42+3x-1 5. ny +2 6 tytztx 


Solve if x € {0, 1, 2, 3, 4}. 


7x+4=8 8. 3x = 12 
Wl. 2x+1=7 12, 5=3x-1 


Chapter | 


ee 
1-5 Translating Sentences into Equations 


Applications o 


To translate word sentences into equations. 


f algebra frequently require you to translate word sentences about 


numbers into equations. Sometimes you can translate the words in order. You 
may need grouping symbols. 


Twice the sum of a number and four is ten. 


ne 


‘ 
10 


i= 


(n + 4) 


When a number is multiplied by four and the result decreased by six, 
the final result is 10. 


4x-—6=10 


Caution: Be careful when the words “‘less than’’ are used. You may not be 
able to translate the words in order. 


Sometime 


Three less than the number x is 12. 


| 
we 

i 
i 


's you will need to use a formula in order to write an equation. 


Examples 4 and 5 illustrate how this may be done. 


= 


Use the figure and the information below 
it to write an equation involving x. 4 4 


Perimeter = the sum of the lengths of the sides, n 
14=4+4+% 


Perimeter a 
14=8+.x Answer St 


a. Choose a variable to represent the number described by the words in 
parentheses. 

b. Write an equation that represents the given information. 

The distance traveled in 3 hours of driving was 240 km. (Hourly rate) 


a. Let r = the hourly rate. 
b. Since rate X time = distance, r+ 3 = 240, or 3r = 240. 
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Solution 2. a. Let r = the hourly rate. 


| b. Since the hourly rate is the number of miles traveled in one hour, r = * 


Notice that the equations obtained in the Solutions to Example 5 are not 
the same. As soon as you become more familiar with algebra, you will see that 
these equations have the same solution set. 


a 
Oral Exercises 


Translate each sentence into an equation, 

1. Twelve more than the number p is 37. 

2. Eight is 5 less than twice the number r. 

3. Forty decreased by the number m is 24.5, 

4. The number a increased by 2.3 is 8.3. 

5. The sum of one third of the number s and 12 is 23. 
. The product of 58 and the number n is 1. 


. Three fourths of the number / is 192. 
. The product of 12 and the quantity | less than the number d is 84. 
10. The product of 7 and the sum of twice the number x and 3 is 126. 


6. 
7. The quotient of the number b and 4 is 8. 
8 
9 


Use the figure and the information below it to write an equation 
involving x. 


il. . 3. 
12 8 1 16 
x 8 20 
Perimeter = 18 Perimeter = 26 Perimeter = 60 


Written Exercises 


Tell whether equation (a) or equation (b) is a translation of the given 


statement. 
A 1. One third of a number is seven. a. 4 ‘n=7 b. i: 7=n 
2. Six less than a number is twelve. a. 6—n=12 b. 2n—6= 12 
3. Half of the sum of three and a a. 13 +n=4 b. 1 s+ n= 4 


number is four 
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4. Four less than twice a number is a 2x-4=9 b. 4-2x=9 


nine. 

5. Twice a number is 18 more than a. 2x + 18 = 5x b. 2x = 18 + 5x 
five times the number. 

6. A number is 9 more than one third a n=9+ tn b. n= din +9) 
of itself. . - 

7. Eleven less than twice n is seven a. (11 -—2n=74+n b. 2n-11=7+n 


more than n. 


8. Ten times x is twice the sum of x a. 10x = 2x +8 b. 10x = 2(x + 8) 
and eight. 


Match the sentence in the first column with the corresponding equation in 
the second column. 


9. Three less than twice a number is eight. a. 30 


10. Three times the quantity two less than x is eight. 


11. Two less than the product of three and_x is eight. 


12. Two times the number which is three less than x is eight. 


13. Three times two decreased by x is eight. f. 2+-—3)=8 
pkg A yee . 3— 2x =f 
14. Three diminished by twice a number is eight, LG r= 6 
h. 2-—3x=8 
15. Two decreased by three times a number is eight. 
16. Three times the number which is x less than two is eight. 
Use the figure and the information below it to write an equation 
involving x. 
17. 18. 19. 
x 
9 x 
i 7 
8 : 4 
Perimeter = 24 Perimeter = 29 Perimeter = 12 
20. x 21. 8 22, axtt 
6 6 x x x x 
x x+1 
Rectangle Rectangle Rectangle 
Perimeter = 26 Area = 40 Area = 42 
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In Exercises 23-36, 
a. Choose a variable to represent the number described by the words in 
parentheses. 
b. Write an equation that represents the given information. 
B 23. The perimeter of a square is 116 m. (Length of a side) 

24. A dozen eggs cost $1.19. (Cost of one egg) 

25. Seven years from now a coin will be 50 years old. (Coin’s age now) 

26. Nine days ago a new radio station had been on the air for 13 days. 
(Station’s age now) 

27. A bookstore has sold all but 12 of the dictionaries in a shipment of 120 
dictionaries. (Number of dictionaries sold) 


28. A student solved all but the last four exercises in a homework assignment 
of 30 exercises. (Number of exercises solved) 


29. One eighth of a pizza sold for $.95. (Cost of the whole pizza) 

30. A sixteen-year-old building is one fourth as old as a nearby bridge. 
(Bridge's age now) 

31. A train traveled 462 km at a rate of 132 km/h. (Number of hours traveled) 


32. A rectangular floor is tiled with 928 square tiles. The floor is 32 tiles long. 
(Number of tiles in the width) 


33. In the floor plan of a house, dimensions are shown yp of actual size. The 
length of the family room in the plan is 8.5 cm. (Actual length of the 
room) 


34. A season ticket good for 39 basketball games costs $1092. (Cost of one 
admission with this ticket) 


C 35. Each car in a fleet of 24 rental cars is either red or blue. There are 3 
more blue cars than twice the number of red ones. (Number of red cars) 


36. The sum of three numbers is 120. The second of the numbers is 8 less 
than the first, and the third is 4 more than the first, (First number) 


(SP a aD 
Mixed Review Exercises 
Solve if x € {0, 1, 2, 3, 4, 5, 6}. 
13+x=7 2.2=x-4 3. Sx = 25 4.3=x+2 
5. 3x+1=10 6 4x =x+6 Txt5=2x 8. 4x au-4 
Translate each phrase into a variable expression. 


9. A number decreased by 5 10. 5 more than a number 
11. The quotient of 5 and a number 12. Twice the sum of 5 and a number 
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1-6 Translating Problems into Equations 


Objective —_To translate simple word problems into equations. 


A word problem describes a situation in which certain numbers are related to 
each other. Some of these numbers are given in the problem and are considered 
to be known numbers. Other numbers are at first unknown. You must determine 
their values by using the facts of the problem. 

Simple word problems often give two facts involving two unknowns. The 
following steps can be used to translate such problems into equations. (In a 
later section, you will learn to find the solution of the problem by solving the 
equation. ) 


Step | Read the problem carefully. 
© Decide what the unknowns are. 
© Decide what the facts are. 


Step 2 Choose a variable and represent the unknowns. 
© Choose a variable for one unknown, 
© Write an expression for the other unknown using the variable 
and one of the facts. 


Step 2 Reread the problem and write an equation. 
¢ Use the other fact from the problem to write an equation. 


Example 1 Translate the problem into an equation. 


(1) Marta has twice as much money as Heidi. 
(2) Together they have $36, 
How much money does each have? 


Solution — Use the three steps shown above. 


Step 1 The unknowns are the amounts of money Marta and Heidi have. Each of the 
numbered sentences gives you a fact. 


Step 2 Choose a variable: Let h = Heidi's amount. 
Use A and sentence (1): Then 2h = Marta’s amount. 
| Step 3 Use sentence (2) to write an equation: h + 2h = 36 


If a word problem involves lengths or distances, a sketch can help you to 
analyze the problem. Example 2 illustrates this 


Example 2 Translate the problem into an equation. 


(1) A wooden rod 60 in. long is sawed into two pieces. 
(2) One piece is 4 in. longer than the other. 
What are the lengths of the pieces? 
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Solution — Use the three steps shown on page 23. 


Step 1 The unknowns are the lengths of the pieces. 
Sentences (1) and (2) each give a fact. 


Step 2 Choose a variable: 
Let x = the shorter length. = 
Saat 
Use x and sentence (2): x x 
Then x + 4 = the longer length. 


Step 3 Use sentence (1) to write an equation; x + (v + 4) = 60 


Problems 


Translate each problem into an equation. 


AL. (1) Luke has $5 more than Sam. 2. (1) Lyn has twice as much money as Jo. 

(2) Together they have $73. (2) Together they have $63. 
How much money does each have’? How much money does each have? 

3. (1) There were 12 people on the jury. 4. (1) State College has 620 students. 
(2) There were 4 more men than women. (2) There are 20 more women than men. 
How many men were there? How many women are there? 

5. (1) Lee bicycled 3 km farther than Wing. 6. (1) Brenda drove three times as far as Jan. 
(2) The sum of the distances they bicy- (2) Brenda drove 24 miles more than Jan, 

cled was 25 km. How far did Jan drive? 


How far did each bicyclist go? 


Wing: [-———_+| Jan: al 
w 


J 
a im 
w 3 j j j 
7. (1) Lisa walked 8 km more than Tim. 8. (1) The Ravens won twice as many 
(2) Lisa walked twice as far as Tim. games as they lost. 
How far did each walk? (2) They played 96 games. 


How many games did they win? 


9. (1) Shelley made five more sales calls 10. (1) Skip had eight fewer job interviews 


than Clark. than Woody. 
(2) Shelley and Clark made a total of (2) Together they had 20 interviews, 
33 sales calls. How many interviews did each have? 


How many sales calls did each make? 


11. (1) Amanda spent $2 more than Barry 12. (1) The number of items on two gro- 


on school supplies. cery lists differs by 7. 
(2) Together they spent $34. (2) The total number of items is 33. 
How much money did each spend? How many items are on each list? 
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Translate each problem into an equation. Drawing a sketch may help you. 

13. A ribbon 9 feet long is cut into two pieces. One piece is | foot longer than 
the other. What are the lengths of the pieces? 

14. The height of a tower is three times the height of a certain building. If the 
tower is 50 m taller than the building, how tall is the tower? 

15. The length of a rectangle is twice its width. If the perimeter is 60, find the 
dimensions of the rectangle 

16. The length of a rectangle is one unit more than its width. If the area is 30 
square units, find the dimensions of the rectangle 

17. The sides of a triangle have lengths 7, x, and x + 1. If the perimeter is 30, 
find the value of x 

18. A triangle has two equal sides and a third side that is 15 cm long. If the 
perimeter is 50 cm, how long is each of the two equal sides? 


Translate each problem into an equation. Note that Problems 19-22 
three facts about three unknowns, 


heavier than her knapsack. The weights of Ling, her suitcase, and her knap- 
sack total 170 Ib. How much does each weigh? 


Sample Ling is three times as heavy as her packed suitcase. Her suitcase is 20 Ib 


Step 1 The unknowns are the weights of Ling, her suitease, and her knapsack 


We know three facts that relate these weights to each other 


Step 2 Let k = the knapsack weight 
Then k + 20 = the suitcase weight, and 3(k + 20) = Ling’s weight 


Step 3 k + (k + 20) + 3(k + 20) = 170. 


19. A hockey team played 12 games. They 
won two more than they lost. They lost 
one more than they tied. How many 
games did they win, lose, and tie? 


20. Tina, Dawn, and Harry have $175 to 
gether, Tina has three times as much 
money as Dawn, Dawn has twice as 
much money as Harry. How much 
money does each have? 

21. A board ten feet long is cut into three 
pieces. One piece is one foot longer 
than the shortest piece and two feet 
shorter than the longest piece. How 


long is each piece? 


22. Terri has } as many Canadian stamps as her father has in his collection. 
She has 4 as many Canadian stamps as her grandfather has. How many 
stamps do they each have if together they have 120 Canadian stamps? 


Pe) Ae ee 
Mixed Review Exercises . 


Solve if x € {0, 1, 2, 3, 4, 5, 6}. 


1. 2vt+3=5 2x+2=1 3. 16 = 4x 4.3=2x-5 
5. 6 + 6x = 36 6. 7=2x-3 7. 3x=xt+4 8. xx = 16 


Translate each phrase into a variable expression. 


9. One third of a number 10. 2 less than 4 times a number 
11. 5 more than twice a number 12. 4 less than one fourth of a number 


GL LE Ae BS a I GS LP SS LF EF A SEP SM 
Reading Algebra / Problem Solving 


Accurate reading is a vital part of problem solving. When you read a problem, 
do so slowly and carefully to be sure you fully understand every word, fact, 
and idea. Look up any words that you do not know in a dictionary or in the 
glossary at the back of this book. Remember that more information than you 
need may be given. 

When you have read the problem carefully and answered the questions, 
check your answers with those printed at the back of the book or with your 
teacher, If your answer is wrong, reread the problem and try to find your error. 
Good — solvers learn from their mistakes as well as their successes. 

A good way to find your error is to explain to a classmate how you 
reached your answer. Explaining to someone else—or even explaining aloud to 
yourself—often helps you clarify your own thinking. 


Exercises 


One day a cafeteria served twice as much milk as apple juice and three times 
as much milk as fruit punch, A total of 660 cartons of the three drinks was 
served. This is 100 more than 80% of the usual number served. 


1. What given information do you need in order to find the number of cartons 
of milk served? 

2. Which is greater, the number of cartons of apple juice served, or the num- 
ber of cartons of fruit punch served? 

3. Rob found the number of cartons of milk served by using the equation 


v + 2x + 3x = 660, where x represents the number of cartons of milk 
served. Was this method correct? Explain. 
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1-7 A Problem Solving Plan 


Objective —_To use the five-step plan to solve word problems over a given 
domain. 


To solve a word problem using algebra you can use the five-step plan below. 
Notice that you already know how to do the first three steps! 


SS a ET 
Plan for Solving a Word Problem 


Step 1 Read the problem carefully. Decide what unknown numbers are asked 
for and what facts are known. Making a sketch may help. 


Step 2 Choose a variable and use it with the given facts to represent the 
unknowns described in the problem. 


Step 2 Reread the problem and write an equation that represents relationships 
among the numbers in the problem, 


Step 4 Solve the equation and find the unknowns asked for. 
Step 5 Check your results with the words of the problem. Give the answer. 


In this section you will be asked to check which number in a given do- 
main satisfies the equation you write for Step 3. Later you will learn how to 
solve an equation (Step 4) using other algebraic methods. 


A choice of possible numbers for one unknown is given. 


Phillip has $23 more than Kevin, Together they have $187. 
How much money does cach have? 
Choices for Kevin's amount: 72, 78, 82 


Example 1 Solve using the five-step plan. Write out each step, 


Step 1 The unknowns are the amounts of money that Phillip and Kevin have 
Step 2 Let k = Kevin's amount. Then k + 23 = Phillip’s amount, 
Step 3 k + (k + 23) = 187 
Step 4 Replace k in turn by 72, 78, and 82. 
k [k + (k + 23) = 187 
72 | 72 + (72 + 23) 2 187 | False 


78 | 78 + (78 + 23) 2 187 | False 


82 | 82 + (82 + 23) 2 187 | True 


Kevin's amount: k = 82 Phillip’s amount; k + 23 = 82 + 23 = 105 
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| Step 5 Check the results of Step 4 with the words of the problem. 


Phillip has $23 more than Kevin. 105 2 23 + 82 


105 = 105, 
Together they have $187. 105 + 82 2 187 
187 = 187, 


.. Kevin has $82 and Phillip has $105. Answer 


Problems 


Solve using the five-step plan. Write out each step. A choice of possible 
numbers for one unknown is given. In Problems 11-16, drawing a sketch 
may help you. 


AL. An oil painting is 16 years older than a watercolor by the same artist. The 
oil painting is also three times older than the watercolor. How old is each? 
Choices for the watercolor’s age: 4, 8, 12 


2. The gym is 21 years newer than the auditorium. The gym is also one 
fourth as old as the auditorium. How old is each building? 
Choices for the auditorium’s age: 26, 27, 28 

3. Two numbers differ by 57. Their sum is 185, Find the numbers. 
Choices for the smaller number: 54, 64, 74 


4. One number is four times another number. The larger number is also 87 
more than the smaller number. Find the numbers. 
Choices for the smaller number: 29, 30, 33 


5. A bus went 318 km farther than a car. The car went one third as far as the 
bus. How far did each vehicle travel? 
Choices for the car's distance: 147, 151, 159 


6. A clown weighs 60 Ib more than a trapeze artist. The trapeze artist weighs 
two thirds as much as the clown. How much does each weigh? 
Choices for the weight of the trapeze artist: 110, 120, 125 


7. The U.S. Senate has 100 members, all Democrats or Republicans. Recently 
there were 12 more Democrats than Republicans. How many Senators from 
each political party were there at that time? 

Choices for the number of Republicans: 38, 42, 44 

8. The ninth grade class has 17 more girls than boys. There are 431 students 
in all. How many boys are there? How many girls are there? 
Choices for the number of boys: 191, 202, 207 


9. Elena has one and a half times as much money as Ramon. Together they 
have $225. How much money does each have? 
Choices for Ramon’s amount: 80, 90, 95 

10. Western State College is 18 years older than Southern State. Western is 
also 24 times as old as Southern. How old is each? 
Choices for Southern State’s age: 12, 14, 18 
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B 11. The height of the flagpole is three fourths the height of the school. The 
difference in their heights is 4.5 m. What ts the height of the school? 
nt: 18, 20, 24 


k 


Choices for school’s he 


2. Leah and Barb started at school and 
jogged in opposite directions. After 

30 min they were 10.5 km apart. Barb 
had traveled 1.5 km farther than Leah 
How far did each jog? Choices for 
Leah's distance: 4.5, 4.6, 4.7 


13. A rectangle is 12 m longer than it is 
wide. Its perimeter is 68 m. Find its 
length and width, Choices for the 
width: 10, 11, 12 

14. The length of a rectangle is 34 times its 
width, Its perimeter is 108 cm. Find its 


length and width. Choices for the 
width: 12, 18, 24 


A rectangle is 15 ft longer than it is 
wide and its area is 324 ft’. Find its 
length and width. Choices for the 
width: 10, 12, 16 


C 16. A rectangle and a square have the same width but the rectangle is 5 m 
longer than the square. Their total area is 133 m°. Find the dimensions of 


each figure. Choices for the square’s width: 6, 7, 8 


17. Luis weighs 5 Ib more than Carla. Carla weighs 2 Ib more than Rita. To 
gether their weights total 333 Ib. How much does each weigh? Choices for 
Luis’s weight: 110, 115, 120 


18. Tony has twice as much money as Alicia. She has $16 less than Ralph 
fogether they have $200. How much money does each have? Choices for 
Ralph's amount: 59, 62, 63 


(SBE 52 kw Be a ee 
Mixed Review Exercises 


mplify. 
+24+6:6 = Ps 
1. = 2. 30-4+4+2)+(2 3) 
10-6 1 
30 — (12 3 4. 6-1 | 
Translate each sentence into an equation. 
5. Six times a number is 36 6. Six is two less than a number 
7. Two more than twice a number is ten 8. One third of a number is six 
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Self-Test 2 


Vocabulary formula (p. 15) 


1. A variable expression for eight times the sum of a Obj. 1-4, p. 14 
number # and four is 


Translate into an equation. 


2. Twice a number x is two more than x Obj. 1-5, p. 19 
3. A rope [1 ft long is cut so that one piece is 2 ft Obj. 1-6, p. 23 
longer than twice the other piece. What are the 
lengths of the pieces? 


4. Use the five-step plan to solve the following problem Obj. 1 


A rectangle has an area of 55 ft 

Its length is 6 ft more than its width 
nd the length and the width 
Choices for the width: 5, 7, 9 


Check your answers with those at the back of the book 


G Biographical Note / Maria Mitchell 


Maria Mitchell (1818-1889) was the first 
woman in the United States to be recog- 
nized for her work in astronomy, Born on 
the island of Nantucket, off the coast of 
Massachusetts, Mitchell helped her father 
with calculations needed to rate the chro- 
nometers of whaling ships 

Mitchell became the librarian of the 
Nantucket Atheneum in 1836 and continued 
to study mathematics and astronomy. On 
October 1, 1847, while conducting tele- 
scope observations, Mitchell discovered a 


new comet that was later named for her 
She gained worldwide recognition for this 
discovery 

In 1865 Mitchell became the first 
professor of astronomy and the director of 
the observatory at Vassar College. In 1869 


she became the first woman elected to the 
American Philosophical Society for her 


scientific achievements 
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Numbers on a Line 


1-8 Number Lines 


Objective —‘ To graph real numbers on a number line and to compare real 
numbers 


The numbers used in elementary algebra can be pictured as points on a number 
line as shown below. The point labeled zero is called the origin. The origin 
separates the line into a positive side and negative side. For a horizontal line, 
the side to the right of the origin is the positive side. 


origin 
positive side 


negative side ' 


Equal units of distance are marked on both sides of the origin. The end- 
points of successive units are paired with negative and positive integers. The 
number ~1 is read **negative one.”’ The number ‘positive one’’ can be written 


either as | or “1. Zero is neither positive nor negative 


mtegers: {1, 2,3,4,.. .} 


Negative integers: {~1, ~2, ~3, “4, } 


Positive 


The three dots are read *‘and so on."’ They indicate that the list continues with- 
out end. The positive integers, negative integers, and zero make up the set of 


integers. 


Mememeee: Ants Oy ty hg OU, yes oy, } 


The set of whole numbers consists of zero and all positive integers 


Whole numbers: {0, |, 2, 3, } 


A number line contains points corresponding to fractions and decimals as 
well as integers. A positive number is a number paired with a point on the 
positive side of a number line. A negative number is a number paired with a 
point on the negative side of a number line. For example: 


A is 1.5 units from 0 on the positive side 


The positive number 1.5 is paired with A 
Sa aE, tN a a OR oe am ed 


B is 1.5 units from 0 on the negative side 
1.5 is paired with B 


The negative number 


On a number line, the point paired with a number is called the graph of 
The number paired with a point is called the coordinate of the 


the number 
124 is the coordinate of ( 


- 1 
point. Point C, above, is the graph of 24, and 
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Any number that is either positive. negative, or zero is called a real 
number. When you graph real numbers, you take the following for granted 


1. Each real number is paired with exactly one point on a number line 
2. Each point on a number line is paired with exactly one real number. 


Thus, the graphs of a// the real numbers make up the entire number line 


Phe arrowheads indicate that the number line and the graphs go on without end 
in both directions. 

Because positive and negative numbers suggest opposite directions, they 
are sometimes called directed numbers, You use them for measurements that 


have direction as well as size 


Example 7) Write a number to represent cach situation 


a. A temperature rise of 6 6 
A temperature drop of 6 6 

b. 7.3 km north: 3 
7.3 km south: 7.3 

c. A wage increase of $15 15 
A wage decrease of $15: 15 


Inequality symbols are used to show the order of two real numbers. 


means “‘is less than” bye | 


means ““is greater than” ore | 


The greater number is always placed at the greater (or open) end of the 
inequality symbol. The statements 3 < 7 and 7 > 3 give the same information 
and are interchangeable 

On a horizontal number line, such as the one above, the numbers increase 


he number line, 


from left to right and decrease from right to left. By studyir 
you can see that the following statements are true 


wa 
on 
n 


Example 2 Graph the numbers ~1, 2.5, 0, ~3, $, and ~3.75 on a number line. Then list 


them in increasing order 


Solution 


From least to greatest: 3 


32 Chapter | 


SEs 0 eI ERR ERD SAS Ry EET 
Oral Exercises 


Exercises 1-16 refer to the number line below. 


Name the point that is the graph of the given coordinate. 


Sample1 7 Solution Point C 
1.8 2.0 30>] 4.76 5.4 es 


State the coordinate of the given point. 
7.G 8.R i Ja 19. H 11. B 12. J 


Sample 2— The point halfway between P and Q Solution — +5 


13. The point halfway between L and M 
14. The point halfway between D and E 
15. The point one third of the way from E to K 
16. The point one fourth of the way from / to A 


Read aloud each inequality statement. Tell whether it is true or false. 


17, 2<5 18. ~4<0 19. “3> "2 20. “S< 


Written Exercises 


Write a number to represent each situation. Then write the opposite of that 
situation and write a number to represent it. 


A 1. Five steps down 2. Two rooms to the right 
3. 190 m above sea level 4. Nine degrees below freezing (0° C) 
5. A profit of $18 6. Four losses 
7. 15 km west 8. Latitude of 41° north 
9. Receipts of $85 10. A bank withdrawal of $25 
11. One foot below ground 12. 3 bonus points 
13. A loss of $50 14. 10 Ib lost 


ow 


Introduction to Algebra — 3. 


Translate each statement into symbols. 


15. Six is greater than negative nine. 16. Negative eleven is less than negative 
one. 
17. Negative cight is greater than negative 18. Ten is greater than seven. 
fen. 
19. Six is less than six and five tenths. 20. Zero’ is greater than negative three 


tenths. 


21. Negative thirteen is less than zero 22. One eighth is less than one seventh. 


List the letters of the points whose coordinates are given. 


R S&§ ZUA MTP L KBD WN HCF iV &d @ . FF WW 


To) ae a Te Fe) yf i ea oe i ae 4a 
23. ~8,.2 24. 5,4 25. 0, 9 26. 6,8 
27. 6, ~6, “64 28,.1, =I, AS 29, -5, “44, -4 30:78, -7, 74 
State two inequalities, one with > and one with <, for the coordinates of 
the points shown in color. 
S—— - 
Sample — = = 4 els 2=i, v2 
SS, SS ee 32, +<—¢—+—_+—_+—_+—_ +--+ 
as eee ae Ye |] 1 a S ae eee Ml A 2 3 
3. SS 4 SS 
ot (i) a | 2: 3. @ 5S =~ a @ 2 3 @ 
ee SS en 
Te SAS: SS SO wh ce EY vo 1k eS 
7. ————— a ee 
Grogs 4s: 6 mo ca OO ll ee 
Complete using one of the symbols < or > to make a true statement. 
3D. 7420 @. 02-5 41.6.2.5+4 4203-77 1 
43.02.71 44.0x0_2.1 45. 3.12732 4. -22-1 
Graph the given numbers on a number line. Draw a separate line for each 
exercise. Then list the numbers in increasing order. 
Bao. 2.52, -1 48. 3,-3.6, 6 49. 0, 1,5,,“1, 70.5 
5 2 2 - ! u 
Mee 2 Ae 51. 15. 3,0 rr $2; 0; “431 7 
ie el ee | Sh 2d 
53. Ig. 4+ 2g beer hoary 
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55. Freida is taller than Cora but shorter than Stu. 

Stu is taller than Freida but shorter than Janelle. 

List the names of these people in order from shortest to tallest. 
56. Jack and Nick are both older than Mona. 

Pete is older than Jack but younger than Nick. 

List the names of these people in order from oldest to youngest. 


C 57. On a number line, point M has coordinate 2 and point T has coordinate 
What is the coordinate of the point between M and T that is half as far 
from M as it is from 7? 


5 


58. On a number line, point C has coordinate ~2 and point D has coordinate 4. 
What is the coordinate of the point between C and D that is twice as far 
from C as it is from D? 


aS SS OE 2 EE SS 
Mixed Review Exercises 
Evaluate if a = 2, b=5, c= 4, x = 3, and y = 7. 
1. 3ab — 2x 2. 4x(y — 6) 3. a+ (3y + 7) 
4. 


ul— 


(4c — 1) 5. 3y —(Qa+c+2) 6. (Lac) + (5 — 9b 


Translate each sentence into an equation. 


7. Thirty decreased by a number is twelve. 8. Four more than a number is two. 
9. The product of a number and 6 is 2. 10. One fourth of a number is one. 


Pe A I APD EE SP ETP ET, OO GS IF OP EE LE SP A 
Challenge 


oakGn Wp does are called triangular numbers because they can be 
represented by dots arranged to form equilateral triangles. 


1 3 6 10 15 and so on 


1. Find the next five triangular numbers. 


2. Let n represent the position of a particular triangular number in the list 
(n = 1 for 1, n = 2 for 3, and so on). Show that for n = 1, 2 , 1 


nin + 1) 
the nth triangular number = 3 


ow 
nm 
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a a I 
1-9 Opposites and Absolute Values 


Objective ‘To use opposites and absolute values. 


The paired points on the number line below are the same distance from the 
origin but on opposite sides of the origin. The origin is paired with itself. 


a rr on OE OL 


The coordinates of the paired points can also be paired: 
0 with 0 1 with | 4 with 4 6.8 with 6.8 


Each number in a pair such as 4 and ~4 is called the opposite of the other 
number. The opposite of a is written —a. For example: 


—4 = 4, read ‘‘The opposite of four equals negative four.” 
—(~4) = 4, read *‘The opposite of negative four equals four.”’ 
-0 = 0. read **The opposite of zero equals zero." 


The numerals —4 (lowered minus sign) and ~4 (raised minus sign) name 
the same number. Thus, —4 can mean ‘negative four’’ or ‘the opposite of 
four.”” 

To simplify notation, lowered minus signs will be used to write negative 
numbers throughout the rest of this book. 

Caution: —a, read “the opposite of a,”* is not necessarily a negative number. 
For example, if a = —2, then —a = —(—2) = 2. 
Se SS 
1. If a is positive, then —a is negative. 
2. If a is negative, then —a is positive. 
3. Ifa = 0, then ~a = 0. 
4. The opposite of —a is a; that is, —(~a) = a. 


Example 1 Simplify; a. -(7+9) —b. —(-1.8) 
Solution a. -16 b. 1.8 


Example 2 Evaluate —n + 14, ifn = —8. 
Solution n+ 14 (-8) + 14 


=8+14 
= 22 Answer 
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In any pair of nonzero opposites, such as —4 and 4, one number is nega- 
tive and the other is positive. The positive number of any pair of opposite non- 
zero real numbers is called the absolute value of each number in the pair. 


SE el + 2+ ROE Of EE EE EN ee 
The absolute value of a number a is denoted by ja}. 
I. If a is positive, jal = a. Example: |8| = 8 
2. If a is negative, jal = —a. Example: |—8| = —(-8) = 8 


3. If a is zero. la| = 0. Example: |0| = 0 


The absolute value of a number may also be thought of as the distance 
between the graph of the number and the origin on a number line. The graphs 
of both 4 and —4 are 4 units from the origin. 


Example 3 Simplity: a. |-7| + |5| ib. | 15] + 8|-3) 
Solution a. |-7| + \5)=7+5 b. |—15| + 8|—3] = 15 + 8(3) 


= 12 Answer 15 + 24 
= 39 Answer 


Example 4 Solve [x 3 


| Solution Think of which numbers are 3 units from the origin. They are 
3 and —3, so the replacements for x that make |x| = 3 true are 3 


and —3. Therefore x = 3 or x a 
©. the solution set is {3, —3}. Answer 


Bee] Se a ee eee eee 
Oral Exercises 


Name the opposite and the absolute value of each number. 


~ 
n 
yD 


5 | 4. —9 5. 24 


w 
= 
= 


8. 0.3 9. 6.5 10. -—2 


Read each expression aloud. Then simplify. 


1. =—2) 12, -(-+) 13. |12 14. —(9 + 8) 
15. -(9 — 8) 16. —[-(—8)] 17. —[-(-0)} 18. |-14 
19. 3.4 20. 4| 21. —|0| 22. 6 6 
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Complete each statement. 


23. If n is a negative number, then —n is a —?_ number, 


24. If n is a positive number, then — is a —2_ number. 


25. The only number whose absolute value is zero is —?_. 
, 


26. A real number that is its own opposite is. , 
27. How many solutions are there for the equation |x| = —7? Explain. 


0 SEES SS Sap es Qe aa a ar 
Written Exercises 


Simplify. 

A 1. -(7+5) 2. -(8 — 2) 3. —(13 — 13) 
4. —(0 + 0) 5.. [—(—9)] + 10 6. [-(-7)] + 1 
TG —(—2)] SF == (1) 9. 8 + |-3) 
10. |-11) +4 11. |—8| + 6) 12. |2) + |—9| 
13. |-3} + (0) 14. |-1) — (0) 

15. |—0.7| + |-23 16. |—2.8| + [2.8] 
1 1} 3] 1 
v7. |] +|-3 as, |-3| - Fy 
19. |6| — |6| 20. |6| — |-6| 
Complete using one of the symbols >, <, or = to make a true statement. 
Zi. =(=8) —2— (=8): 22. =(=2) —|-3] 
23. |-8| 2 |-10) 24. |—15| —2_ |-6| 
25. —|—3) 2 —8 26. aches [3 


Translate each statement into symbols. 

27. The absolute value of negative five is greater than two. 

28. Four is less than the absolute value of negative ten. 

29. The opposite of negative two is greater than the opposite of negative one. 
30. The opposite of eight is less than the opposite of four. 

Solve each equation over the set of real numbers. If there is no solution, 
explain why there is none. 


B 31. \n)=0 32. |p| =2 33. I = 34, |z| =0.3 


35. lal = —2 36. |b g 37. |-qi =1 38. |-x| = 5 
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Evaluate each expression if a = 1.5, b = —2, and ¢ = —1.7. 


39. jal + || 40. a+ |—b) 
41. 4a — |b| — |c 42. 2\b| — jal + Ic’ 
43. (a + 8.5) — [(—b) + el] 44. (10.5 — a) — [|c| + (—b)] 


C 45. Two of the following statements are true and one is false. Which one is 
false? Explain why you think it’s false. 
a. The absolute value of every real number is a positive number. 
b. There is at least one real number whose absolute value is zero. 
¢. The absolute value of a real number is never a negative number. 


Mixed Review Exercises 


Simplify. 
1. 6 — (2 + 3) 2.62.43 3, 6 (2 4 1) 
4. (4-—2)-(- Spt — 2s 6. 15-6 + (2 + 1) 


Write a number to represent each situation. Then write the opposite of that 


number. 
7. Three steps down 8. A bank withdrawal of $50 
9. A profit of $1000 10. A pay raise of $.50 per hour 


BETS se ET 
Self-Test 3 


Vocabulary origin (p. 31) negative number (p, 31) 
positive side (p. 31) graph (p. 31) 
negative side (p. 31) coordinate (p, 31) 
positive integer (p. 31) real number (p. 32) 
negative integer (p. 31) inequality symbols (p. 32) 
integers (p. 31) opposite (p. 36) 
whole numbers (p. 31) absolute value (p. 37) 


positive number (p. 31) 


1. Graph the given numbers on the same number line: 2, 3, 3, ~2 Obj. 1-8, p. 31 
Simplify. 
2. —(4 + 3) 3. [—11) +43 Obj. 1-9, p. 36 
4. —[-(-3)] s. |-4+) +|4 

X 021779 


Check your answers with those at the back of the book 
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| Career Note / Bilingual Math Teacher 


Math teachers with Spanish-speaking stu- 
dents might assign this problem: 


Cuarenta obreros construyen en 28 dias 1220 m 
de un camino. {Que longitud construiran 24 
obreros en 28 dias? 


Here is a translation 


Forty workers construct 1220 m of road in 28 
days. How many meters will 24 workers con 
struct in 28 days? 


Can you follow the solution below? 


Solucion: 


40 obr. 1220 m 


1220 m Bilingual teachers are fluent in two 
1 obr 40 languages. For certification in public 
schools, a bachelor’s degree with courses 
24 obr 1220 m x 24 732m in education and mathematics is required 


40 


Chapter Summary 


!. A numerical expression represents a particular number. To simplify a nu- 
merical expression, replace it with the simplest name for its value 


2. A variable expression is evaluated by replacing each variable with a given 
value and simplifying the resulting numerical expression 
3. Grouping symbols are used to enclose an expression that should be simpli- 


fied first. (When there are no grouping symbols, follow the steps listed on 
page 7.) 

4. Replacing each variable in an open sentence by each of the values in its 
domain is a way to find solutions of the open sentence. 


n 


A word problem can often be solved by writing an equation based on the 
ven facts and then solving the equation as outlined on page 27 


6. The positive numbers, the negative numbers, and zero make up the real 
numbers. These numbers can be paired with the points on a number line, 
thereby showing their order 


The opposite of a number a is written as —a, The positive number of any 
pair of opposite nonzero real numbers is called the absolute value of each 


number in the pair. The absolute value of a is written as |a 
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MEER Se 
Chapter Review 


Write the letter of the correct answer. 


1. Simplify 36 + (9 + 4). 1-1 
a. 19 b. 0 ec. 81 d. | 
2. Evaluate (x + y) — 3z if x= 7, y = 8, and z =0. 
a. 12 b. 0 coop d. 5 
a = 
3. Evaluate ——~ if x = 5 and y = 3. 1-2 
3(x = y) % 
a. | b. 2 a | d. 6 
4. Solve 9 = 3c — 6 over the domain {0, 1, 2, 3, 4, 5}. 1-3 
a. {0} b. {1} c. {2} d. {5} 
5. Translate the following phrase into a variable expression. 1-4 
The difference of seven times n and three. 
a. 7(n — 3) b. 3+7n ee fee | d. 7(3 — n) 
6. Translate the following sentence into an equation. 1-5 
The product of nine and four less than n is twenty-seven. 
a. 9n-4=27 b. 9(n — 4) = 27 


ec. 9(4 — n) = 27 d.9+4—n=27 

7. Use the figure and the information beside 
it to write an equation involving x. ? Rectangle 
a l4txtx=28 bxt7=28 Area =28 
ce. 7x= 28 d. (7 + x7 + x) = 28 


8. Translate the following problem into an equation. 1-6 
(1) Katie spent $1 more than Mark. (2) Together they spent $5. 
How much did Mark spend? 


aom=m+1 b. S=k + (k + 1) 
ek+1=5 d. (m+ 1)+m=5 
9. Wilt weighs 14 times as much as Anita. Together they weigh 250 Ib. Find 1-7 
Anita’s weight. Choices for Anita’s weight: 90, 100, 105, 150 
a. 90 Ib b. 100 Ib ec. 105 Ib d. 150 Ib 
10. If a surplus of 12 items is represented by 12, determine the opposite of that 1-8 
number and describe the measurement indicated by that opposite. 
a. 12: a gain of 12 items. b. +: each item is is of the total. 
c. |12); there are 12 items. d. —12; a shortage of 12 items. 
11. Solve |m| = 4 over the set of real numbers. 1-9 
a. no solution b. {—4} 
c. {4} d. {—4, 4} 
12. Which of the following is a true statement? 
a. —5(0) > |-5| + 0 b. 6< ~(-6) 
° — 3 >— 5 > ¥ 
ee 4 d. 6 4|>9 
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Chapter Test 


Simplify. 
L/S (15-2) 2. (4 +12) +3 
3. (64 + 4) +2 4. 12-79 
Evaluate. 


5. 7x(y — z) ifx = 5, y = 8, and z= 
6. Circumference of a circle: 2 
ifr=49 


Use # as an approximate value for 7. 
Solve if x € {0, 1, 2, 3, 4, 5, 6}. 


7. 56 = 14 + 7x 8: x* 


10. Inga lives 3 miles more than twice as far from school as Brent does. If 
Brent lives b miles from school, then Inga lives _?_ miles from school. 
11. Use the figure and the information below 6 . 
it to write an equation involving x. 
8 


Perimeter = 18 


12. Translate the following problem into an equation. 

(1) Together Jon and Amy spent $29 on a birthday gift. 
(2) Jon spent $5 more than Amy. 
How much did each spend? 

13. Kirsten built a rectangular corral with a fence on three sides. A side of the 
barn served as a short side of the corral. She used 130 m of fencing. The 
length of the corral was 20 m longer than the width. Find the dimensions 
of the corral. Choices for the width: 25, 30, 35 


Graph the given numbers on a number line. Draw a separate line for each 
exercise. Then list the numbers in increasing order. 


14, 2,5, =2, =5 15,0; 2, —3) J 
Simplify. 
16. |-2.1) +. 3.2 17. —(—2.75) 18. —|4 + 1.5) 


Complete using one of the symbols >, <, or = to make a true statement. 


1s —(—5) Es =4 20. —|—10) —?_ |8| 
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Chapter 1 


1-6 


Maintaining Skills — 


Perform the indicated operations. 
ee | 


‘Sample1 = — 729.35 ‘Sample2 625.3 


84. x 32.1 
+ 68.29 6253 
881.64 12506 
18759 
20072.13 
1. 0.0056 2. 42.31 3 22.6 4. 27 
2.3) 8.79 153.3 6.25 
18.232 + 13.26 + 201.8 108.1 
Ost be Suite 
5. 318 6. 208.2 7. 751 8. 0.876 
x 5.2 x 10.3 x 2.2 x 0.09 
9. 824.2 10. 0.222 1. 35.83 12. 20.05 
x 1.2 x IL. + 9.96 + 8.87 
Rewrite the fractions using their least common denominator. 
Sample 3 7 and 2 Solution — The least common denominator is 24. 
Dae id ee Zl et 3 oe 
2 83 & 3 SS By 
Dead: 2 3 2 ona er 3 
13. 3 and 73 14. > and 5 15. > and 3 16. 12 and 5 
Ra oar Mk Let em 
Sa iar T Waa | my 
eee 
20 
7 2 
at io? 5 
1S: 
24. 6 16 
9 2 
28. <5 + 
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Net Income (Loss) 


JFMAMJJASOND 
Month 


Cash registers fill and empty. 
The activity can be recorded 
and graphed on a computer. 
Positive and negative num- 
bers show gains and losses. 


SS 
Addition and Subtraction 


TS TS SS 
2-1 Basic Assumptions 


Objective To use number properties to simplify expressions. 


This chapter develops rules for working with positive and negative numbers 
The two principal operations are addition and multiplication. Subtraction 1s 
related to addition. Later in this chapter you will see that division is related to 
multiplication. 


The rules for working with real numbers are based on several properties 
that you can accept as facts. 


er SSS = eS 
Closure Properties 
For all real numbers a and b: 
a@ + bisa unique real number. 
ab is a unique real number. 
The sum and product of any wo real numbers are also real numbers, 


Moreover, they are unique, (This means there is one and only one possible 
answer when you add or multiply two real numbers.) 


as Te ee eee Se 
Commutative Properties 
For all real numbers a and b: 
atb=bta Example: 2+3=3+2 
ab 


ba Example: 4-5 = 5-4 


The order in which you add or multiply two numbers does not affect the result 


‘ee = ee Se Se ee 
Associative Properties 


For all real numbers a, b. and ¢ 


(a+ b)t+c=at+(bt+o) Example: (5+ 6) +7 = 5 + (6 +7) 


atbe) Example (2-314 = 23-4) 


(ab\e 


When you add or multiply any three real numbers, the 
of the numbers does not affect the result 


ouping (or association) 
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In the sum a + b, «and } are called terms. In the product ab. a and b are 
called factors, To find the sum or product of several numbers, you work with 
two numbers at a time. Examples 1 and 2 show how the commutative and 
associative properties can sometimes help you to simplify expressions 


Example 1 simptity 43 + 78 +7. 


Solution — The rule for order of operations tells you to add from left to right: 
(43 + 78) + 7. For mental math it is easiest to add 43 and 7 first. The 
steps you do almost without thinking about them are shown below, Each 
step is justified by a property. 
(43 +78) +7 = (78 +43) +7 Commutative property of addition 
= 78+ (43 +7) Associative property of addition 
= 78 + 50 Substitution of 50 for 43 + 7 
= 128 Substitution of 128 for 78 + 50 


Example 2 simplity. a. 7+9m+5 b. (93y42) 


Solution a. 7+ 9m +5 =9m+(7+5) b. n3yy(42 4yixy2) 
= Om +12 Answer = 2duxyz Answer 


To simplily expressions, you often use the properties listed below 


ETS 
Properties of Equality 


For all real numbers a, b, and ¢: 


Reflexive Property a=a 
Symmetric Properiy If a= b, then b= a. 
Transitive Property a= b and b=c, then a 


Throughout the rest of this book, the domain of each variable is the set 
of real numbers unless otherwise specified. 


SEES ee ea a ae 
Oral Exercises 


Simplify each expression. Use the commutative and associ 
reorder and regroup. 


ive properties to 


1, (5+83)-2 2. (474+ 39) +3 3. 17+ 8043+11 
4.445042 RO+a+d Gatl+h+2 
7. 7a) 8. (Sn)4 9. (Br)2y) 

10. (Say4b) TL. (3p\(Sqi2r) 12, r3sy40) 


Name the property illustrated. 
13, 3(14) = (14)3 14. (74 +99) +1 = 744 909+ 1) 


is. +9 1 16. LUsw) = (4+ 15)w 


7, 2b+y=y4+ 2h 


3(8 0) = (3-890 


19, If 7m = 35, then 35 = Tm 20. 2, then 12 =3 +p. 

21. Every real number is equal to itself. 22. -3) =(q +5) +(-3) 

23. Iw +2=7 and 7=5 +2. then 24. There is only one real number that is the 
w+2=5+2. sum of 0.4 and 2.6. 


28, (r + 37) + 234+ 5=6r+(37+23)4+5 


Written Exercises 


Simplify. 

1. 295 45242548 2. 803 +26 4.47 + 24 
3. 4.50-3-3-20 

5. 6. 8517-9 +25 

1 6b44p4id+3 8. 56+ 24g 44d 
9% O1F 1845.9 +02 10, 4.75 + 2.95 + 1.05 + 10.25 
I. 3+7y+4 12,8 +9244 

13. 9+ 2041 14,5 + 3w +2 

15. 2050) 16. 3(4n) 

17. (7952) 18, (6m\(4n) 

19. (81)(2))(32) 20. (3pyi4qy(6r) 


‘Sample sx +3+4y+7=Sx+4y+ G47) 


Sy +4y +10 Answer 


21. a@+3+b4+4 2. 7+xty+4 

23, 4a+S+3nt+1 24, 9m + 2+ In +3 
25.547 +3+4y+2 26. 8p + 4 + 3q + 87 +: 96 
27. (25d 25eN4d)\4e) 28. (Say Shy Sey(2d) 


Name the property illustrated. 


29. pq = ap 30. (25 + 84) + 16 = 25 + (84 + 16) 
MWvty=yta 32. If 3.2 = By, then 8y = 3.2. 
33, (3rd = Hrs) 34, Ie = —3 and —3 = 2, then x = 2 


Working with Real Numbers 47 


Name the property that justifies each step. 


57 + (25 + 13) FS 25s a, 2 


(67+13)425 b,, 2 


= 10 +25 
95 a. 

36. 25 a, 2 
b. 2 

= 200-37 ae 

= (100+ 2)» 37 d. 

= 100+ (2-37) ee 

= 100+74 a 

= 7400 ee 


C 37. a. Find the values of (7 — 4) — 2 and 7 — (4 — 2) 
b, Is subtraction of real numbers associative? 


38. a. Find the values of (48 + 8) = 2 and 48 + (8 = 2). 
b. Is division of real numbers associative? 


39. Is division of real numbers commu 
justify your answer 


? Give @ convincing argument to 


40. A set of numbers is said to be closed under an operation if the result of 
combining any tvo numbers in the set results in a number that iy also 
in the set, Decide whether or not cach set is closed under the operation 
a. {positive integers}: b. {odd integ 


e. (odd integers}; + d. {integers ending in 4 or 6}; * 


a SS SR ea aE a 
Mixed Review Exercises 


Evaluate if a = 3, x = 5, ) 


da-y 


Lae 


2, S2(x — y) 3. 


Evaluate if a = —4, b = 2, and x = — 


4, fal + |x| —b 5. lal + 7x1 6. 2|x| — |b} + Jal 
7. 10\x| — 3) 8. 2b + 34a 9, |-x—1|—b— 1 
| 


Challenge 


Change for a dollar cofsisted of 15 coins (pennies, nickels, and dimes only). 
At ‘one of each type of coin was used. How was this done? 
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(RRS Se ES SS CLS TSE 
2-2 Addition on a Number Line 


Objective To add real numbers using a number line or properties 
about opposites. 


You already know how to add two positive numbers. You can use a number 
line (0 help you find the sum of any two real numbers. Moves to the left 
represent negative numbers: moves to the right represent positive numbers. 
To find the sum of —3 and —6, first draw a number line. Then, starting 
at the origin, move your pencil 3 units to the left along your number line 
From that position, move your pencil 6 more units to the left, Together, the 


two moves result in a move of 9 units to the left from the origin. The 
arrows in the diagram below show the moves 
END 
-+— ow 
tt 
4 - 6-5 -4 -3 2 of as 25 me 
i ii 
This shows that —3 + (—6) = 

Note the use of parentheses in “—3 + (—6)" to separate the plus sign that 


means “‘add”” from the minus sign that is part of the numeral for negative six. 

To find the sum —3 + 6, first move 3 units to the left from the origin. 
Then, from that position, move 6 units to the right. The two moves result 
in a move of 3 units to the right of the origin, as shown below. 


START 
f=3 units 4 END 
Q =I 6 5 -4 - 1 0 1 ee 
13 wnits—| 


Example 1 Simplify 3 + (-6 
‘Solution ee 
é FF 3 units —>| 


=5 -4 -3 2 0 


pote 


3+(-6) 3 Answer 


Working with Real Numbers 


Can you visualize —3 + 0 on a number line’? Think of “adding 0" to 
mean “moving no units.’ Then you can see that 


—3+0=-3 and 0+(-3) 


‘These equations illustrate the special property of zero for addition of real num- 
bers: When 0 is added to any real number, the sum is identical to that number. 
We call 0 the identity element for addition. 


Identity Property of Addition 


There is a unique real number 0 such that for every real number a, 
a+0=a and O+a 


‘Think of adding a pair of opposites, such as 5 and ~5, on a number line 
as shown below, 


Example 2 simplify: a. 5+ (—5) b. -5+5 
Solution a, Start b. START 


[+— 5 units ——>| |*— 5 units ——4 
|+—— 5 units ——4 [+ S units —>] 
+++ $+ Pa > 
eo + 2D 4 8 3S 3 2) 
END END 
5+(-5)=0 —5+5=0 
Answer Answer 


The following property is a formal way of saying that the sum of any 
number and its opposite is zero. 


(a SN ES Se 
Property of Opposites 
For every real number a, there is a unique real number —a such that 
at(-a)=0 and (-a)+a=0. 


A number and its opposite are called additive inverses of each other be- 
se their sum is zero, the is lentity clement for addition, Thus, the numeral 
—5 can be read “negative five,” “the opposite of five,"’ or “the additive in- 
verse of five.”* 

From the properties of addition, we 
the opposite of a sum. (See Exercise 39.) 


© 


an prove the following property of 
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Property of the Opposite of a Sum 
For all real numbers a and b: 
—(a + b) =(-a) + (-b) 


The opposite of a sum of real numbers is equal to the sum of the opposites of 
the numbers, 


Example 3 simplity. a. -8+(-3) b. 14 +(-3) 
Solution a. -8 + (-3)= (8 +3) b. 14 + (-3) = @ +5) +5) 


“i =9+ [5 +( 
Answer =9+0 
=9 
Answer 


eS eS See eee 
Oral Exercises 


Give an addition statement illustrated by each diagram. 


ie f 
|< 4 
— ——— = —_____.. 
-8 -7 -6 -5 +4 -3 2-1 0 1 Fae (ee Se eh ey 
—<_—_—_—_4 
2 —) 
b-—— >| 
+++ : Sa SE Sn S-S- S S 
Sap eg Lae! =o te, a See a 
‘aa 
3 eta 
+ + + + > 
Sep eeies) A 3 2 inde (a) be) Se eg Aas 
—————— 
4 re 
4 ——— | 
++ +—+— ———— 1+ +—+—}+—> 
$7 6 Sa 2 Ge 12345 678 
————— 
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Simplify each expression. If necessary, think of moves along a number line. 


2+0 6. 0+(-5) 7. -6+6 8. 1+ (-1) 
9. -—4 + (-8) 10. -7+(-1) i. 5 +(-1) 1. -44+9 
1B. -8+7 14. 6 +(-4) 18. 13 + (—18) 16. —1 + (—99) 
17. 102 + (—2) 18. —100+1 19% -W +0 20, -45 + 45 


Written Exercises 


Simplify each expression. If necessary, draw a number line to help you. 


A 1. (-4+8)+7 2. (-5 +8) +2 
3. (-9 +11) + (—2) 4. (-3 + 5) + (—2) 
5. 13 +(-10)] +6 6. [5+ (-15)1 +7 
7. [-9 + (-8)) +9 8, (-5 + (-23)]) + 5 
9. 22+ [6 +(-I1}) 10. 32 + [8 + (—16)] 
Il. —26 + |-2 + (-8)] 12. -5 + [-12 + (-18)] 
13. [37 + (-7)) + [1 #(-D)} 14, (-3 + 3) + [8 + (—12)] 
15. [0 + (-8)] + [—7 + (—23)] 16, (—4 + 4) + [18 + (-8)) 
17. —3 + (—4) + (6) 18. —5 + (-7) + (-9) 
19. —4 + (-10) + 9 + (-6) 20. —17 + 12 + (—4) + (-13) 
21. —3.2 + (—4.6) + 5.4 22, 5.9 + (=3.2) + (-7.8) 
23. -4+5+(-2) 24. —2 + (-3) + (-$) 
Simplify. 
Sample = 2+(-3)+n+7 
Solution Use the commutative and associative properties to reorder and regroup. 
2+(-3)+n+7=-1tn+7 
= (=) 
=n+6 Answer 
25. 3+ x+(-8) 2%. ¥ +(-24+7 
27, 2n+5+(—5) 28, 8 + 3n + (-12) 
29. 13 + 5n + (—21) W@. -7 + (-2) + 12 
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B 31. 3a + (-7) + 4b + (-6) 32. -2+ 4n+9+(-7) 
33. Tx + (—3) + (-y) + (-7) 34. -8 + Te + 11+ (-3) 


Cc 3. b)\ 
37. —m+[-h tim + hl 
39. a. Show that (a + b) + [(—a) + (—6)] = 0. 


b. The opposite of (a + b) is —(a + 6), What property tells you 
that (a + b) + [-(a + b)] = 0? 


. —m + (k + m) 
La + (—b)] + tb + (—a)l 


ee 


¢. Explain how the equation in part (a) and the equation in part (b) can 
be used together to prove the property of the opposite of a sum. 


WEIS Ee ee ES ee 
Mixed Review Exercises 


plifi 
2. |-6) + (3 3. 6-[-(-3] 

1 1 2 1 

5. |4|+|-4 Sea aia 

7. 63425 +17 +15 8, 25 9 (4a\(2h)(30) 


2 pee 
W.55+344+2446 


A I. 0.7 +24 +63 12, 2-17-5 


LT LE LF LNT IE LE LDP PIE EOL DLE ND SE LD 
Challenge 


35) that the triangular numbers are 1, 3, 6, 10, 15, and so on. 


Recall (pag 
1, 4.9. 16, 25, ., . are called square numbers because they can be represented 
by dots arranged to form squares 


eves 
eeoee eecee 
eee eeee eoeee 
ee eee eoee e@eece 
. ee eee eeee evcee 
1 4 9 16 25 and soon 


1. What are the next two square numbers alter 


2. Verify that each square number from 4 to 100 is the sum of two consecu- 
tive triangular numbers 


3. Illustrate Exercise 2 by dividing the square array of dots shown above for 
25 into two triangular arrays 
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nn 
2-3 Rules for Addition 


Objective — To add real numbers using rules for addition 


Perhaps you have already discovered these rules for adding positive and 


negative numbers without using a number line. 


Rules for Addition Examples 


1. Ifa and b are both positive, then 
at b= \a\ + |b) 3+7=10 


n 


If a and & are both negative, then 


at b= (a 


6 +(-2) = -—@ +2) 


If a is positive and pis negative and a has the 
greater absolute value, then 


at b= a|—|b| 8+ (-5)=8-5=3 


4. Ifa is positive and is negative and 6 has the 
grealer absolute value, then 


a+ b= ~(\b| — lal). 4+ (9 =-(9-4)=—-5 


5. Ifa and b are opposites. then 


at+bh=0, 2 (-2=0 


A positive and a negative number are said to have opposite signs. The 
rules for adding two nonzero numbers can be restated as follows: 


If the numbers have the same sign, add their absolute 
values and prefix their comn 


pn sign, 


If the numbers have opposite signs, subtract the 
lesser absolute value from the greater and prefix the 
sign of the number having the greater absolute value. 


Example | shows two methods for adding several numbers. 


| Example 1 simplity 7+ (—9) + 15 + (-12) 
| 


Solution 1 Ada the numbers in order from left to right 
7+ (9) + 15 + (-12) 


2 +15 + (-12) 


3 (= 12) 


1 Answer 
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“Solution 2. |. Add positive 2. Add negative 3. Add the sums. 
numbers numbers. 
? -9 22 
1s 2 =21 
21 1 
a Answer 
“Example 2 sud 201 
462 
“Solution |. Add positive 2. Add negative 3. Add the sums. 
numbers numbers 
Q 291 753 
1 462 504 
753 ~189 
Answer 


Simplify. 

13, —8 + (-13) 14, -18 +8 15. 14 + (—15) 
16. 15 + (—-9 17, 3 + (-12) 18. -5 +22 

19. 4+ (-1) + (-3) 20. -4+(-9 +9 21. -3.+(-@+9 


Add. 
35 7 2 =5 3. -34 4.58 5.148 6. —173 
6 ~6 75 -R n 412 
Pe —-73 58 
=31 3 


Simplify. 


T, -12 +7 + (14) + 29 8. -16 + (—9) +8 +25 
9 109 + (56) + (91) + 26 10. —206 + (~75) + 153 + 37 
1, —[24 + (5) # [--2 + ©) 12. [-7 + (-1)) + I-(-7 + DI 


13. 3.7 + 4.2 + (-2.3) +04 6.4 + 12.8 
14, —7,2 + 11.4 + (-8.1) + (9.7) + 0.6 
15. 27 + 43 + (—14) + (—57) + 5 + (—36) + (14) 
16, 46 + (—33) + 18 + 0 + (—93) + (—2) + (—34) 


+ (-14) a. -7+(-4 


Sample — 5 + (-7) + (x) + (-10) = -¥ +5 + (-7) + 10) = x + (12) 


23. —34+x+(-5)+4 24. 2+ (-9 + (-) + (1) 
25. —4+a+4+(-a) 26, 21 + 4b+ (-17) + (-12) 
27. —(8 + (—5)] + (-c) +3 28, —(—9) + 2y + (-9 +6 
29. «+5 + |(—x) + (-14)] 30. 4x + [8 + (—5) + (—7)] 


Evaluate each expression if x = 


B 3i.v+y+(-1) 33, —15 +(x) +» 


3. -2+(-8 +y¥ 3%. —y + (-1 +x 
37. Ix ty +2] 38. Ix + (-y) +2] 39, -|x + 2+ (-8)] 
Simp! 

C 40. -b + [-a + (a+ d)) 41. -(-x+y+y 
Rortyt lt s+ 43. a+ (-(a + b)) 


hea TS ee See Se ae 
Problems 


a, Write a posi 

situation. 
b, Compute the sum of the numbers. 
¢. Answer each question. 


ve number or a negative number (o represent each 


‘Sample A helicopter flying at an altitude of 2860 ft descended 120 ft and then rose 
350 ft. What was its new altitude? 


“Solution a. 2860, —120, 350 _b. 2860 + ( 


20) + 


50 = 3090 c. 3090 ft 
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wn 


6. 


9. 


10. 


H. 


An elevator started at the eighteenth floor, It then went down seven floors 


and up nine floors. At what floor was the elevator then located? 


A submarine descended to a level 230 m below the surface of the ocean. 
Later it ascended 95 m and then dove 120 m. What was the new depth of 
the submarine 


Moira has $784 in her checking account. She deposits $96 and then writes 
two checks, one for $18 and the other for $44. What is the new balance in 
the account 


On five plays a football 


am lost 3 yards, gained 15, gained 8, lost 9, and 


lost 4. What was the net yardage on the plays 


In September, the Drama Club treasury 
contained $698. The club then pre 
ented a fall play, for which they paid 
a royalty of $250. Scenery and cos 
tumes cost $1684, and programs and 
other expenses totaled $1316, The sale 
of tickets brot 


money was in the treasury after the 


nt in $3700, How much 


play was presented 
The stock of the Computer Research 
Corporation opened on Monday at $32 
per share. It lost $5 that day, dropped 
another $3 on Tuesday, but then gained 
$4 on Wednesday and $2 on Thursday 
On Friday it was unchanged, What was 


its closing price for the week? 


During a four-day period at the Hotel Gran Via, the numbers of guests 


28 in and 31 out 


checking in and out were as follows; 32 in and 27 out 
12 in and 18 out, and 16 in and 25 out. How did the number of guests in 
the hotel at the end of the fourth day compare with the number at the start 


of the four-day period? 


During their first year after opening a restaurant, the Habibs had a loss of 
$14,250. In their second year of operation, they broke even. During their 
third and fourth years, they had gains of $18,180 and $29,470, respec 


tively. What was the restaurant's net gain or loss over the four-year period? 


A delivery truck traveled 5 blocks west, 3 blocks north, 8 blocks east, and 
2 blocks south. After this, where was the truck relative to its starting 
point? 

During an unusual storm, the temperature fell 8° C. rose 5° C, fell 4° € 
and then rose 6° C, If the temperature was 32° C at the outset of the storm 
what was it after the storm was over? 

The lowest point in Death Valley is 86 m below sea level. A helicopter fly 
ing at an altitude of 41 m above this point climbed 28 m and then dropped 
37 m, At what altitude relative to sea level was , 
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12. The rim of a canyon is 156 ft below sea le If a stranded hiker 71 ft 
below the rim fired a warning flare that rose 29 ft, to what altitude relative 
to sea level would the flare rise? 

13. Leaving Westwood at 1:00 p.m,, Coretta Mew to Bay View. The flight took 

1.5 hours, but the time zone for Bay View is 2 hours earlier than 

stwood's zone, What time was it in Bay View when Coretta landed? 


14. A passenger on a train traveling at 135 km/h walks toward the back of the 
ain ata rate of 7 km/h, What is the passenger’s rate of travel with re~ 
spect to the ground? 


Solve. 


C 15. Wes charged $175 for clothing and $287 for camera equipment, He then 
made (wo payments of $50 each to his charge account, The next bill 
showed that he owed a balance of $495.25, including $11.50 in interest 
charges. How much did Wes owe on the account before making his pur- 
chase? 


16. The volume of water in a tank during a five-day period changed as follows: 
up 375 L, down 240 L, up 93 L, down 164 L, and down 157 L. What was 
the volume of water in the tank at the beginning of the five-day period if 
the final volume was 54 L? 


SES a eS ee eS 
Mixed Review Exercises 


Simplify. 

1.5-9+3 2.3+5+4+20 3. (6-442)-341 

4. (-7|-6 $e Te 6. |-15| — |-6) 
T6+3+7 ie 6 

LoS 8. 64 +55 48S 9324+ 10448 

10, [15 + (—5)] + 6 1. (-8 +4) + (-6) 12, —3 + (—9) + 6 + (-5) 

Calculator Key-In 

Most calculators have a change-sign key, +/—. that will change a number 


from positive to negative or from negative to positive. When adding two or 
more positive and negative numbers, you can add in the usual order, makit 
number negative by hitting the change-sign key after entering the number. 


Exercises 
Use your calculator to find the sum. 


1. 198 + (—217) 2. -612 + 38 3. —418 + 27 
4. —115.8 + 22.4 5. 13.8 + (-21.9) 6. —319.2 + 45.5 
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2-4 Subtracting Real Numbers 


Objective — To subtract real numbers and to simplify expressions 
involving differences. 


The first column below li few examples of the subtraction of 2. The 
second column lists related examples of the addition of —2. 


Subtracting 2 Adding —2 


3= 1 +0 
4-2=2 |4+ 
5-2=3 |5+ 
6 4 lore 


Comparing the entries in the 1wo columns shows that subtracting 2 gives the 
same result as adding the opposite of 2. This suggests the following: 


Definition of Subtraction 

For all real numbers a and b, the difference a — h is defined by 
a-b=at(-b). 

To subtract b, add the opposite of b. 


Example 1 simpiity 
a. 3-12 


b. =Fet me -4—(—10) d. y—(y +6) 


‘Solution 2. 3- \2=3 12 9 
b. -7—1=-74(-l)=-8 
e. -4—(-IM=-44 10=6 
d. y—(y +6 =y + [-ly +O) =y + (-y) +(-6) = -6 


Note that in part (d), the property of the opposite of a sum is used 
The opposite of (y + 6) is —y + (6). 


Using the definition of subtraction, you may replace any difference 
with a sum, For example, 


12=-8-7+4 means 12 +(-8 


As shown at the right, you may simplify 
this expression by grouping from 

left to right, This method is convenient 
you are doing the work mentally or 
with a 


alculator. 
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For written work, you may want to group positive terms and negative terms: 
12—8— 744 = 12S) i 
= (12 + 4) + 1(-8) + (—-7)] 
= 16+{-I5)=1 
Certain sums are usually replaced by differences. For example, 
9 + (—2x) is usually simplified to 9 — 2x. 


a, —30 decreased by —19 


[ Example 2 Simplify: 


b. The opposite of the difference between a and b 


Solution a. First write the expression: —30 ~ (-19) 
Then simplify: ~30 ~ (~19)=~30+ 19=~11 Answer 
b. First write the expression: —(a — b). Then simplify: 
~(a— b) = -la + (-)| (Definition of subtraction) 
a) + [-(—b)) (Property of the opposite of a sum) 
—a+b Answer — (Property of opposites) 


The property of the opposite of a sum and the definition of subtraction 
produce this useful result: When you find the opposite of a sum or a difference, 
you change the sign of each term of the sum or difference. 


—(a + b) = (a) + (-b) —(a — b) = (-a) b) 


lth Saat =-atb 


Now that you understand the reasoning behind each step, you can simplify 
some expressions mentally and write only the results, as shown in Example 3. 


Example 3 Simplify: a. —(x—4) bb. (ec +5 —m) ee x (y-2) 
Solution a-x+4 bee-Sta ex-yt2 


Caution: Subtraction is nor commutative_ Subtraction is not associative 
8-—3=S5 bu3-8= (6 — 4) —3 = —1 bu 6 — (4-3) 


Simplity. 

12-4 37-5 

5. 0-8 7. -16-0 
9 3-(-1) 1. -9 = (-13) 
13. x— (w+ 1) 14. n(n + 4) 15, (a — 3) 
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Simplify. 

. 25-213 2, 154 — 281 

4. 47 — (49) 5. -19 -(-3) 

7-28-44 $. 5:16.71 9, 174 = (-24) 
10. ~106 ~ (—95) 11. 1.91 — (1.03) 12, 2.95 — (-2.55) 
13. —21 decreased by 6 14, —6 decreased hy —32 

15. 24 less than —[ 16, 15 less than —3 

17, 132 - (72-61) 18. 275 — (80 ~ 65) 

19, 234 — (56 — 87) 20, 193 ~ (30 — 75) 

21, (22 — 33) — (55 — 66) 22, (42 — 50) — (73 — 60) 

23, (3 — 8) — (-15 + 19) 24, (42 — 33) ~ (-7 + 12) 

25, 106 — 492 +776 26, 910 — 939 — 201 

27. 12 — (-9) — [5 — (—4)] 28. -15 — 6 ~[-7 — (~10)] 

2. 4—-S4+8-17+31 30. 18 — 14 + 15 +7 -26 

3. 6-19 + 4-8 +20 32. -11- 43 +1 -9 +30 

33. The difference between $1 and —6, decreased by —29 

34, —S4 decreased by the difference between —37 and 15 

35. —46 decreased by the difference between —23 and —61 

36. The difference between —59 and 12, decreased by 72 

37. (6-7) 38. -(4—y) 39. x—(r +5) 
40. 8 —(y +8) 41. 5-(b-7) 42.n-+m 
Simplify. 

43. The sum of 8 and y subtracted from = 44, The opposite of the sum of ~7 and y 
4S. Five less than the difference between 46. The opposite of the difference between 

Tand z v and 4 
47.7 +y-7-y)-y 48.5 = (-3) [y+ (-3)1-3 


49h + 8—(-9+h) 50. —(10 — k) — (k— 12) 
$1. (7 + 2) subtracted from (7 — 17) $2. (7 — 2) subtracted from (11 — 2) 


Evaluate cach expression if a = —4, b = 5, and c= 


53. ¢ — ja — b| $4, bc — {al 
35. \c— al —b 56. |b a 
57. a — |el — (jal — 5) 58. |e] — b — (lal — ©) 
59, (a — \cl) — \a| —b 60, (je| — 6) — jal —e 
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In Exercise 61, name the definition or property that justifies each step. 


C ol. a b+ —b)=b + [a+ (-b)] a 
=b+[(-b) +a} b. 

[b+ (-b) +a (A Bes 

=0+a esi 

=a és te 


b. Use the result of part (a) to complete the following sentence 
a— bis the number to add to b to obtain 2 


62. Suppose you are told that b — a is the opposite of a — b. Explain how add- 
ing b— a to.a— b can convince you that this statement is true 


SS I pA TN EE EE TE 
Problems 


Express the answer to each question as the difference between two real 
numbers. Compute the difference. Answer the question and interpret the 
sign of the answer. 


“Sample if astronauts traveled from the sunny side of the moon to the dark side, 
they would find the temperature 220° C lower than on the sunny side. I 
the temperature on the sunny side was 90° C, what was it on the dark side? 


“Solution —% — 220 = ~130 


The temperature on the dark side of the moon is 130 degrees below 0° C 


A 1. Mars is 141.5 millions of miles from the sun, Earth is 48.6 millions of 
miles closer to the sun than Mars is. How far is Earth from the sun? 

2. The highest recorded weather temperature on Earth is 58.0? C, The differ- 
ence between that record and the lowest recorded weather temperature is 
146.3° C. What is the record low? 

3. The Roman poet Virgil was born in 70 n.c. How old was he on his birth- 
day in 42 n.c.? 

4. Pythagoras, the Greek mathematician, was born in 582 p.c, and died on 

his birthday in 497 u.c. How old was he when he died? 
« Krypton boils at 153.4” below O° C and melts at 157.2° below 0° C. What 
is the difference between its boiling and melting points 


wn 


6. Including the wind-chill factor, the temperature at Council Bluffs was eight 
degrees below zero Celsius at midnight and seventeen below zero at dawn. 
What was the change in temperature? 

7. Becky Kasai took the subway from a stop 52 blocks east of Central Square 


to a stop 39 blocks west of Central Square. How many blocks did she 
ride? 
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8. Glynis drove a golf ball from a point 126 yd north of the ninth hole to 
point 53 yd south of the hole, How far did the ball travel’? 


9, Find the difference in altitude between Mt 
level, and Death Valley, California, 86 m below sea level 


above se 


10. The difference in altitude between the hi 


Rainier, Washington, 4392 m 


hest and lowest points in Louisi 


ana is 164.592 m. If Driskill Mountain, the highest point, iy 163.068 m 
above sea level, what is the altitude of New Orleans, the lowest point? 


B 1. In 1972, the Apollo space mission land 
Ib on Earth 
Because of low gravity, it weighed 
396 Ib less on the moon. How much 
did the land rover weigh on the moon? 


rover weighed about 47 


12. Alonzo has $22; Brad has $29: Caryl 
has $2; and Diane has $13. Alonzo 
owes Brad $15 and Cary! $3. Brad 
owes Caryl $18 and Diane $7. Diane 
owes Caryl S11 and Alonzo $5, When 
all debts are paid, how much money 


will each have’? 


ae 


sh tel. 


Mixed Review Exercises 


Simplity. 
* 9) + {7 SIR ey 
4. |-3]-|5 Ss a ary 


8. 4.2-05+( 
10, —3.2 + 74 + (—2,8) IL, —41 + (—28) + 


3.2) 


+(-4)] 
12. 3 + (—7) + (=12) + (—x) 


32+ 49 


Self-Test 1 


Vocabulary closure properties (p. 45) 
commutative properties (p. 45) 
associative properties (p_ 45) 
crm (p. 46) 
factors (p. 46) 
reflexive property (p. 46) 
symmetric property (p. 46) 


lansitive property (p. 46) 


identity element for addition (p. 50) 

identity property of addition (p, 50) 

property of opposites (p. 50) 

additive inverses (p. 50) 

property of the opposite of a sum 
(p. 51) 

difference (p_ 59) 

subtraction (p, 59) 


(Self-Test continues on nex 
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Simplify. 


2. 824+ 31 +x t+ 18 Obj. 
4. (-5 +6) +4 5.44 2x 4 (5) Obj. 
7. —201 + (~19) + 20 + 180 Obj. 


9. 9—(y—9) Obj. 


When you read an algebra textbook, it helps to know the goals of a lesson. The 
lesson title and the lesson objective (directly below the title) give you a good 
idea of what you should know when you have finished reading. 

Have you noticed that it’s useful skim each lesson first? As you read, 
look for important words. phrases, and ideas that are in heavy type, in italics, 
or in boxes. You need to know the highlighted ideas in order (0 understand the 
lesson, The glossary and index can help you find more information about im- 
portant ideas, 

Working through each example in a lesson can help you do some of the 
Oral and Written Exercises on your own. Doing the exercises will let you know 
whether you understand the lesson objectives 

The Sell-Tests. with answers at the back of the book, will help you review 
4 group of lessons, The Chapter Reviews, Chapter Tests, Cumulative Reviews, 
Mixed Reviews, and Mixed Problem Solving Reviews will also give you a 
good idea of your progress. If you do not understand a concept, and re-reading 
doesn’t seem to help, it is a good idea to make a note of the concept so that 
you can discuss it with your teacher. 


Exercises 
Skim through Lessons 4-2 and 4-3 (pages 146-154). Then answer the 
following questions. 
1. What should you be able to do when you have finished reading the text 
of these lessons? 
2. What new words or phrases are introduced? 


3. What is a monomial? a polynomial? Find the definitions of these words 
in your book. 


that you had forgotten the definition of the term variable 
‘ould you look it up? On what page of your textbook is this 
word first used? 


wu 


. Lesson 4-2 covers adding and subtracting polynomials. Where could 
you find information about addition and subtraction in general? 
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Multiplication 


2-5 The Distributive Property 


Objective To use the distributive property to simplify expressions. 


The cost of a in model of cross-country 
skis is $90. A pair of ski poles costs $12 
When Rita bought her family 4 sets of skis 
and poles, the total cost could have been 

xd in wo ways 


calcula 


(1) Total cost: 
4 x (cost of one set of skis and poles) 
4x (90+ 12=4 102 = $408 


(2) Total cost 
(4 = cost of skis) + (4 cost of poles) 
(4-90) + (4- 360 + 48 = S408 


Either way you compute it, the total cost is the same 
4(90 + 12) = (4+ 90) + (4+ 12) 


Note that 4 is distributed as a multiplier of each term of the sum 90 + 12. This 
example illustrates another important property that we use when working with 
real numbers. 


Distributive Property (of multiplication with respect to addition) 
For all real numbers a, 6, and e: 
alb+c)=ab+ac and (b+cla=ba+ca. 


Example 1 shows how the distributive property can make mental math casicr 


+83 = 5(80 + 3) b. 6(9.5) 0(9 + 0.5) 
(5 + 80) + (5 +3) (6+ 9) +(6+0.5) 
400 +15 5443 
= 415 Answer 57 Answer 
8(24) = 8(2+4) 
bel a | 4 
2 { 1) 
(8-2) f 
= 16+2=18 Answer 


Working with Real Numbers 65 


a. Se +2) =S-e+5-2 b. (6y + 7)4 = Oy-4+7-4 
= Sr +10 Answer = 24y +28 Answer 


Example 


Multiplication is distributive with respect to subtraction as well as addition 
For example. 


2(8 — 3) 


&—2-3 
= 16-6=10 


‘This principle is stated in general below and will be proved in the next lesson 
(See Exercise 60, page 73.) 


2S ee ar ee 
Distributive Property (of multiplication with respect to subtraction) 


For all real numbers a, b, and c: 


a(b—c)=ab—ac and (b- oa =ba- ca. 


plying the symmetric property of equality, the distributive properties 
ation can also be written in the following forms: 


ab + ac = a(b + c) ba + ca =(b + ca 


ab — ac = a(b — ¢) ba — ca =(b- cha 


For example, the diagram below illustrates that 


(3-4) + (3-2) = 4 + 2), 


AEH & 
4 2 


Area: 3-4 Area: 3-2 Area: 3(4+2) 


W 


Example 3 Simplify 75 «17 + 25+ 17. 


Solution 75-17 + 25-17 = (75 + 25)I7 


= (100)17 
= 1700 Answer 


Example 4 show that 9x + 5x = 14x for every real number x 


Solution §— % + 5: = (9 + 5 


Distributive property 
: = 14x 


Substitution principle 
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‘The properties of real numbers and equality guarantee that for all values of 
the variable x, 9 + Sy and 14y represent the same number. Therefore the two 
expressions are equivalent. 

The expression 9x + Sx has two terms, The expression 14x has one term, 
Replacing an expression containi iables by an equivalent expression with 
as few terms as possible is. called si implifying the expression. 


Example § Simplify: a. 8y—6y b. 3n + In—4n_—c. Sin — 1) 4380 
“Solution a. 8) 6y =(—6)y db. INn+ In — An = 102 — 4 


2y Aaswer = 6n Answer 


8 n—8-143n 
= 8-8 + 3n 
= \In=8 Answer 


ce. 8(n = 1) + an 


Use the distributive property and mental math to simplify each expression. 
0 + 5) 2. 7140 + 1) 3. 4(20— 1) 4. 5/60 — 2) 


5. 3-99 68°34 7. 10(34) 8. 5(7.2) 


For each expression give an equivalent expression without parentheses. 


9 Sta +2) 10. 3ix + 4) L1. 6(n + 3) 12. (a= 1) 
13. S(2i - 3) 14. 9130 — 2) 15. 8(b — ¢) 16. Tim +n) 
Simp! 

17. 6x + 16x 18. 12y + 8y 19. 2a + Sa 

20. 3h +b 21. (—2e + (—6)r 22, (—3)y + (-8)y 


23. 11k — 15k 24. le — 4e 28. (1 +2) +7 


Written Exercises 
Simplify. 
A 1. 8G0+1) 2. 7(60 + 2) a5 4. 920-1) 
5. 4(50 ~ 3) 6. 6(80 + 5) 8. 6-64 
9. 419.5) 10. 6(9.9) 1. sali 4) 12. 1s(43) 
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Simplify. 


13. 30-18 + 70°18 14, 11-43 + 89-43 15. (13 + 27) — (13-27) 
16. (64-81) + (36-81) 17, (0.75)(32) + (0.25)(32) 18. (3.6)(25) ~ (1.6)(25) 
19, Sa + 2a 20. Tx + 6 21. 13y = 4y 

22. 2n + (-8yn 23. (—3)p + Tp 24. (—8)n — In 

For each expression write an equivalent expression without parentheses. 

25. 3(x + 2) 26, S(a + 7) 27, 4(n — 2) 

28. 8(b — 5) 29. 6(3n + 2) 30. 7(5n + 3) 

31. 3(j — A) 32, 2(ax ~ y) 33. Ga +7)2 

34. (4x + 3)3 35. (2x + 3y)5 36. (6m + 7n)2 
Simplify. 

37. 3a +7 + Sa 38. Gn + 1+ 3n 39. Bn — 5 + 4n 


40. 3p +8 — 3p 41. 8y — Ty +4 42. y + 92 — 


‘Sample &x + + 2x + Gy = (Rv + 2x) + (y + By) 


= 10x + Ty Answer 


43. 2a +b + Sa + 3b M4. de +d + 304 Id 45. 3s + 51—1— 2s 
46. Sd —3e + de —d 47. Tx + Sy — x — Sy 48. 6g - f+ 8-8 
B 49. aie +3) +3 50. Hn — 1) +4 51. 3a —7)—4 
52. 2in- 8) +9 53. 7+ 25-2) $4. 8 +34 —y) 
58. 2+ (x + 3)5 56. (y — 5)6 + 15 57. My +3) + Ty 
58. 9n — 3) + 4n 39. 32x+y+1) 60, S(7y — 32 + 4) 
61. 9a + b) + 4(3a + 2b) 62. 8(k + m) + 15(2k + Sm) 
63. G(r + 5) + Hr — 2) — 4r 64. A(n +7) + S(n — 3) — 2n 
68. Wie + Id + 8) + 3(9e — 2) 66. 4(Sx + 3y + 6) + 14Qy — 1) 
In Exercises 67-70, represent each word phrase by a variable expression. 
‘Then simplify it. 
67. Five times the sum of ¢ and d, increased by twice the sum of 3¢ and d 
68. Twice the sum of eleven and x, increased by three times the difference 
between x and seven 
69, Eight more than the sum of —5 and 15y, increased by one half of the 
difference between 12y and 8 
70. Six more than three times the sum of @ and b, increased by five less 
than b 
68 = Chapter 2 


Use the 5-step plan to solve each problem over the given domain. 


C 71. Ifa number is increased by 17 and this sum is multiplied by 4, the result 
is 77 more than the number. Find the number. 
Domain: {2.3.4} 
72. I five is subtracted from twice a number and this difference is tripled, the 
resull is one more than four 
Domain: {8, 9, 10} 


mes the number. Find the number 


73. 8[5¥ + 7(3 + 40] — 16x - 
74. —24 + 3[4y + 2(5y — 8)] — Oy 

75. 1203n + 2p) + Win + 3(02n — p- 3)) 
76. 13a + 2b — 4) + 1a ~ 2) 4 
TI. 3[4y — 2x + 3) + 2 —y)] 

78. 9A(2n +r) ~ Vr] + Bir —n) 


8b) 


Mixed Review Exercises 


Evaluate if a = -3, b 

1. Sx+2y—ce 2lerct uy e2 3, 2y-(4x +0) 
4. lal + [b] +(e) 5.6 + |-yl + |b 6. 3la\ — \b| 

1. -(-b +x) +y 8. b+y+(-2) 9 atx+(-y) 
10. x—(a—b) Ml. -a—b+y 12. |b + al —y 


EP FLEE SET EEE EPL ING IF IOP IP ESE 
Challenge 


Find each product and write it in the 
appropriate box, A calculator may 
be helpful 

a. 142,857+1 

b. 142,857 +2 

¢. 142,857 -3 
d. 142.857 +4 


3, Predict the followi 
the pattern you s 


products from 


¢ in Exercise 
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| TS ae 
2-6 Rules for Multiplication 


Objective To multiply 


eal numbers. 


When you multiply any given real number by |, the product is equal 10 the 
given number. For example: 


4-1=4 and le4=4 


The identity element for multiplication is | 


Oe a SS 
Identity Property of Multiplication 
‘There is a unique real number | such that for every real number a, 


a-l=a and I-a 


The equations 4-0=0 and 0-4=0 


illustrate the multiplicative property of zero: When one (or at least one) of 
the factors of a product is zero, the product itself is zero. 


oS 
Multiplicative Property of Zero 
For every real number a: 


a-0=0 and O-a=0 


Would you guess that 4(~1) = —4? You can verify this product by 
noticing that 


Aa) = 0ST Ah Ry = 4: 


Multiplying any real number by ~1 produces the opposite of the number 
(See Exercise 59, page 73.) 


(OSS TT 
Multiplicative Property of —1 


For every real number a: 


a(-1)=—-a and (-Da 


A special case of this property occurs when the value of w is ~1 
(-1-1)=1 
Using the multiplicative property of ~1 with the familiar multiplication 


facts for positive numbers sind properties that you have learned, you can 
compute the product of any two real numbers. 
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Example 1 Multiply: =a. 4(7) —b. (47). 4-7) dd. (- 4-7) 
Solution a. 47) =28 Answer b. (—4)(7) = (- 47) 


= (128 
= 28 Answer 


©. 4-7) = 4-117) d. (-4)—7) = (14-17 
| = 4(X-1) = (=1"-1)4(7) 
| 28(-1) = 1(28) 
| = 28 Answer = 28 Answer 


eS Sa a AF he a Se 
Property of Opposites in Products 


For all real numbers @ and b: 
(-a\b)= -ab — a—b)= ab (~a)(—b) = ab 


Practice in computing products will suggest to you the following rules 
for multiplication of positive and negative numbers 


a ee rm a ee 
Rules for Multiplication 
1, If two numbers have the same sign, their product is positive. 
If two numbers have opposite signs, their product is negative. 
2, The product of an even number of negative numbers is positive. 
‘The product of an odd number of negative numbers is negative. 


Example 2 a. 4(—6)(—7)(—5) is negative because it has 3 negative factors, 
b. (2-8) —75)(—6) is positive be 
¢. (—9)(3)(0)(—5) is zero because it has a zero factor. 


ase it has 4 negative factors. 


Example 3 Simplity: a. (~3x(—4y) b. 4p + (Sp) 
Solution a. (—3x(—4y) = (-3)a(-4)y b. 4p + (-Sp) = 14 + (-S)lp 


(3 —4)xy =(-bp 
= Ivy Answer =—p Answer 


Example 4 Simplify: a. ~2r~ 3y) b, 3p -4(p— 2) 


Solution a. —2(x — 3y) = —2x — (- 203) b. 3p — 4p — 2) = 3p — Gp — 4-2) 


= ~2x — (—6y) = 3p —p—8) 
2x + 6y =3p—4p +8 
Answer ==p+8 Answer 
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Oral Exercises 

Simplify. 

1, (3-1) 2. 10-8) 3. (- 3-9) 4. (-8)(-5) 
5. (16-6) 6, 2-6-1) 7, (~ IM -3)(-S) 8. (—2)-4(-6) 
9. 7OM—12) 10, (— 11 — 70) 11. (—6—10g) 12. (-7)(12p) 

13, (—3p)(—4q) 14. (dey) 15, (—9v)(2w) 

16. ~2ub — 3ab 17. Te + (—Te) 18, —Trs + 2rv 

19. —Swz + (—4wz) 2. 8u + (—S8u) 21, —9xy + Bry 

22. -3(x - y) 23. —2a — Sb) 24. —2c + Sd) 

—4(3b — 5) 26. (x — 7)(—2) 27, (—m — n—9) 

. 1— Ag +h) 29. 5 —2a-b) W.-W = 7) +4 


Written Exercises 
Multiply, 
A -37)(-2) 2. 
—6—9)(20) 5. 
7. (17-1810) 8. 
10. (—4\(25—2)(-3) i 
3. (—2ay(—30) 14. 
16. (—4ex(51) 17. 
19, ~2x- 39) 20. 
22. —9(-Sy — 8) 23. 
25. (1a + b — 3) 26. 
28. (—1y 1 — y +7) 29. 
Simplity. 
3h. Se — Te + 8 + 2x 
33. 4p — Te ~ 9 + I Ip 
3.4y + 1.69 = (— 1.99) — 3.68 
8x ~ 7x — 5x 
. —8(~19) ~ 7-19) ~ 5-19) 
AL, 88(=57) + 13(—57) + (1 


. (—Tayl 


GC 


23(-5) 
(—3-7(-4) 
54(—47\0) 
(=6)(—1)(—7)(— 10) 
ay) 

Sc4 

Sle + 2d) 
3-1) 
(-1)Qn— y — 5) 


Mt 


. —I(-2Ka + by) 


3. (—4)(10)(—12) 

6. (—2(-8)(—4) 

9. 5(—3y— 10\(—2) 

}» {—9(—5(— 1-3), 
- p(T) 


. (=x — 3 
. -713m + 4ny 

(-4+ Ty -2) 
. (-Ie-b—o) 
=((-3x— 9) 


32, 3y-7-8y +5 


57) 


srs! 


=y 32+ 4y —92— 


‘0.8¢ + 4,1h = (—3.2c)— 0.1h 


, —34n + 180 — an 
. 34-9 + 189469 


63-8L + 56-81 — 13-81 
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45. 7—3r+ 8) 46. 2+ fon — 1) 


47. Ux + Sy) + (—3)(7x — y) 48. Sr — uw) + 5(2r — 3) 

49. —202q + w)— Tw — @) 50. —3(71e + d) — 210d — c) 

51. —4(—-e + 3f) — 3le + (—Sf)) 52. —6[v + (—9w)] + (—S)Gr — w) 
53. 2[-7(r + 2s) — r] — 35 + 2) 54, 4[2(—Sx + y) — y] — 10(y — 44) 
55. —15 + (—3)[2(g — 7) — 201 — g)] $6. —50 + (-2)1301 — f) — X-2 +) 


Write your answer as a variable expression, 


57. Sal owned 500 shares of Acme Tube. On Monday morning each share 
of the stock had gained p points. On Tuesday cach share lost one more 
than twice as many points as it had gained the day before. How much 
did the total value of Sal’s shares of Acme Tube change between the 
opening of trading on Monday and the closing on Tuesday’? 

58. A discount store bought 12 dozen radios, each to be sold at $15 above 
cost. The store sold x of the radios at that price. Each of the remaining 
radios was sold at $4 below cost. If the store paid $11 for each radio, 
what was the total income from the sale (Hint: Income = Sales — Cost) 


59. To show that a(—1) is the opposite of a for every real number a. you 
can show that the sum of a(~1) and a is zero as follows. Name the 
property that justifies each step. 


a(-1) +. = a(-1) + all) 
al(—1) + 1 
a(O) ce 
0 a. 
Since the unique opposite of a is a, a(—1) = =a. 


60. Name the property or definition that justifies each step. 


a(b — ¢) = alb + (~c)| see 
ab) + aCe) bs 
ab + (ac) eee 
ab — ac ss 


Translate each sentence into an equation. 


1. Four times a number is 44 2, The sum of n and 2 is 32 
3. Half of a number is twelve: 4. Seven more than twice a number is 11 
pl 
5. 120 -(14 — 6) 6. 191 —(9 ~ 12) 1. 3+ (—2) +(-y) +11 
8. 430 + 2) % In + (Tn) 10. 4(n + 2) +8 
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ILL LP LAT NPE LOL I LIL ED LD 
Application / Understanding Product Prices 


You may have noticed the Universal 
Product Code (UPC) on items in your su 
permarkel. This code is a series of bands of 
alternating light and dark spaces of varying 0 
Widths that represent the numbers printed 
undemeath. Many supermarkets have in BsnocloUsed 


stalled electronic check-out counters that 


contain scanners. These scanners read the Manufacturer Prodtuct 
Code Code 


UPC on items and send the information to a 


central computer. The computer “looks up” 
the price of the item and subtracts the item 
from the store’s inventory of products. The 
product name and price are then printed on 
the sales slip. The customer benefits by 

a record of the transaction and the 
store benefits by having up-to-date inven 
tory records 


havi 


Consumers must make many choices 
while shopping. Quality, price, and conven: 
ience are all important consider 


ns 
Sometimes it is difficult to compare the 

sin different-sized pack- 
. Unit pricing can help you make the 


prices of prod 


comparison. The unit price of an item is its 
price per unit of measure. Unit prices are 
often posted on the shelves with the prod 
ucts. The product with the lowest unit price 
is the best buy provided the q 
quantity meet your needs. 


ty and the 


Example — Find the unit price per liter of lowfat milk: $.95 for 950 mL 


Solution 1 1. = 1000 mL, so 950 mL = 2° | = 0.95 L 


1000 
$.05 + 0.95 L = $1.00 per liter 


Exercises 


n. A calc 


Find the unit price per liter of each lator may be helpful. 


1. Shampoo: $2.40 for 480 mL 2, Chicken noodle soup; $.63 for 315 ml 
3. Soy sauce: $1.98 for 600 mL 4, Grapefruit juice: $1.44 for 1440 ml 


Chapte 


5) 


2-7 Problem Solving: 
Consecutive Integers 


Objective — To write equations 1o represent relationships among 
integers 


When you want to be served at a bakery, & 
deli, or a pizza parlor you often must take a 
number. The numbers help the clerks keep 
track of who is next in line 

When you count by ones from any 
number in the set of integers, 


you obtain consecutive integers. For exam- 
ple, —2, —1, 0, 1, and 2 are five consecu- 
tive integers. Those iniegers are listed in 
natural order, that is, in order from least to 
greatest 


Example 1 An integer is represented by 1. 
a@. Write the next three integers in natural order after 1 
b. Write the integer that immediately precedes n 
c. Write an equation that states that the sum of four co 


integers. starting with 1. is 66 


bon 
cnt (n+ 1) + (n+ 2)+ (nF 3) = 66 


Ten is called an even integer because 10 = 2-5, An integer that is the 


product of 2 and any integer is an even 


6. 4 


An odd integer is an integer that is not even. In natural order, the odd 
integers ure 


consecutive even integers, For example: 


Three consecutive even integers; 8; 8 + 2, or 10; 10 + 2, or 12 


y with any odd integer. you obtain 
consecutive odd integers, For example 


Three consecutive odd integers: 9; 9+ 2, or IL; 11+ 2, or 13 
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7: 


a 


‘Thus, in natural order, 


nat+2nt+4 


ure said to be consecutive even integers if m is even, and consecutive odd 


integers if n is odd. 


Example 2 Solve over the given domain: ‘The sum of three consecutive odd integers is 
integer. What are the integers’ 
Domain for the smallest integer: {27, 37, 47} 


100 more than the smalles 


and n +4 = the largest integer. 


The sum 


t 
nt (n+ 2) + (n+ 4) = 


‘The unknowns are the 3 consecutive odd integers 


Let m = the smallest integer, + 2 ~ the middle integer, 


is 100 more than the smallest integer 


n+ 100 
Stepan | nt(t2tint+s=n +100] 
Bia D+ 3i 27 + 100 | False 
37 | 37+ 39 + 41 37 + 100 | False 
47 147+ 49 + S51 =47+ 100! Tne 
Step § Are 47, 49, and 51 consecutive odd integers whose sum is 147? 


The check is left to you. 


Oral Exercises 
1. fw what are the values of 
w+ dl, w+ 2, and w+ 3? 


3. The smallest of four consecutive 
integers is —1. What are the other 
three integers? 

5. Ife = 15, represent 14 and 16 
in terms of x 

7. Ik = 11, represent 7, 9. and 13 
in terms of k. 

9. If mis an odd integer, is m+ 1 
odd of is it even? m + 2? m — 

AL. If m and n are odd, is m+n odd 
or is it even? m — 2? mn? 

13. If n is an integer. is 2n odd or even? 


What are the next two even inte; 
greater than 2n? What is the next 
smaller even integer? 


~. the integers are 47, 49, and 51. 


Answer 


1, what are the values of 
r—1, r—2, and r— 3? 

The greatest of four consecutive 
integers is 12. What are the other 
three integers? 


. If p = 20, represent 18 and 22 


in terms of p 


If ¢ = 12, represent 8. 10. 
in terms of ¢. 


14, and 16 


). If m and mare even, is m +n odd 


or is it even? m —n? mn? 


. If m is odd and nis even, is m+n 


odd or is it even? m — n'? mn’) 


|. If nis an integer, is 2n + | odd or even? 


What are the next two odd integers 
greater than 2n + 1” What is the next 
smaller odd integer? 


Chapter 2 


(ERS En eS Ea i ee eh 
Written Exercises 


Write an equation to represent the given relationship among integers. 
Sample The product of two consecutive integers is 8 more than twice their sum. 


Solution — Let x =the first of the integers 


Then x + 1 = the second integer 


Their product is 8 more than twice their sum. 


xix) = 9 Qxt@+H]+8 


+. the equation is xir+ 1) = 2x (e+ +8. Answer 


rs is 43. 
tive integers is 69. 


» The sum of two consecutive inte; 


The sum of three con: 


adit al ae 


The sum of four consecutive integers is —106 
4. The sum of four consecutive integers is —42 

5. The sum of three consecutive odd integers is 75. 

6. The sum of three consecutive odd integers is 147. 
7, The product of two consecutive even integers is 168. 
8. The product of two consecutive odd integers is 195. 


9, The sum of four consecutive even integers is ~ 100, 


10. The greater of two consecutive even integers is six less than twice the 
smaller 
IL. Four cousins were born at two-year intervals. The sum of their ages js 36. 


12. The smaller of two consecutive even integers is five more than one half 
of the greater 


Solve each problem over the given domain. 


ers is 40 more than the smallest. 


B 13. The sum of three consecutive odd integ 
What are the integers? 
Domain for the smallest 


13, 17, 25) 
14, The sum of three consecutive even int 
What are the integers? 
Domain for the smallest: (14. 18, 20) 


ers is 30 more than the largest 


15, Find two consecutive integers whose product is 5 less than 5 times 
their sum, 
Domain for the smallest: {0. 6, 9} 

16. Find two consecutive odd integers whose product is | less than 6 times 
their sum, 
Domain for the smallest: {~1. 1, 11) 
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Write an equation to represent the given relationship among integers. Use 
this definition: 


The product of any real number and an integer is called a multiple of the real number. 


c 


17. The lengths in feet of three ropes are consecutive multiples of 3, If each 
rope were 4 fi shorter, the sum of their lengths would be 42 ft 


18. Jim weighs more than Joe but less than Jack. Their weights in kilograms 


are consecutive multiples of 7. If they each weighed 5 kg less, the sum of 
their weights would be 195 kg 


SSS SS 
Mixed Review Exerci: 


Simplify. 
1. (40 — 7) — (55 — 20) 2. 3. -4 + 26+ (-1) +8 

6 9 2 s(2 1 
sets} 5. 6. 6(=) —5(2) + 3(4) 
t. —(il' =») = = 13) 8. ISa — 3a + 7a 9. 12 + 5y + 6+ (—2) 
10. (— Div + y = =) Il. —[—6(a — b)| 12. 3-5 +y) 


CO a 
Self-Test 2 


Vocabulary distributive property (p. 65) 
equivalent expressions (p. 67) 
simplify a yariable expression (p. 67) 
identity clement for multiplication 
(p. 70) 
identity property of multiplication 
(p- 70) 
multiplicative property of zero (p. 70) 
Simplify. 
24 
J. ix + 3) — 
6. (—4uy1 
8. 18-124 


30, represent 29 and 31 in terms of x 


dy 


multiplicative property of —1 (p. 70) 
property of opposites in products (p. 71) 
consecutive integers (p. 75) 

natural order (p. 75) 

even integer (p. 75) 

odd integer (p. 75) 

consecutive even integers (p. 75) 


consecutive odd integers (p. 75) 

1 Obj. 2-5, p. 65 
2 
M7) Obj. 2-6, p. 70 
18-10 


Obj. 2-7, p. 75 


Write an equation to represent the given relationship among the integers: 


The greater of two consecutive odd integers is one less than twice the 


smatler, 


Check your answers with those at the back of the bool 


Vk 


78 Chapter 


Ee ee ee SS 
Division 


SERGE St SS SS ET 
2-8 The Reciprocal of a Real Number 


Objective — To simplify expressions involving reciprocals. 


Two numbers whose product is | are called reciprocals, or multipli 
inverses, of cach other, For example: 


refell 
1. 5 and + are reciprocals because 


5 5 
$ and 7 are reciprocals because $+ 1 


4 


and —0.8 are reciprocals because (~1.25)(—0.8) = 1 


ak 


4. 1 is its own reciprocal because | +1 = | 
— | is its own reciprocal because (—1)(=1) = 1 


6, 0 has no reciprocal because 0 times any number is 0, not | 


The symbol for the reciprocal, or multiplicative inverse, of a nonzero 


num- 
ber a is +. Every real number except 0 has a reciprocal 
| So er 


Property of Reciprocals 


| 
For every nonzero real number a, there is a unique real number such that 


a-t=1 and 
a 


Look at the following product 


(-a)(=+) =(-1ay(-1- +) = (--(a- 4) = 1-1 = 1 


1 
Therefore, —a and —* are reciprocals 


Property of the Reciprocal of the Opposite of a Number 


For every nonzero number a 


Read, “The reciprocal of a is — 
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Now look at this: product: 


(ab =f) 


b= (a Fl t)a ita 


Therefore, ab and | «5 ane reciprocals. 


eS se 5 tet mere ET 
Property of the Reciprocal of a Product 


For all nonzero numbers a and b, 


b.ay-t ec, (-6aby( 


| Solution ».1.1---! - 1 -_1 Answer 


4°-7° 4-7) 28 28 


Answer 


(4-4)y= ty 


e. (-bab)(—+) =(-6)(—+)(ab) = 2ab Aaswer 


Example 2 Simplify 4(42m — 30) 
Solution — 1.(42m — 3y) 


eitses\eat 


3 3 
= l4m—y Answer 


VES a eh ME a 
Oral Exercises 


State the reciprocal in simplest form. 


17 Be 3-1 a4 
4 3 =th 
2 6. 1 7. 8. R 
9, -B 10. 2 u.4+ we0 12. -1. 540 
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Simplify. 


ee) 
13. 5-40 


17. Gary 


21. Sco: + 12) 


25. 


Simplify each expression. 


represents the reciprocal of 2. 


1 
15, +. 1 16. -'--1 y#0.y 40 
19. owt : 
J + 32) 2. Lisa 
23. a (Lom 2. 4, 6 Gar 18) 


b, In simplest form 


1 
2. 3. —1000/ a) 
(4 (4 
8, 96(—)(— 45) 6, ~03(—3)(-3)) 
1 1 1 
8. —150(4)(-4) 9. 4r( +) 
un 16,10 12 7(1),1#0 
14. 15mn( +) 15. 
17. (—4pg)( +.) 18. (-Soaey( 1) 
B 19. 1(-16a + 20) 20. | (ise — 39) 
21. —L(-45e + 1d) 22, — 1 (50g 72m) 
1 ’ 
23. (—42m ~ 91-7) 24. (— 39 — 53(— 4} 
2s. Légu + 10) — Lis — 3) 26. 4 (sa + 200) ~ 4. 2b = bay 
I 1 7 M 1 
a7. 6(4+— Sy) + 42(-4y — 53) 28. —8(— Ep +4) + $(63p — 94) 
29. — Leds — 16) — | (84m + 8) sl4— Jn) 4 0 3204 8) 
1 
C 31. — Gr +49 + (55 — yr) 32, ~ (5: ~ 4m) ~ (Ew — 2) 
i 1 1 1 
33. -3]412n + 1) —f] + 10n M. t)i6 + 24(—4 4 1)] 
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Use the five-step plan for solving cach problem over the given domain. 


35, The sum of a number and its reciprocal is 13. Find the number. 


Domain: 


36. A number is 2f) more than its reciprocal. Find the riumber. 


Domain: 


AES 
Br scca? 


Mixed Review Exercises 


‘Translate each sentence into an equation. 
1, Four more than five times @ number is 24 
2. Fifteen less than a number is 250. 
3. The suini of two consecutive integers is 67 
4. The product of (wo consecutive integers is 42, 


Simplify. 
5. 2-5-2) 6. ~36(25)(—2) 7. B-™M-2) 
8. —7(5a— 2d) 9 —4(2 + x)— 3a-2) W. 84 — 1) + 502 — x) 


GY Calculator Key-In 


Use the reciprocal key on a calculator to find the reciprocal of each 
number. 
1. 0.0025 2. —32 3. 3125 4. 0.000004 


5. For cach number in Exercises 1-4, press the reciprocal key wie, Your 
results illustrate the property: The reciprocal of the reciprocal of a number 


ae 
6. a. Copy and complete the table. b. What property does your completed 
a ea wae lable illustrate? 
(S| (Aber 
My » lwlae 
4 16 ? | 
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ES EE 
2-9 Dividing Real Numbers 


Objective To divide real numbers and to simplily expressions 
involving quotients 


Dividing by 2 is the same as multiplying by 


2=4 and 8 


Dividing by 5 is the same as multiplying by +: 


and 1S-—=3 


The examples above illustrate how division is related to multiplication 
(ES EET SS ee 
Definition of Division 


For every real number a and every nonzero real number b, the quotient a 


b, 
orf. is defined by: 


gee 
atb=arz. 


To divide by a nonzero number, multiply by its reciprocal. 


You can use the definition of division to express any quotient us a product 


44 = 24 + (-6) = 24(—1) = -4 


24+ 6=—2- l= -4 


a. = —24 = (6) = (—24)| =4 


The four quotients in Example | illustrate the following rules 


ene SS SS ee 
Rules for Division 


If two numbers have the same sign, their quotient is positive 
If two numbers have opposite signs, their quotient is negative. 


Answer 


(Oh ay aahaat aa 
7) Cal 10) 10 


-3)(-3)=9 Answer 
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B le 3 Sx 45x( 1) 45(—t)x= Sx Answer 


| Example 4-13 = wh -13 - 


Here are some important questions and answers about division of real num 
bers: 
1. Why can you never divide by zero? Dividing by 0 would mean multiplying 


by the reciprocal of 0. But 0 has no reciprocal (page 79). Therefore, divi- 
sion by zero has no meaning in the set of real numbers 
2. Can you divide zero by any number other than zero? Yes, for example, 
She 


and 0+ =0-(-1)=0. 


o 
5 
When zero is divided by any nonzero number, the quotient is zero. 


4. Is division commutative? No, for example, 
8+2=4 but 2+8= 


4, Is division associative?” No, for example, 

(124 3)+2=44+2=2 but 12+(+2)=12+15=8 
The following properties of division will be proved in Exercises 34 and 35 on 
page 86, 


bor all real numbers a, b, and ¢ such that ¢ #0. 


ath_a,b 
r ip 


Oral Exercises 


Read each quotient as a product. Then simplify. 


1 m 
8 ~) Solution Eight times negative six; —48 
0 
2. ry 4. 18 + (—18) 

af 6 49 
3 6. ee 
9 6 8. 7 
38 56 4 4 
9, = 10. —t. 2, =& 
. i. = 12. 


840 Chapier 2 


Simplify, 


Boxed 4. x + (=1) 16. (—18b) = 3 
1 60a) 18. (—48)) + (6) 19. +, a#0 20. "440 
a sre a 

21. 6-4 22. (~3)(-4) 2a, -3-4 


Written Exercises 


Simplify. 

1. 48+ 6 2. 444 & 4.. 224.38) 
1 1 
) 6. 12+(-4) 7. 8. -6+(—+) 

to. = " n. 2. 

3 9 
4. 15, 16. (~8)(5) 

Sx Lay 

12 a: Lh See Gada 


In Exercises 21-24, find the average of the given numbers. (The average is 
the sum of the numbers divided by the number of numbers.) 


Sample 1 15, ~3. —14, -2 


epemene 252 (3+ (c 14) + 2) _ -4 _ 4 

mn i Answer 
2. -12, 4, —11, —7 22. 18, —21, —7.2 
23. 18, —17, —22, 16.0 24, 18. —17, —22, 16 


Evaluate each expression if a 


abd _ (3-116) _ 6) _ 18 
Sampie2 5 T= == = 18 Answer 


ate 
b + Se bed abe 
25. 3-d ae (L = bra aie (od 
ag, Jatd Ae 
ate 
ae 2. “ 
3. 2 2. 
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oe 
a 


In Exercises 34 and 35, assume that a, b, and ¢ are any real numbers and ¢ # 0. 


C 34. Name the property or definition that justifies each step. 


ath — (q+ py.4 a 
(a-t)+(b-4) be 
a,b ; 
Se c. 
35. Show that 2—" = 4 —" Use the fact that multiplication is distributive 


with respect to subtraction. (Hint: See Exercise 34.) 


SS EEE 
Mixed Review Exercises 


Solve if x € (0, 1,2, 3, 4, 5, 6}. 


M43 


4. v= 6 5. 


Self-Test 3 


Vocabulary reciprocals (p. 79) property of the reciprocal of a 
multiplicative inverse (p. 79) product (p. 80) 
property of reciprocals (p. 79) division (p. 83) 
property of the reciprocal of the quotient (p. $3) 


opposite of a number (p. 79) 
State the reciprocal of each expression or number. 


1. 3y, y# 0 2, -41 Obj. 2-8, p. 79 


Simp! 
3. 4. 4-12) 

5. -81+3 6. —36 + (-2) Obj. 2-9, p. 83 
7.424 8. = 


Check your answers with those in the back of the book 


86 Chapter Zz. 


‘The program below will find the sum of a list of numbers that does not 
include zero, 


10 PRINT “TO FIND THE SUM OF SEVERAL” 

20 PRINT “NUMBERS (<>0)."* 

30 PRINT “(TO END. TYPE 0.)" 

40 LET S=0 

50 PRINT “NUMBER”; 

60 INPUT N 

70 IF N=0 THEN 100 | Line 80 is not an equation. It adds each 

80 LET S=S+N { new value of N to S. It means “Take 
add the value of N to it, 


90 GOTO 50. | the value of S 
100 PRINT “SUM="" \ and then put the new value into S."" 
110 END 


Lines 50-90 form a loop. Line 90 sends the program back to line 50 for 
the next value of N to be INPUT. Lines 50-90 will be repeated until tine 70 
ends the INPUT when 0 is entered. Afier all of the numbers in the list are 
INPUT, line 100 prints the final value of 


Exercises 

Use the program above to find the sum of the numbers in each list. 

1. 2) —4,.6, —8, 10, —12 2. 1.4, 9, 16, 25. 36, 49, 64, 81, 100 
3. 2.25, 3.42, 5.15, 1.98, 4.82 4, 12.95, 27.59, 21.76, 38.25, 47,34 


Add the three lines below to your program so that it will compute the 
average of the numbers in the list. The variable C acts as a counter. (You can 
then type LIST to get a clean copy of the modified program, ) 


85 LET C=C+1 
105 PRINT “AVERAGE: 


5-8. Find the average of the numbers in each list in Exercises 1-4. 


uc 


VA Historical Note / Why We Call It “ Algebra‘ 


‘The word “algebra” comes from the title of a ninth-century mathematical book 
by the mathematician and astronomer Muhammed ibn-Musa al-Khwarizmi. The 
book, hisab al-jabr w' al mugabalah ("the science of reduction and compari- 


son’), deals with solving equations. While the entire work may not have heen 
original, it was the first time that algebra was systematically discussed as a sep 
arate: ich of mathem: S. 


Al-Khwarizmi’s book made its way into Europe and was translated into 
Latin in the twelfth century as Ludus algebrae et almucgrabalaeque. The tithe 
was eventually shortened to “algebra.” 
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- Chapter Summary 


1. A number line can be used to find the sum of two real numbers. 
2. Opposite and absolute valucs are used in the rules for adding real numbers 
(page 54) and multiplying real numbers (page 71). 


. Real-number properties are statements about numbers that are accepted as 
true and that form the basis for computation in arithmetic and in algebra, 
‘The statements in the chart below are true for all real values of each varia- 
ble except as noted. 


4, Useful properties about addition and multiplication: 
Property of the opposite of a sum: —(a + b)=(—a) + (hb) 
Multiplicative property of zero: a'0=0-'a=0 
Multiplicative property of 1: a(-1) = (“la = —a 
Property of opposites in products: (-ay(b) = -ab 
a(—b) = ab 
(—a)(—h) = ab 


Property of the reciprocal of a product: 


5. Subtraction and division are defined as follows: a — b= a + (—b) 


atb=tmali peo 


a 
Properties of Real Numbers 
Equality: Reflexive property a 


a 


0 


Symmetric property If a = b, then b =a. 
‘Transitive property If a = b and b =e, then a = 
Substitution principle If a = b, then b may be substituted for a in any expression, 


Addition Multiplication 
Properties of closure a+b is a unique real number. | ab is a unique real number. 
Commutative properties | a+ b=b+a ab = ba 
Associative properties lat b)+e=atlb+o (abc = albe) 
Identity properties at+0=0+a=a asl a=a 
Property of opposites a+(-a) ay+a=0 
Property of reciprocals ates .g=ja40 
aa 
Distributive property ath + &) = ab + ae and (b + oa 
a(b ~ c) = ab — ae and (b— oa 
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Chapter Review 


Give the letter of the correct answer. 


1. Simplify 125 + 62 + 75 + 38. 


a. 310 b. 301 ce. 290 d, 300 
2. Simplify (16p)(59) 

a. 21pq b. 80pq ce. liptq d. 80(p + q) 
3. Simplify 13 — 5x + (17). 

= 2 b. —Sx—4 ec. -9 d. Sv 430 


Simplify 33 + [7 + (~12)] 
a, 52 ~52 ©. 28 d, —28 
3. Simplify [-6 + (-1)) + [-(-6 + 1]. 

a, 12 b. - 0 d. 2 
6, Ten passengers got on an empty bus, Then 3 more passengers got on, 
5 got off, and 2 more got on. How many passengers were left inside? 


a. 10 bo ce 8 d, 20 
7. Simplify «+9 —(x—7). 

a2 b. 16 ce. x+ 16 da. 2x42 
8. Simplify (23 - 32) — (13+ 32) 

a, 300 b. 330 e. 320 a. 640 
9. Simplify 3 + T(r ~ 4) 

a. 10r— 40 b. 10r = 28 c. r= 25 a. r= 31 
10. Simplify (—2)(6\(— 1018). 

a, 6 b. -48 c. 48 a, —96 
11. Simplify 2(3¢ — 2d) — 4(e — 3d), 

a, 2c — lad b. 10¢ + 10d ¢. 10¢ ~ 14d dy 20+ 8d 


12, Choose the equation that represents the following: The smaller of two 
consecutive even integers is eight less than twice the greater 
a. x=8-2%x+2) b. x= 2+ 2)-8 
ext 2=8— Ax +2) doe +2=2r+2)-8 


13. Simplify (~639r)( 


a 73+ 1 c. 7st d,7y~-t 
14, Simplify 12 ~6) 

a -30+7 c 4 a =i S 
15. Simplify 2* 

a, —648r b. Rx ec. 8 d, —8y 
16, Evaluate 4414 ig @ = 

a. -43 b. a: = 
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Chapter Test 


Simplify. 8 
L lb +p4g4s Qe 212-4 

BR -S+1-9 + (-9)) 4. 3n = 6 + (~9) 
s.(-13) +241 6. =74+5-4 


7. Samanthy left home with $42.51. The subway fare was S120. At the sta- 
tion she hought 4 magazine for $1.95. Lunch cost $4.36. After work she 
bought a skin on sale for $26.00. Her subway fare home was also $1.20. 
At the station Shelly gave Samantha $5 to pay back a loan. How much 
money did Samantha have at the end of the day? 


= 31)—1-6 + 1) 9. x= (—8) — fx + (—8)) 


10, Kara left home 24 hours before she arrived at the airport. How long had 
she heen gone from home when she had been at the airport for 13 hours? 


Simplify. 
IL. (230.25) ~ (7900.25) 12. (6x + 3)4 

13. Sib- 1) +8 14. 7(2e — 4d + 6) 

1S. —16(~3) 16. (-11 + 119 
17. (-98K— 1-3) 18. Ix = y + 2x + By 


19, White an equation to represent the following relationship among integers: 
‘The sum of three consecutive even integers is 30 more than the smallest 


integer 


20, State the reciprocal of - 1. 21, State the reciprocal of 3. 
Simplify. 
22, (—4)rssi( +) 23. —4(—som + 49m) 


34h 
38. 5 


26 


0 


Chapter 2 


Cumulative Review (Chapters 1 and 2) 


Simplify. 

1, (56 = 7) = 26 + 13) 2, BR 12) - 6) 

4. = [201 = |-4) 38 + [(-3) + 16] 6. 3127+ 2 = 40) 
7.24 10-15 +5 B 2dr 7h rad 9 =120-(-17) 
10. 6(2x+3)—3(7—3x) WL Mx +29) + SQ¥+y) 12. (-9K SA) ~ 1S) 
13, -18-4-|[(-9) +12] 14. S2ry) +(-23) 15. 


Evaluate each expression if x = 


+ Oe 
16. —2+(-x+7) 17. x — Iv + 1g 


wre 
Write the numbers in order from least to greatest. 


19. 0, —2. 4, hee. 20. 5. 15). — = 


and 0 on a number line: 


Solve, 
2. |y|=7 23. |-v| = 10 

25. 6+ 12=0 2. b1=9 

Solve if x € {-S, -3, 0. 3. 5}. 

28, ax + 2= 14 a9. ty -2=~3 30. 6 = 2" = 4 


‘Translate each phrase or sentence into a variable expression or an equati 


31. Five more than the product of seven and y 
32. Two less than the sum of x and the opposite of a, d 


ed by three times y 
33. The opposite of x is four less than eight 

34. The sum of two consecutive integers is one less than twice the greater integer 
Solve. 


35. Paul got into an elevator on the fourth floor, Before he got out. the elevator 
went up seven floors and down eight floors. On what floor did he get out? 


(4a ~ 36) ~ 4 (8a ~ 66) 
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Maintaining Skills 


Perform the indicated operations. 


Si 218 _2.75 
Sample 1 — 917.88 Sample 2 ->.6)7,150 
55.19 5 
862.19 195 
182 
130 
130 
0 
1, 49.92 2. 575.25 3. 337,14 4. 700.07 
~ 38.6 9,009 45.32 - 38 
3.4276 6. 16.8 % S32 8 877.3 
= 0,828 9.25 4.763 = 94.3 
9. 0.02110 19. 0.8)0.036 11. 5.1)3376.2 12. 1,9)860.7 
13. 3.4]0.0085 14, 0.05)2.367 15, 0.25)48 16. 0.34)1156 


Express each fraction in simplest form. 


Sample 3 '° Solution 
ins 21 63 
0. 3 18. 5 a 


Perform the indicated operations. Express the answers in simplest form. 


oe : 
Sample 4% — -* Note that the least common denominator is 78. 


Solutic 5 


4 
27, - 
2 * 
0 
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REE SS 
Preparing for College Entrance Exams 


Se a 
Strategy for Success 

Familiarize yourself with the test you will be taking well before the test date. 

This will help you to become comfortable with the types of questions and direc- 

tions that may appear on the test. Sample tests, with explanations, are available 

for many standardized tests. The Preparing for College Entrance Exams tests at 

the end of even-numbered chapters in this book will give you helpful hints and 

practice in taking such tests. 


Decide which is the best of the choices given and write the corresponding 
etter on your answer sheet. 


1. Write an expression that corresponds to the following word sentence. 
‘The sum of two consecutive even integers is 20 less than their product 
(A) nin + 1) = bn + 1) = 20 (B) n+ (n + 1) = n(n + 1) = 20 
(C) ain + 2) =n + (n+ 2)— 20 (D) n+ (n + 2) = a(n + 2) ~ 20 

2. Michael's weight is 85 Ib less than twice the weight of his sister Stacy, 
Which equation represents the relationship between Michael's weight. m. 
and Stacy's weight, s? 

(A) s = 2m—85 (B) ys =2m +85 (C) m= 294+ 85 (D) m= 2s ~ 85 

3. Simplify the expression 73(19 + 31) — 48(24 + 26). 

(A) 1250 (B) 6050 (C) 1200 (D) 1750 

4. On a number line, point A has coordinate —4 and point B hus coordinate 8. 
‘What is the coordinate of the point one fourth of the way from A to B? 
(A) 2 (B) -2 (c) -1 (D) Ss (E) 6 

5. The operation * is defined for all real numbers a and b by a * b= 
ab + a+ b, Which of the following properties does * haye? 

I. Closure I. Commutativity 
(A) | only (B) I only (C) Land I 
(D) None of the above 
6. Suppose x is « nonzero real number, Which of the following is (are) always 


true? 
is \> 
1 ii 0 Ml. |x) > AM. |x| \ 
(A) Lonly (B) IH only (C) II only 
(D) {hand TE only {E) | and UH only 
7. a,b, ¢, and d are positive numbers, Which of the following guarantees 
that 24 < 99 
(A) a> band ¢ > d (B) a= ph and ¢<d (C) a> bande<d 
(D) ja — b| > O and |e — dj >0 (E) ja — b| > 0 and je ~ d| <0 
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The mobile is in balance, as are 
the weights in the pans. Ifa 
weight is removed from just 
one side, the balance will be 
upset. We use the idea of 
balance to solve equations. 


SS SS 
Transforming Equations 


3-1 Transforming Equations: 
Addition and Subtraction 


Objective — To solve equations using addition or subtraction. 


Two soccer teams are tied at half time: 2 to 2. If cach te 


the next half, then the score will still be tied: 


m scores 3 goals in 


TWo sporting goods stores charge $36 for a soccer ball. I, during a spring 
sale, each store reduces the price by $5, both stores will still be charging the 
same price: 


36-5 =36-5 


The examples above illustrate the following properties of equality 


(EEO SS SS ee, 
Addition Property of Equality 


Ifa, b, and ¢ are any real numbers, and a = b, then 
at+c=bte and eta=cth 
If the same number is added to equal numbers, the sums are equal 
Subtraction Property of Equality 
If a. b, and c are any real numbers, and a = b, then 
a-c=b— 


If the same number is subtracted from equal numbers, the differences are equal 


Notice that the subtraction property of equality is just a special case of the ad 
dition property, since subtracting the number c is the same as adding ~c, The 
addition property of equality guarantees that if «= b, 


at (-c) =b +(e) 
or a-c=b-c 
Examples 1 and 2 show how to use the addition and subtraction properties 
of equality to solve some equations, You add the same number to, or subiract 


the same number from, each side of the given equation in order to 
tion with the var 


1 un equit 
ible alone on one side 
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Example 1 Solve x 8 =17 


Solution x—8=17 {Copy the equation, 
x-848=17+ jAdd 8 to each side 
x= 25 |and then simplify 


Because errors may occur in solving equations, you should check that each 
solution of the final equation satisfies the original equation 


Checks x ~ 8 = 17 original equation 
25-8217 
17=17 J +. the solution set is {25}. Answer 


nal 


The properties of real numbers guarantee in Example 1 that if the ori 


equation, x — 8 = 17, is true for some value of x, then the final equation, 


v= 25, is also true for that value of x, and vice versa. Therefore the two equa- 
tions have the same solution set, {25} 


Example 2 solve 


{Subtract 13 from each side 
18 [and then simplify. 


+, the solution set is (-18}, Answer 


Equations having the same solution set over @ given domain are called 
equivalent equations over that domain. In Example 1, the equations 
v—8=17 and x re equivalent equations. In Example 2. the equations 
=n + 13 and —18 =n are equivalent equations. 

It is often possible to change, or iransform, «an equation into a simpler 
equivalent equation by using substitution or the addition and subtraction proper 
ties. The goal is to obtain a simpler equation whose solution or solutions can be 
casily seen, 


Transforming an Equation an Equivalent Equation 
Transformation by Substitution 
Substitute an equivalent expression for any expression in a given equation. 


Transformation by Addition 

Add the same real number to each side of a given equation. 
Transformation by Subtraction 

Subiract the same real number from each side of a given equation. 
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Oral Exercises 


Describe how to change each equation to produce an equivalent equation 
with the variable alone on one side. Then state this equivalent equatio 


Sample? .-3-5 Solution Add 3 to cach side: x= 8 
Sample2 :45-4 Solution — Subtract 5 from each side: 


Written Exercises 


Solve, 
A —9=17 +8=31 
. 52+ m= 84 6. 49 +n = 63 
8. x- 26= 18 9 p+ 18 = -32 
10. y +32 = -45 11, 0=38 +4 12. 0=:-14 
13. =19+a=23 14, -32 + b= 82 15. ¢+9=5 
16. 1-8 =25 11. f+7=9-2 18, ¢-6=14-8 
19, :— $7 = -67 20, v= 97 = — 105 2. -0.7 +k = =1.7 
22, -1.8+h=-3.8 23, 4.5 =x + 1.6 M39 =y + 1.2 
Sample 1 x+7=2 
Solution x+7-7=2-7 
r= —5 j Remember that the opposite of —x is x 
r=5 |and the opposite of —5 is 5. 


*. the solution set is {5}, Answer 


26. —y + 5=17 27, 2) -x=28 
2, R= —v+ 18 30, 11 =32~ 


Solving Equations and Problems 


97 


98 


32.7 =—-l2 + 3. 1B3=-y+8 


35. (+4) 4.2=1 36. 2= 10+ (x2) 
37. 8= 164+ (y—1) 38. -2+ (1+ p)=5 39. 341 +n) =9 
40. (a — 3) + 19 = 125 Al. (h ~ 6) + 14 = 100 42.4-(l+y=5 
43.2-G+y)=6 44, 1=~2-@-0) 45. 11 =7-(1-q) 


Sample 2° Wi+4=13 
‘Solution x) +4-4=13-4 


x|=9 
x=9or ae -9 *. the solution set is (9, -9} Answer 
46. yj) —-2=8 47, | + 10 = 28 48. -7 +s) =0 
49. 6+ I= 14 50, |x} +(-2)=4 Sh. bt +(-D= 1 
53. 2= 6 + | 54. —(a|- 9 =1 
56. 4— (2 —|nl) =2 57. 7 — (3 — |) = 8 
59, —3 + (15 — jal) = 12 60. (le) — |-8)) + 15 =7 


Write an equation based on the facts of the problem. Then solve the 
equation and answer the question asked in the problem. 


Sample 1 37 tess than a number is ~19, What is the number? 


Solution = n-37=-19 


18 the number is 18. Answer 


1. Fifty-one more than a number is —12. What is the number? 
2. Twenty-two less than a number is —7. What is the number? 
3. Ifa number is increased by 28, the result is 7. What is the number? 


4. If a number is decreased by 8, the result is » What is the number? 
§. If —8 is subtracted from a number, the result is 84, What is the number? 


6. If 15 is subtracted from a number, the result is ~29. What is the 
number? 


“Sample 2— Wylic hiked into the Grand Canyon from its South Rim, which is 6876 ft 


above sea level, Walking along the 7.8 mi Bright Angel Trail, he reached the 
Colorado River in 4h. At that point he was 2460 ft lower in the Canyon than 
at his starting point, How far above sea level is the Colorado River at this 
point? 


Chapter 3 


Step 1 You are asked to find the river's elevation above sea level at the 
point where it crosses the Bright Angel Trail, Make a sketch to 
show the given information 


Start at South Rim Arrive 4h later 


> 


2460 ft, 


=> Sea level 


ation of the river. 


Step 2 Let e = the eles 


Step 3 ¢ + 2460 = 6876 
Step 4 e + 2460 — 2460 = 6876 — 2460 
e = 4416 


Step 5 Check: ‘The check is left to you. 
the Colorado River is 4416 ft above sea level at the point 
where it meets the trail, Answer 
Notice that two of the given facts were not used in solving the problem: 
the length of the (rail and the time spent hiking 


7. A lion can run 18 mi/h faster than @ giraffe. If a lion can run SO mish, how 
fast can a giraffe man? 

8. Corita ran the 400-meter dash in 56.8 s. This was 1.3 s less than her previ. 
‘ous time. What was her previous time? 

9. The desert temperature rose 25° C between 6 a.m. and noon, If the temper- 
ature at noon was 18° C, what was the temperature at 6 4.M,? 

10. The temperature at the summit of Mt Id dropped 17° F between 
4pm. and I P.M, If the temperature at 11 p.Mewas —11° BL what was the 
temperature at 4 pn. 


sf 


I. Enrico paid $4.75 for a sandwich, a drink, and frozen yogurt. He remem- 
bered that the drink and the yogurt were each $1.15 and that the sandwich 
had too much mustard. but he forgot the price of the sandwich. How much 
did the sandwich cost? 

12. Ruth Panoyan had 45 sheets of graph paper. She gave five sheets to each 
of the six students she tutored and put the remaining sheets in her desk 
How many did she put in her desk? 
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Write an equation based on the facts of the problem, Then solve the 


equation 


B 13. 


14. 


16. 


17. 


18. 


Cc 1. 


20. 


nd answer the question asked in the problem. 


A factory hired 130 new workers during a year in which 27 workers retired 
and 59 left for other reasons. If there were 498 workers at the end of the 
year. how many were there at the beginning of the year’? 


During one day of trading in the stock market, an investor lost $2500 on 
ained $1700 on another. At the end of trading that day, the 
400, What were 


one stock, but 
investor’s holdings in those two stocks were worth § 
they worth when the market opened that day? 


Greenwich 


Longitudes are measured east and west New York 
meridian 


of the Greenwich meridian, How many Lat = 41° 
degrees tof New York City is Nai- Long. = 74° W 
robi, Kenya? (In the diagram, measure- 
ments are given to the nearest degree_) 


Equator 


Latitudes are measured north and south Nairobi 
of the equator, How many degrees Lan=1°S 
south of New York City is Nairobi? 


Gino paid $3.23 for two thes of toothpaste. He paid the regular price of 
$1.79 for one tube. However, he bought the other one for less because he 
used a discount coupon. How much was the coupon worth? 

Kerry bought a picture frame on sale for $4.69. A week later, she returned 
to buy another frame. However, she had to pay the regular price for the 
second one. If the two frames cost Kerry $10.64, how much had the store 
reduced the price for the sale? 


At 8:00 p.m. @ scavenger hunt started at the town hall. Team | drove 5 km 
east to the golf course, while Team 2 drove 12 km west to the beach. By 
the time Team 2 had found some seaweed at the beach, Team 1 had al 
ready found an orange golf ball and driven 3 km back toward town hall. 
How far apart were the two teams at this point? 


Afier traveling 387 miles from Los Angeles to San Francisco, Rick noted 
that his car's odometer read exactly 27972. This number reads the same 
backwards as forwards. What is the next such number and how far will he 
have to drive to get it to appear on the odometer? 


SS SSS a) 
Mixed Review Exercises 


Evaluate if a =4, b = 


1. 
4. 


6, ¢ = —7, and d= 5. 


a-\c~d| 2. (b| — a) ~ ie — a) 3. 2a) — (a) 
bX dd bev 3ab 
b+ 2d a abe 6 ord 
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Chapier 3 


) i. - 122. (-5) 12, 1 (21a — 7h) — £12 — 6a) 


PE A MP IY, EE AE LE (PILOT EL DL LA) FLL 
Application / Car Loans 


A car is an expensive purchase. Most peo: 
ple do not have the money to pay for a car 
with cash, Instead, they pay part of the 
cash price as a down payment and borrow 
the rest by taking out a loan. The car buyer 
must pay the lender the amount of money 
borrowed, which is called the principal. 
plus inierest 


Example — Miriam bought a $3600 used car. She made a $630 down payment and got a 


loan for 36 months with payments of $95 per month. 
a. Find the total amount paid for the car 
b. Find the amount of interest Miriam had to p 


Total paid = down payment + total of the monthly payments 
630 + 36(95) 
630 + 3420 


4050 the total paid was $4050. Answer 
b. Interest = total paid ~ eash price 
4050 — 3600 
450 Miriam had to pay $450 in interest. Anywer 


Exercises 


‘on ea 


a, Find the total amount to be pa h vehicle, 
b. Find the amount of rest the buyer would be paying. 


1, Sean bought a $3000 used car by making a $480 down payment and get 
ting a loan for two years with payments of $115 per month 


2, The Valley Fruit Stand got a three-year loan at S154 per month to pay for 


5500 used truck. The down payment was $451 


A $4500 station wagon was advertised in the Daily Gazette. The buyer 
paid $498 down and made 48 monthly payments of $95 per month. 


4. Linda bought a used car with a cash price of $10,000, She made a down 
payment of $620 and paid $220 per month for four years 
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3-2 Transforming Equations: 
Multiplication and Division 


Objective ‘To solve equations using multiplication or division 


At a hardware store, small construction sup 
plies are often sold by the pound rather than 
by the number of items. 

Suppose a pound of roof nails costs the 
same as a pound of floor nails. You would 
expect to pay the same price for vo pounds 
of roof nails as for qve pounds of floor 
nails, and the same price for one-half pound 
OF roof nails as for one-half pound of Hoor 
nails 

This is an example of the multiplica 


tion and division properties of equality 


Multiplication Property of Equality 


Ifa, b, and © are any real numbers, and a = b. the 


ca=ch and ace 


If equal numbers are multiplied by the same number, the products are equal 


Division Property of Equality 


If a and b are any real numbers, ¢ is any nonzero real number, and a = 6, then 


a_b 


If equal numbers are divided by the same nonzero number, the quotients are 


equal 
These properties give you two more ways to iransform an equation into an 
equivalent equation. The others that you haye already studied are listed on 
page 96. 


SS SS 
Transforming an Equation into an Equivalent Equation 
‘Transformation by Multiplication: 


Multiply each side of a given equation by the same nonzero real number 


‘Transformation by Di 


Divide cach side of 


en equation by the same 7 ‘0 real number 
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‘To get x alone on one side, divide each side 
by 6 (or multiply by 4, the reciprocal of 6). 


+. the solution set is (37. Answer 


Example 2 soive s—— 3, 


{To get s alone on one side, multiply 
leach side by —i. the reciprocal of —4. 


Check: 8 = —21 


82—3(-12) 
$=8! y 


-\ the solution set is {12}. Answer 


i 
2 


m= =15 


2. the solution set is [=15) = 
Answer 


the solution set 1s {25} 
Answer 


You know that zero cannot be divisor (page 84), Do you know why zero 
is not allowed as a multiplier in transforming an equation? Look at the follow- 
ing equations. 


() S2=45 
Q) 0-52 =0-45 
G) 0- yo 45 
4) 0-2-0 


Equation (1) had just one root, namely 9, Equation 4 is satisfied by ay real 
number. Since they do not have the same solution set, Equations (1) and (4) 
are not equivalent (see page 96). /n transforming an equation, never multiply 
by zero. 
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[oe 2 SS eS cc 
Oral Exercises 


Describe how you could produce an equivalent equation with the variable 
alone on one side. Then state the equivalent equation, 


1. &r = 16 a5 3 
4. 8a = 5. 6. 
1 9 
7. -dras 8. —2m=9 9 
1, -7=-1x I. 0 = —4k 12. 
13. n= (-3)=4 14, £--6 15, -4=4 
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A 


Problems 


Write an equation based on the facts of 
equation and the problem. 


ch problem. Then solve the 


1, Five times a number is —375. Find the number 
2. Negative nine times a number is —108, Find the number 
3. One third of a number is —7. Find the number 


4. Three quarters of a number is 21. Find the number. 
5 third 


. One hundred twenty seniors are on the honor roll, This represents ¢ 


of the senior class. How many seniors are there? 


6. Two hundred twenty-five students play a team sport at Lincoln High 
School. These students represent § of the total student population. How 
many students attend the school? 

7. The perimeter of a square parking lot is 
784 m. How long is each side of the tot 

8. The distance around the United States 
Pentagon building is one mile, How 
long is each side? (Hint: A regular pen- 
tagon has five equal sides.) 


9. Luis ate three of the eight pizza slices. 
He paid $2.70 as his share of the cost 
How much did the whole pizza cost 


10, A restaurant charges $2.50 for one 


eighth of a quiche, At this rate, how 


much does the restaurant receive for the 


whole quiche 
IL. The E 


games. How many games did they lose 


snes as they lost. They won 21 


es won three times as many g 


School has five times as many black-and-white monitors 


12. Buena Vista Hi 
as color monitors, Thi 


school has 40 black-and-white monitors for comput 


ers. How many color monitors does the school have? 


13. How many apples, averaging 0.2 ky each, are included in a 50 kg ship 
ment of apples? 


14. A 75-watt bulb consumes 0.075 kW» h (kilowatt-hours) of en 
burns for one hour. How fong was the bulb left burning 
3.3 kW «bh of ener 2 


ergy when it 


if it consumed 


15. A hard-cover book sells for $16.50. The same ti 
$4.95. How many hard-cover books must a dealer sell to take in as much 


e in paperback sells for 


money as he/she does for 30 paperback copies? 


16. A certain real-estate agent receives $6 for every $100 of a house's selling 
price. How much was a house sold for if the agent received $10,725? 
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17. An employer said that each worker received $24 in fringe benefits for 
every $100 in wages. At this rate, what wages were earned by a worker 
whose fringe benefits were valued at $51007 

18. One kilogram of sea water contains, on average, 35 g of salt How many 
grams of sea water contain 4.2 2 of salt? 


C 19. Raul drove + mi from Exit 27 to Exit 28 in 18s. At what rate was he 
traveling in mils? At what rate was be driving in mi/h? (Hint: 
rate = time = distance) 


20. A police helicopter clocked a tuck aver a stretch of highway 4 mi long 
‘The truck traveled the distance in 105, At what rate was the truck travel- 
ing in mis? At wl it traveling in mish? 


Ta ee phen A a Rt 
Mixed Review Exercises 


Evaluate if a = 2, b= —3, and c = 4, 


1. Ta ~ 2b 2. Ba ~ 2x 3 [hh +I oO 
4. (a) — 1b + eh Bath 6 ate 
Simplify. 

1. Ja +6+9a 8. Sn- 949 % Wp —p+2 
10. —40m +2) I w+ 78 12. 32y— 5) 


Use the division key on a calculator to find a decimal equal to each 
expression, 


Solution —* = -35=8=—45 


3 1 
1 2, fs 
4 3 40 
=). 12 43 
= he ag B. ines 


11-20. Use the multiplication and reciprocal ke: 
cach expression in Exercises 1-10. (Si 
befiore’! 


on # calculator to find a decimal equal 
Sample 2.) Are your answers the same as 
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a al 
3-3 Using Several Transformations 


Objective — To solve equations by using more than one transformation. 


5 9 


n—> Sn—> 5n—9 


Sn —+ Sia 


The addition of 9 “‘undoes”” the subtraction of 9. We call addition and subtra 
tion inverse operations. The diagram also shows that division by 5 “‘undoes'’ 
multiplication by 5. Multiplication and division are also inverse operations. 


For all real numbers a and b, 


(a+b)-b=a and (a—b)+bd 


For all real numbers a and all nonzero real numbers b, 


(ab)+b=a and (a+ bb=a 


9=71 


Solution Use inverse operations: 
Sn —9=71 | To undo the subtraction of 9 from Sn, 
5n-9+9=714+9 jadd 9 to each side 


Sn = 80 To undo the multiplication of n by 5, 
Sn _ 80 \divide each side by 5, 
as n= 16 . the solution set is {16}. Answer 


Solution 1.43=9 {To undo the addition of 3 to Ax 
| subtract 3 from each side 


jTo undo the multiplication of x by 4. 
| multiply cach side by 2, the reciprocal of 4 


the solution set is {12}. Answer 
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Solution 2 
(condensed) w 


= as 18 4 «. the solution set is {23}. 
w 5=18 +5 Ans 
=18 nswer 
w=? 


the solution set is (23). Answer 


amples 4 and 5 show that it is sometimes necessary to use the distribu 
tive property and simplify one or both sides of an equation as the first step in 
solving. it 


Example 4 Solve 32 = Ta + 9a 


Solution 1 32 =7a + 9a. Solution 2 Ta + 9a 
Eos (condensed) *2 = 'o« 
32 _ Lba =a 
ve ae the solution set is {2} 
oii Answer 
“the solution set is {2}. Answer 
Example § Solve 4(y + 8)—7= 15. 
Solution? =v +8)-7=15 [Use the distributive property 
7 | and simplify the left side, 
4 
y= = 3 the sotution set is {5}. Answer 
Solution 2 y+ 8)-7=15 
(condensed) 3 + 32 -—7=15 
4y +25 =15 
4y=-10 
y vs the solution set is {—3|. Answer 


At the top of the next page you will find ovo helpful tips for solving an 
equation in which the variable is on one side. 
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1S EES SR SS 
1. Simplify each side of the equation as needed. 


2. If the side containing the variable inyolves a certain order of operations, 


apply the inverse operations in the opposite order 


RSE SS SSS SSS eee 
Oral Exercises 


Describe how you would solve each equ: 
1 
Samplet? =x+2=-1 


Solution First subtract 2 from each side; then multiply each side by 5 


Sample 2 14-2” 


Solution 1 Muhiply each side by 3; then divide each side by 2 
Solution 2. Muttply each side by 


p 
+ 
ii 

= 


Written Exercises 


Solve. 
A 2s 3. 4n+.9=-3 
5. 19 6. —8y- 11 13 
2x 
9. 7 8 
145 5 
ie 3 7 12. To 
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13, S227, MW 
17. 
20. 
2. 
s 26. 
28. 4w = 3w + Qw = 24 29. 
Bou. -tu+4= 16 
33. 2 =-3u-2 
35. 3a — 5p + 19 = =2 
3.3 SAR 7) — 1 
39, 40+ Me — 2) = 34 
45. 1 = 3(v +2) = =5 
B. t= Sty + 2)= 5 
9 —3(2y— 1) = -18 
=As + 8)— 3s 
ey — Ge — 5) 
. b — (1 — 2b) + (b— 3) = —4 
C 55. Sm — 317-1 — 2m =0 


Sy — 7) + lg — Ay — 5) =0 


3|u| — (In| — 2)=9 


7 4 15, 7x — 4x = 34 
ww n= 0 18. 2a — Ila = -27 
2x4 5 — Tx = 15 21. Oe n-— 15 —4n 
2x —4) = 22 * iy — 7) =27 
20 = 4(r + 3) 27. y+5-4y=-10 
IS = 8x —5 +2r 30. 32 = 2n — 3n + Sn 
a 
32. 2 + 2) = 12 
BM. 66 = — Suv + 3) 
36. 2b +8)-9=5 
38. 3= 7h = 2) 4 17 
40. d+ 4d +6) = 1 
ay +3 
i369 
a. 
10 + 4Gp + 10) = 18 
f= 39-3 =" 
. (5—y) +(6—y) S—y =0 


= (6+ 3) —2e — (1 — 3e) 


56. Lik +2) G— = 4 


Tn + 2130 
60. (js) + 3) 


n~ Wt ay= 14 


Sia\ 


Mixed Review Exercises 


Solve. 
ihe, ees roa 
1. ox 23 2. ee 
4 —3+x=1 5. k+7=13 6. 
% -12+x*=-20 B32 -1=% 9. 
10. 23=x+1 Wh. 0 = 3x 12. 
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(sed Sr ee ee) 
Computer Exercises 


1. Write a BASIC program to solve an equation of the form Ax + B = C, 
where the values of A, B, and C are entered with INPUT statements, Use 
the program to solve the following equations 


a. Tv + 8 = 64 b. 3x -2= -8 ce ext 1l=7 


a. 


{., <ae + 10,7 = 14 


+4=13 = 
x+4=13 e ox-9 io 


2. Use the program from Exercise 1 to solve Ox + 9 = 12. What happens? 
What is the correct solution? Modify the program from Exercise | to print 
an appropriate response if the value of A is 0. 


3. Modify the program from Exere 
Alxi + B= C. Use this program to solve the following equations 
a. [x] +8 = 10 b. xj + 10=8 ce Gfx] +2 


NB inborn na a a a et 
Self-Test 1 


110 solve an equation of the form 


Vocabulary equivalent equations (p. 96) transformation by multiplication 
transformation by substitution (p. 96) (p. 102) 
transformation by addition (p. 96) transformation by division (p, 102) 
transformation by subtraction (p. 96) inverse operations (p. 107) 
Solve. 
1. n-32=6 2. 19+ y= 61 Obj. 3-1, p. 95 
3. 625 = Sy 4. Obj. 3-2, p. 102 


5. A rectangle is three times us long as it is wide. If its perimeter is 
48 cm, find its dimensions, Draw a diagram first 


6. 4x-4=17 1 4y44=16 Obj. 3.3, p. 107 


You can use a calculator to check whether 16 is a solution of Sn ~ 9 = 71. If it 

is, the calculator will display 71 when you enter 3 < 16 — 9. 

Exercises 

Is the given number a solution of the equation? 

1. éx—7 = 21; 3.5 2. 22 +5 = 60; 2.5 3. 3,0x — 11.2 = 4.6; 4.2 
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Solving 


SSS 
Solving Problems 


(et tee a a a REN 
3-4 Using Equations to Solve Problems 


Objective To use the five-step plan to solve word problems. 


The skills that you have gained in solving equations can often help you to solve 
word problems. Use the five-step plan on page 27 as a guide 


| Example 1 Ly 
from her office to the 
airport. She had to pay 
a flat fee of $2.05 plus 
$.90 per mile. The 
total cost was $5.65 


ne took a taxicab 


How many miles was 


the taxi trip? 


Step 1 The problem asks for 
the number of miles 


traveled in the taxi. 


Step 2 Let m= the number of miles. 


Then 90m = the mile: 


cost in cents ( 


Step 2 Flat fee + mileage cost = total cost 
205 + 90m = 


Step 4 Solve 90m = 360 
m=4 


tep § Check: 4 miles at $.90 per mile: 4($.90) = $3.60 


Flat fee + mileage cost: $2.05 + $3.60 = $5.65 


the taxi trip was 4 mi. Answer 


Example 2 shows that some word problems can be solved more easily if 
you first draw a diagram 


Example 2 The perimeter of a traperoid is 90 em 
The parallel bases are 24 cm and 38 em long 


re consecutive odd integ 


The lengths of the other two sides 


What are the lengths of these other two sides? 
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a 


Step 1 Draw a diagram to help you under- 4 
stand the problem. 


Step 2 Use x and x +2 to represent the 


unknown lengths of the sides. 7m 


Step 3 perimeter = 90 


38 +0 +24 +(x +2) = 90 
Step 4 2x + 64 = 90 
2v = 26 


x= I3andx+2=15 


Is the sum of the lengths of the sides 90 em? 
38+ 13+24+15=90 , 
2. the required lengths are 13 em and 1S em. Answer 


Step 5 Che 


Problems 


Solve each problem using the five-step plan to help you. 
1. The sum of 38 and twice a number is 124. Find the number. 
2. Five more than three times a number is 197. Find the number 
3. Four less than half of a number is 17. Find the number 
4. When one third of a number is decreased by 11, the result is 38, Find the 
number: 
3. Four more than two thirds of a number is 22. Find the number. 
6. Fight less than three quarters of a number is 91, Find the number 
7. Find three consecutive integers whose sum is 171 
gers whose sum is 105, 


8. Find three consecutive odd intes 
9, Find four consecutive even integers whose sum is 244 

10. Find five consecutive integers whose sum is 195 

11. Burt's Burger Bam sold 495 hamburgers today. The number sold with 


cheese half the number sold without cheese. How many of each kind 
were sold? 

12. A company added a new oil tank that holds 350 barrels of oi! more than its 
old oil tank. Together they hold 3650 barrels of oil. How much does each 


tank hold? 

Brian has $88 in his savings account. If he saves $3.50 per week, how 

Jong will it take him to have $200 in his account? 

14. A 1000 L tank now contains 240 L. of water. How long will it take to fill 
the tank using a pump that pumps 25 L. per minute? 
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Solve each problem using the five-step plan, In Exercises 15-26, draw a 
diagram to help you. 


15, 


16. 


17, 


19, 


20. 


21. 


22. 


The perimeter of a rectangle is 332 cm and the width is 76 em. Find the 
rectangle's length. 


‘The perimeter of a rectangle is 408 cm and the length is 134 cm. Find the 


rectangle’s width. 


In an isosceles triangle, there are wo sides, called legs, with the same 
length, The third side is called the base. If an isosceles triangle has perim- 
eter 345 cm and base length 85 em, what is the length of each leg? 

The length of a rectangle is 7 em more than the width. The perimeter is 
78 cm, Find the rectangle’s dimensions. 


‘The width of a rectangle is 15 em less than the length. The perimeter is 
98 cm, Find the rectangle’s dimensions. 

The longest side of a triangle is twice as long as the shortest side and the 
remaining side is 25 em. If the perimeter is 70 cm, find the lengths of the 
sides of the triangle. 

A rectangle’s length is 8 cm more than three times its width. If the perime- 
ter is 128 em, find the length and the width, 


A triangle has sides with lengths in centimeters that are consecutive even 
integers. Find the lengths if the perimeter is 186 em. 


. In any triangle, the sum of the measures of the angles is 180°. In ABC, 


2A is three times as large as ZB and also 16° larger than ZC. Find the 
measure of each angle. 

In any triangle, the sum of the measures of the angles is 180°. In AABC. 
2A i twice as large as ZB. ZB is 4? larger than ZC. Find the measure of 
each angle 


. In AABC, AB is 9 cm shorter than AC, while 


A 
BC is 3 cm longer than AC. If the perimeter of 
the triangle is 48 em, find the lengths of the 
three sides. 


6. In isosceles trapezoid ABCD, the longer base, e is 
AB. is one and one half times as long as the 
shorter base, CD. The other two sides, AD D c 
and BC, are both 13 cm long 
a. If the perimeter is 76 em, find the lengths 
of AB and CD. 
b, If the height of the trapezoid is 12 cm, find A B 
its area. 
(Hint: Area = 4 X height * sum of base lengths) 
27. Theo has $3 more than Denise and Denise has $11 more than Rudy, To 
gether they have $45. How much money does each have? 
28. Chandra has twice as much money as Nora. Nora has $6 less than Lian, 
Together they have $54. How much money does each have? 
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29. In one day, Machine A caps twice as 
many bottles as Machine B, Machine C 
caps 500 more bottles than Machine A 
The three machines cap a total of 
40,000 bottles in a day. How many 
bottles does each of the machines cap 
in one day? 

30, The total cost of a sandwich, a glass of 
milk, and an apple is $3.50. The milk 
costs one and a half times as much as 
the apple. The sandwich costs $1.40 
more than the apple. What is the price 
of each? 


. With the major options package and destination charge, a sports car cost 
$24,416, The base price of the car was ten times the price of the major 
options packa 
price of the car? 


age and fifty times the destination charge. What was the base 


32. On the first of three tests, Keiko scored 72 points. On the third test, her 
score was I point more than on the second, Her average on the three tests 
was 83. What were her scores on the second and third tests? 


33. The absolute value of the sum of —7 and twice a number is 23. Find the 
number. (Hint: There are two answers.) 


[nhs nS Sees Se Se Se 
Mixed Review Exercises 


Solve. 


GY Historical Note / Variables 


Until the sixteenth century, unknown quantities were represented by words such 
as “heap,” “‘root,”’ or “'thing.”’ Eventually, abbreviations for such words, as 
well as drawings of squares and cubes, were used to symbolize unknowns. 

In the late sixteenth century, @ French lawyer, Francois Vieté, who cn: 
joyed studying algebra during his leisure hours, began using vowels for un 
knowns. An English mathematician, Thomas Harriot, later adopted lowercase 
iables. In 163 


letters to stand for va . René Descartes, a French mathematician 
and philosopher, b 


knowns 


an using the final letters of the alphabet to represent un 
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3-5 Equations with the Variable 
on Both Sides 


Objective To solve equations with the variable on both sides. 


In the first four lessons of this chapter, the variable appeared on just one side 
of @ given equation. In this lesson, the variable may occur on both sides of the 
equation. Since variables represent numbers, you may transform an equation 

by adding a variable expression to each side or by subtracting a variable expres- 
sion from each side. Then solve the resulting equation as you have in earlier 
lessons, 


Solve 6x = 4x + 


4x + 18 = 4e Subtract 4x from each side. 
18 


Check: 6+924-9+18 ' 
54236418 
54 = 34 


ae J. the solution set is {9}. Answer 


Example 2. soive 3y = 15 — 2y. 
“Solution 3) = 15-2) Add 2y to both sides. 
Sy = 15 
| y=3 2. the solution set is {3}. Answer 
“Example 3 solve: a, 4x43 =x 


*, the solution set 
is {I}. Answer 


*, the solution set 
ie. is {15}. Answer 
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“Example 4 Solve Ha —2)~ 6 = +8 +a, 


Ya-2)-6=2a+8+a {First use the distributive property 
Ta ~ 14 |and simplily both sides. 


a= + the solution set is {7}. Answer 


It is possible that an equation may have no solution, or that it may be sat- 
istied by every real number. Examples 5 and 6 illustrate these cases. 


“Example § solve 31 ~ F) + Sr =r + 1) 


3-3r+ ar+ 
2r + 


rt 


34 
ot ar= 


ne 


=O 


‘The given equation is equivalent to the false statement 3 
the equation has no solution. Answer 


We call the set with no members the empty set, or the null set. It is de 
noted by the symbol (J, The solution set of the equation in Example 5 is @ 


Example 6 Solve 4(12x — 21) = 4x — 


4x-7=4-7 
The given equation is equivalent to 4x — 7 = 4x — 7, which is satisfied by 
L_ every real number, —~, the solution set is {real numbers}. Answer 
‘An equation that is true for every value of the variable is called an identity. 


The equation in Example 6 is an identity. 


eRe ER ie Ran bs EERIE TE 
Oral Exercises 


Solve. If the equation is an identity or if it has no solution, say so. 


1, 4x = 3x45 2. dn + 10 = Sn 3. Br +1 =9r 
4. 2p — 1 = 3p 5.7+b=b+7 6. 2b=6 4 2b 
7. 4a= ata 8. Sk=k % 3s=s-2 
10, 3n + 4=3n4+5 IL. S(x — 2) = Sx — 10 12. 300 + 1) = ww 
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2) se Se 
Written Exercises 


Solve ez 


‘h equation. If the equation is an identity 


write identity or no solution. 


or if it has 


- 3. 


in =In+ 6 2. 8a = 2u + 30 y=24-3y 
2b 5. 12n = 34 — Sa 6, 3x = 27 = 18x 
30 8. SL=9.— 3x 9. Sla — 56 = 44a 
3% 11. 98 — 4b = — 1b 12. —Ju = = 12a - 65 
4n 14. 5p —9 = p+ 12 15, 3p ~8 = 13 —4p 
8944=2-2 17. 71 — 5x = 9% = 13 18. Sn + 1 =Sn—1 
Ye — 6) = 38 20. A(y — 6) = Ty 21. 8(5 — 1) =2n 
12 — m) = 3m 23. fut Sax ua. 3x-T=% 
4+y 

2n Se 
1 (12 — 6x) = 4 = 2 32, £200— 4a) = 6 —a 
H2 +n) = 3n + 6) 3. 3030 + 5) = 45 + 19) 
Sut 3) -— mw =u+8 36. 2g — 2) — 4 = 2g — 3) 
3(m + 5) — 6 = 3(m + 3) 38. 322 + vy) — 4v =v + 16 
‘Sy + 2)—y = 2-3) 40. 4By — 1) + 13 ¥ 
6r — (2 — r) = 42r 1) 42, Sx + 2(1 — x) = 2(2e — 1) 
3+ 4p +2)= wt Xp +4) 44. Ma + 2) = 14 — 23 — 2ay 
3x + 21 = 30x + 2)] = 2x 
215(w + 3) — Gw + 1} = 31 + wy 
5(Qm + 3) — (1 = 2m) = 2[3(3 + 2m) — 3 — m)| 
Bir +1) 2r) — 38 — ny) =%r+5)—4 


Solve. 


A 
Zz 


Find a number that is 38 less than its opposite 
Find a number whose product with 9 is the same 
Find a number that is 68 greater than three times 


1. Find a number that is 96 greater than its opposite 


as its sum with 56 


its opposite 
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10. 


12, 


13. 


4. 


16. 


17. 


18, 


1. 


20. 


‘Three times a number, decreased by 8, is the same as twice the number, 
increased by 15. Find the number. 

Four times a number, increased by 25, is 13 less than six times the num- 
ber. Find the number. 

‘The greater of two consecutive integers is 15 more than twice the smaller. 
Find the integers 

The greater of two consecutive even integers is 20 more than twice the 
smaller, Find the integers. 

Lyle shot three times as many baskets as Cliff, while Kyle shot 12 more 
baskets than Cliff, If Lyle and Kyle shot the same number of baskets, how 
many baskets did each of them shoot? 

Dionne has six steel balls of equal 

mass. If she puts five of them in one 

pan of a beam balance and one ball and 

4 100 g mass in the other pan. the pans 

balance cach other. What is the mass of 

each stee! ball? 


The sum of two numbers is 15. Three times one of the numbers is I less 
than five times the other. Find the numbers 

The difference of two integers is 9. Five times the smaller is 7 more than 
three times the larger, Find the numbers. 

The lengthy of the sides of a triangle are consecutive even integers, Find 
the length of the longest side if it is 22 units shorter than the perimeter 


The length of a rectangle is twice the width. The perimeter is 84 cm more 
than the width, Make a diagram and find the rectangle’s dimensions: 

Mei’s salary starts at $16,000 per year with annual raises of $1500, Janet's 
12 salary is $19,300 with annual raises of $950, After how many 
years will the two women be earning the same salary? 


stai 


A 2000 L tank containing 550 L of water is being filled with water at the 
rate of 75 L per minute from a full 1600 L tank How long will it be be- 
fore the two tanks have the same amount of water? 

Eric has twice as much money as Marcia, who has $175 less than Laurel 
But Laurel has as much money as Eric and Marcia have together. How 
much money does each person have? 

A boat weighs 1500 1b more than its motor and 1900 Ib more than its 
trailer. Together the boat and motor weigh five times as much as the 
trailer. How much does the boat weigh? 

Show that it is impossible for three consecutive integers to have a sum that 
is 200 more than the smallest integer: 

Is it possible for four consecutive even numbers to have a sum that is ten 
more than the sum of the smallest two numbers? If so, tell how many solu- 
tion(s) there are. If there are no solutions, tell why not 
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4. 17x + (-3)x ~ 5 $. —Sy +6 + 20y + 12 6. 1 


7 -3-x=9 &5-U+2)=3 9% a 
1. Sx 45 ILS =6 12, -12 


Computer Exercises For students with xome programming experience 


Write a BASIC program to solve an equation of the form Ax + B = Cx + 


D, 


where the values of A, B, C, and D are entered with INPUT statements. Be 
sure that the program prints an appropriate message for identities and for equa- 


tions having no solution. Use the program to solve the following equations 


1. av +4 = Sx + 10 ati 


Self-Test 2 


Vocabulary empty set (p. 117) identity (p. 117) 
null set (p. 117) 
Solve. 


1. A $48 sweater costs $6 more than twice as much as the shirt that 


goes with it, How much does the shirt cost? 


2 


4n=n 3. 3x + 1) = Ur + 5) 


4. Hilary has three times as much money as Paul. Jeff has $4 less 
than Hilary and $5 more than Paul. How much money does each 
have? 


Check your answers with those at the back of the book. 
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Extending Your Problem 


Solving Skills 
RS 
3-6 Problem Solving: Using Charts 


Objective To organize the facts of a problem in a chart. 


Organize the given information in a chart: 
A roll of carpet 9 ft wide is 20 ft longer than a roll of carpet 12 ft wide. 


Width | Length Width | Length 
| First roll 9 1 First roll 9 1+ 20 
Second roll 12 — 20 Second roll 12 U 


Solve the problem using the two given facts 
Find the number of Calories in an apple and in a pear 
(1) A pear contains 30 Calories more than an apple 
(2) Ten apples have as many Calories as 7 pears. 


Step 1 The problem asks for the number of Calories in an apple and in a pear. 


Step 2 Let a= the number of Calories in an apple 
Then a + 30 = the number of Calories in a pear, 


Step 3 Calories in 10 apples = Calories in 7 pears 


10a = Ha + 30) 
Step 4 10a = Ta + 210, 
3a = 210 
a=70 and a + 30 = 100 


(Solution continues on the next page.) 
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| Step 5 Check: (1) 100 Calories is 30 more than 70 Calories. 

| (2) Ten apples have 10+ 70, or 700 Calories and 
seven pears haye 7» 100, oF 700 Calori 

L “there are 70 Calories in an apple and 100 Calories in a pear. Answer 


BLS. 42 > fl. 
Oral Exercises 


Organize the given information by completing each chart. 


1. A swimming pool 25 m long is 13 m narrower than a pool 50m long. 


a. Length | Width b. Length | Width 
Ist pool | 25 2 Ist pool | 25 w 
2nd pool | 50 w 2nd pool | 50 ? 


2. In game 1, Ellen scored twice as many 
points as Jody. In game 2 Ellen scored 
ten fewer points than she did in game 1, 
while Jody scored 12 more points than Ellen |? 2 
she did in game 1. Joay . ? 


Game | | Game 2 
points | points 


3. Use the two given facts to complete the chart, What equation would you 
write to find the amount of protein in a scrambled egg? 
(1) An egg scrambled with butter and milk has one more gram of protein 
than an egg fried in butter. 
(2) Ten scrambled eggs have as much protein as a dozen fried eggs. 


Protein per egg Number of eggs = Total protein 
Scrambled egg 2 | 10 2 
Fried egg x | 2 ? 


Problems 


Solve each problem using the two given facts. Ifa chart is given, first copy 
and complete the chart (o help you solve the problem. 


AL. Find the number of full § hour shifts that Maria worked last month 
(1) She worked twice as many 6 hour shifts as 8 hour shifts. 
(2) She worked a total of 280 hours. (Chart on next page) 


122 Chapter 3 


2. Find the number of round-trip commuter rail tickets sold. 


(1) Thirty times as many round-trip tickets as 12-ride tickets were sold, 
(2) The total number of tickets sold represented 1440 rides. 


Find the total weight of the boxes of pecans in a shipment of 3 Ib boxes of 
pecans and 2 Ib boxes of walnuts. 


(1) There were 24 fewer 2 Ib boxes of walnuts than 3 Ib boxes of pecans. 
(2) The total weight of the shipment was 462 Ib. 


Find the amount of time Joel spent watching space adventure movi 
(1) He saw twice as many 1} h space movies as he did 2 h mysteries. 


(2) He spent a total of 15 h watching movies. 


Find the number of Calories in an orange and in a peach. 
(1) An orange has 30 Calories more than a peach. 

(2) Thirteen peaches have as many Calories as 7 oranges. 
6. 


Find the number of Calories in a stalk of celery and in # carrot 
(1) A carrot has 13 Calories more than a celery stalk. 


(2) Five carrots and ten celery stalks have only 170 Calories. 


Solve. Use a chart to help you solve the problem, 


7. The length of a red rectangle is 15 cm more than its width w. A blue ree- 


tangle, which is 5 cm wider and 2 em shorter than the red one, has perime- 


ter 72 cm, Make a sketch of the rectangles expressing all dimensions in 
terms of w. Then find the dimensions of each rectangle 
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Solve. Use a 


11. A roll of carpet 9 ft wide is 


17. ‘The upper Angel Falls, the highest waterfall on Earth, are 


rt to help you solve the problem. 


8. The length of a rectangle is twice its width w, A second rectangle, which 
is 8 cm longer and 3 cm narrower than the first rectangle, has perimeter 
154 em, Make a sketch of the rectangles expressing all dimensions in terms 
of w. Then find the dimensions of each rectangle 


9. Brian O'Reilly earns twice as much each week as a tutor than he does 
pumping gas, His total weekly wages are $150 more than that of his 
younger sister, She earns one quarter as much as Brian does as a tutor 
How much does Brian earn as a tutor? 


10. Mona Yahuso ears three times as much its an actuary us she does as a 


writer, Her total income is $40,000 more than that of her brother. He earns 
half as much as Mona does as an actuary, What is Mona’s salary as an 
actuary? 


30 ft longer than a roll of carpet 15 ft wide 
Both rolls have the same area. Make a sketch of the unrolled carpets and 
find the dimensions of each, 


12. Leo’s garden, which is 6 m wide, has the same area as Jen’s garden, 


which is 8 m wide, Find the lengths of the two rectangular gardens if 
Leo's garden is 3.m longer than Jen’s garden, First make a sketch. 


13. In March, Rodney sold twice as many cars as Greg. In April, Rodney sold 


5 fewer cars than he did in March, while Greg sold 3 more cars than he 
did in March, If they sold the same number of cars in April, how many 
cars did each sell in March? 


14. In one baskethall game Maria scored three times as many points as Holly 


In the next game, Maria scored 7 fewer points than she did in the first 
game. while Holly scored 9 more points than she did in the first game. If 
they scored the same number of points in the second game, how many 
points did each score in the first game? 


15. Paula mixed 2 cups of sunflower seeds and 3 cups of raisins to make a 


snack for a hike. She figured that the mixture would provide her with 2900 
Calories of food energy. Find the number of Calories per cup of raisins if 
it is 400 less than the number of Calories per cup of sunflower seeds. 


16. The Eiffel Tower is 497 ft taller than the Washington Monument. If each 


of the monuments were 58 ft shorter, the Eiffel Tower would be twice as 
fall as the Washington Monument. How tall is each? 


m higher 
than Niagara Falls. If each of the falls were 7 m lower, the upper Angel 
Falls would be 16 times as high as Niagara Falls. How high is each 
waterfall? 


18. Nine cartons of juice cost the same as 5 fruit cups. Also, one fruit cup 


costs 50¢ more than one bow! of soup, while one bowl of soup costs 50¢ 
more than one carton of juice, What would be the cost of each item: a car- 
ton of juice, a fruit cup, and a bow! of soup’? 
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19. One serving (4 cup) of cooked peas contains 45 more Calories than one 

serving of cooked carrots and 50 more Calories than one serving of cooked 
reen beans, If one serving of carrots and three servings of green beans 
contain the same number of Calories as one serving of peas, how many 
Calories are there in one serving of peas? 


C 20. The cross-country teams of East High and West High run against each 
oth 


twice each fall. At the first meet, East's score was two thirds of 
West's score. At the second meet, East's score increased by seven points 
and West's score decreased by seven points. In the second meet West's 
score was three Jess than East's score. How many points did each team 
score in each meet? 


Solve. 
2.6=2% =0 
4,195 = 3x 3 = 24 %6 
7. §x-2x=21 2) = 6x dr + 44 
0. 41—"=-1 2 — 54 12. Siy +2)— My — = -27 


Y Career Note / Astronomer 


Modern astronomers make few direct obser 
vations with telescopes. Instead. they use 
mathematics and physics to explore the na 
ture of the universe, Their theories are de 
scribed by mathematical equations that are 
tested on computers using data from observ- 
atories 

Observatories often gather data with 
radio telescopes and spectroscopes. Radio 
telescopes are used to detect the invisible | 
x rays and radio waves that are emitted by 
stars. Spectroscopes. on the other hand, are 
used to separate & star’s visible light into its 
various wave lengths, to form the star's, 
spectral pattern, 


With the aid of a computer, as shown Most astronomers work in universities — | 
in the photo, an astronomer can analyze a Or government space centers ay teachers or | 
star’s spectral pattern to determine whether researchers. They are highly trained in 


the star is moving toward or away from the mathematics and physics and most have a 
Earth Ph.D. in astronomy 


Solving Equations and Problems 125 


[UE | 
3-7 Cost, Income, and Value Problems 


Objective To solve problems involving cost, income, and val 


‘The word problems in this lesson involve cost, income, apd value, Organizing 
the given facts in a chart will help you to solve such problems. The following 
formulas will be useful in setting up your charts. 

Cost = number of items ™ price per item 

Income = hours worked * wage per hour 

Total value = number of items * value per item, 


| Example — ‘tickets for the senior class play cost $6 for adults and $3 for students. A total 
of 846 tic! worth $3846 were sold. How many student tickets were sold’? 


Step 1 The problem asks for the number of student tickets sold. 


Step 2 Let x = the number of student tickets sold. 
Then 846 —.x = the number of adull tickets sold, 


Make a chart 


Step I The only fact not recorded in the chart is that the total cost of the tickets was 
$3846, Write an equation using this fact. 
Student ticket cost + adult ticket cost = 3846 
34 + 6(846 — x) = 3846 


Step 4 3x + 5076 — 6x = 3846 
5076 — 3x = 3846 
—3v = —1230 


x = 410 — student tickets 
846 ~ x = 436 — adult tickets 


Step § Check: 410 student ets at $3 each cost $1230. 
436 adult tickets at $6 cach cost $2616 


The total number of tickets is 410 + 436, or 846. 
‘The total cost of the tickets is $1230 + $2616, or $3846. , 


-. 410 student tickets were sold. Answer 


126 Chapter 3 


ee ee eT 
Oral Exercises 


Read each problem and complete the chart. Then give an equation that can 
he used to solve the problem. 


1. Marlee makes $5 an hour working 
after school and $6 an hour working 
on Saturdays. Last week she made 
$64.50 by working a total of 12 Saturdays s 2 2 
hours. How many hours did she work 
on Saturday? 


Hours Wage 
worked % per hour = Income 


Weekdays: 2 z % 


2. Emesto purchased 100 postage stamps 
worth $9.90, Half of them were 1¢ 


stamps, and the rest were 14g and Ie stamps |? A 2 
22¢ stamps. How many 22¢ stamps ; 
did he buy? (Hint: In your equation, 14€ stamps |? 3 Z 
use 990¢ instead of $9.90.) 22¢ stamps | ? 2 


Solve, Copy and complete the chart first. 


A | 1. Thiny students bought pennants for ; 
the football game. Plain pennants cost Numibor 261 Brite i= Cost 
$4 each and fancy ones cost $8 each Fancy f 2 2 
If the total bill was $168, how many 


ai ? ? 2 
students bought the fancy pennants” eis : u 
2. Adult tickets for the game cost $4 3 
each and student tickets cost $2 each Numbers. (Ene 
A total of 920 tickets worth $2446 ‘Adult ? ) ? 
were sold. How many student tickets 


were sold? Student s > ? 


3. A collection of 40 dimes and nickels 
is worth $2.90, How many nickels are 
there? (Hint; In your equation, use 
290¢ instead of $2.90.) Dimes 2 ? 2 


Value Total 
Number X of coin = value 


Nickels z ? z 
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Solve. If a chart is given, ¢ 


4. 


% 


10. 


y and complete the chart first. 


A collection of 52 dimes and nickels 

ig won $450.0 aC, Value of Total 

saa igre irate Number * coin (¢) = value (¢) 
Dimes ? ? ’ 
Nickels ) Te een 


Hans paid $1.50 = 
ber * Price ($) = Cost (S$ 
the game. He sold all but 20 of them Numbers FAA 45) — Conti (S) 


ach for programs to 


for $3 each and made a profit of $15. 


How many programs did he buy? 
(Hint: Profit = selling price 


purchase price) 


Celia bought 12 apples, ate two of 


| Number x Price (¢) = Cost (¢) 
them, and sold the rest at 20¢ more { { asta 
per apple than she paid. Her total | Bought} =? | ? ? 
profit was $1.00. How much did she | | 


Sold ? ? ? 


sell each apple for? 


T have twice as many nickels as quarters. If the coins are worth $4.90. 


how many quarters are there? 
T have eight more quarters than dimes, If the coins are worth $6.20, how 
many dimes are there? 

The Audio Outlet purchased 60 cassette recorders, gave away three in a 
contest, and sold the rest at twice their purchase price. If the store’s total 
profit was $1188, how much did the store sell each recorder for? 


The Alan Company bought 80 tickets for a jazz concert. After giving away 


20 tickets to customers, the company sold the rest to employees at half of 


the purchase price. If the company absorbed a $1000 loss on all the tickets 


how much did an employee pay for a ticker? 


A plumber makes $4.50 per hour 


more than his apprentice, Duri 
S-hour day. their combined ¢: 
total $372. How much does each 

make per hour? (Hint: I you decide 
to use cents instead of dollars, then 


nings 


use 450 cents per hour and 37200 
cents total earnings.) 

Rau! works 2 h daily after school. 
Monday through Friday, On Saturdays 
he works 8 h al $2 more per h 
s $142 
per week, how much does he make 
per hour on weekdays 


than on weekdays. If he ma 
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13. Warren 40 coins (all nickels, dimes, and quarters) worth $4.05, He has 
7 more nickels than dimes. How many quarters does Warren hay 

14, Jo has 37 coins (all nickels, dimes, and quarters) worth $5.50. She has + 
more quarters than nickels. How many dimes does Jo have? 

15. Rory claims: “*I have $20 in quarters, half dollars, and one-dollar bills. 1 
have twice as many quarters as half dollars, and half as many one-dollar 
bills as half dollars.” Give a convincing argument to explain why he must 
be wrong. 

16, Eleanor claims: “It is possible for 46 pennies and nickels to have a total 
value of a dollar.’ Is she right or wrong? Give a convincing argument to 
justify your answer. 


C 17. Nadine has seven more nickels than Delano has dimes. If Delano gives 
Nadine four of his dimes, then Delano will have the same amount of 
money as Nadine. How much money do they have together? (Assume that 
Nadine has only nickels and Delano has only dimes.) 

18. Natalie has some nickels, Dirk has some dimes, and Quincy has some 
quarters. Dirk has five more dimes than Quincy has quarters. If Natalie 
gives Dirk a nickel, Dirk gives Quincy a dime, and Quincy gives Natalie a 
quarter, they will all have the same amount of money. How many coins 
did each have originally? 


I a a ae ee 
Mixed Review Exercises 


Simplify. 


402543 
3-2 


4. (-7)(5(-1) 


1. 3. F39y ~ 6) +3 


6. Tie + y) + 8Qy +) 


Evaluate if a = 4, b = 5, and © = 


+b ab 
“ . Ma —-¥*2 
oe 9. a+b) — x 


Computer Exercises For students with some programming experience 


Jane has a total of 12 coins, some of which are nickels and the rest dime: 


1. Write a BASIC program that uses a FOR . . . NEXT loop to print a chart 
showing every possible combination of dimes and nickels. The chart should 
also show the total value of the coins for each combination, 

2. Modify the program from Exercise | to print the chart for K coins, The 
value of K should be entered with an input statement 


Solving Equations and Problems 129 


ng 


ESSE eS eee eee 
3-8 Proof in Algebra 
Objective — To prove statements in algebra 


Some of the properties stated earlier in this book are statements we assume to 
be true, Others are theorems, A theorem is a statement that is shown to be true 
using a logically developed argument. Logical reasoning that uses given facts, 
definitions, properties, and other already proved theorems to show that a theo- 
rem is true is called a proof. Example | shows how a theorem is proved in 
algebra. 


Statements Reasons 


“Example 1 Prove: For all numbers a and b, (a + b) — b= 


1. (a +b) — b= (a + b) + (-b) 1. Definition of subtraction 

«(a +b) + (—b) = at [b+ (-b) 2. Associative property of addition 
b+ (-b)=0 3. Property of opposites 

at |b+(-bl=at+0 4. Substitution principle 

.atO=a 5. Identity property of addition 

(a+ b)—b=a 6. Transitive property of equality 


Generally, a shortened form of proof is given, in which only the key rea- 


sony are stated, (The substitution principle and properties of equality are us 
not stated.) The proof shown in Example | could be shortened to the steps 
shown below. 
Statements Reasons 
(a+b) — b= (a + b) + (-b) . Definition of subtraction 


1 
=atlb+(-b) 2. Associative property of addition 
a+0 3. Property of opposites 
=a 4. Identity property of addition 


if 
2. 
4. 


| Example 2 Prove: For all real numbers a and b such that a #0 and b ¥ 0, 


(Property of the reciprocal of a product) 


. 1 
Since 7p is the unique reciprocal of ab, you can prove that 


| 
ab 
showing that the product of ab and ++ t is I: 


Statements: Reasons 


«ab t) = (a+ 4) (b+ 


Commutative and associative 
properties of multiplication 
=1-1 Property of reciprocals 

3 =i Identity property of multiplication 


n 
wt 
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Once a theorem has been proved, it can be used as a reason in other 
proofs, You may refer to the Chapter Summary on page 88 for listings of prop- 
erties and theorems that you can use as reasons in your proof’s in the following 


State the missing reasons. Assume that each variable represents any real 
number. 


1. Proves Wa b, thna+ec=b+e. 
(Addition property of equality) 
Proof: \.at+e=ate |. —2_ property of equality 
2 a=b 2. Given 
3.at+c=bt+e 3. 2 principle 
2. Prove: If a= b, then a — c 
(Subtraction property of equality) 


=6. 


Proof: 1. a=b ee 
2. Since e is a real number. 2. Property of opposites 
~c is a real number 
3. at (-e) =b + (-0) 3. 2. property of equality 
(proved in Oral Exercise 1) 
4. a-c=b-¢e 4. Definition of —?— 
3. Prove: If a=b, then —a 


Proof: ep 


L 

a: a+ (-b) _2_ property of equality 
3. a+(-b) 3. Property of 2 

4.-—a + la + (—p)) = 4. 2 property of equality 
5.(-a + a) + (-b) 5 property of addition 
6 0+ (-b) 6. Property of 2 

1. -b 7. 2. property of addition 
& 8. 


property of equality 


Write the missing reasons. Assume that each variable represents any real 
number. 
A 1. Prove: Ifa=b, then ca = eb. 
(Multiplication property of equality) 
Proof: 1. 


Given 
3. ca = ch a 


Solving 
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Write the missing reasons in Exercises 2-8. Assume that each variable 
represents any real number, except as noted. 


2. Prove: Wate=b+e, then a=b, 


Proof 1, at+e be 1, Given 
2. (ato) t (He) = (b+) + (0) 2 
3. atlot(-ol=b + let (ol 3 
4. at0=hb+0 4 2 
5 a=b $25 
3. Prove: If ac = be and ¢ +0, then a= b. 
Proof: | ac = be 1, Given 
2. (acy + = (be) - 4 eats 
=b(e-+) Soot 
4. a-l=b-1 4, 21, 
a=b Dit eto 
4. Prove: Mt b #0, then 4(ba) = a and (ab)}. = a 
ae aed , 
Proof: 1. (ba) yay 
=a Soe 
From Step 3 prove that (ab), = a 
4. hb) =a 4. (Step 3, above) 
5. (ba) =a Stee 
5 
6. (ab), =a Get 
B 5. Prove: -(-b)=b 
Proofs 1 b+(-by=0 Lt 
2. (-b+) +1 bl =0 yp ee 
3. (—b) + |-(-b)] = b + (=b) 3. 
4. [-(-b)] + (-b) = b + (~b) af Ae 
5 (=) =b 5. Proved in Oral Exercise 2 
6. Prove: —(a + b) =(~a) +(-b) 


(Property of the opposite of a sum) 
Proof: Since —(a + b) is the unique additive inverse of (a + 6), we can 


prove that ~(a + b) = (=a) + (6) by showing that the sum of 
(a + b) and [(—a) + (—b)] is 0 (Proof continues on next page.) 
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7. Prove 
Proof 


8. Prove. 
Proof: 


1. (a + b) + [(—a) + (6) = [ta + 6) + (—a)] + (4) | eee eae 
2 = |a + (~a) + b] + (—b) ee 
3 = [0 +b) +(-by a 
4 =h + (—b) 4d. 
5. =0 $) ts 
—(a~by=b~a 
1. -(a— b) = [a + (-b)] 1. Definition of —2_ 
2 =(-a) + [=(-b)) 2. Property of the opposite of a sum 
(proved in Exercise 6) 
3. =(-a)+b 3. Proved in Exercise 1 
4. =b + (~a) is he 
5. =b-a Be i 
—(-a~b)=a+b 
Ll. -(-a — 6) = -[-a + (-2)] 1. Definition of 
= —~(~a) + [-(~4)] 2. Property of the opposite of a sum 


(proved in Exercise 6) 
3. =atb 3. Proved in Exercise 


Write proofs giving statements and reasons. 


CY Prove 


10. Prove 


I, Prove. 


If @ and b are any real numbers, ¢ is any nonzero real number, and a = b, then 


© = (tin Use Exercise 1.) 


It @ is any nonzero real number, then 5 


IF @ and b are nonzero real numbers, then + = ©. (Hint: Show that «= 1.) 
b 


SS a ET 
Mixed Review Exercises 


Simplify. 


DeO+4 2, —4(-16 + 8) 3, —Ix — 2k + 1k 


(2b— 4) +3 6. 10 


7. ath +x) 
b+24 
10. Il ~ eh 


sae 12, L(e- a) +x 


a 
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Vocabulary theorem (p. 130) proof (p, 130) 


1. The length of a rectangle is 8 cm more than ‘the Width. A second Obj. 3-6, p. 121 
rectangle is $ cm wider and 6 cm longer than the first rectangle 
The second rectangle has a perimeter of 242 em, Find the dimen- 
sions of each rectangle, Make a sketch first. 


2. Jeremy had 34 nickels and quarters totaling $4.10, He had two: Obj. 3-7, p. 126 
less than twice as many nickels as quarters. How many of each 
did he have’? 


3. Write the missing reasons. Obj. 3-8, p. 130 
1, -a@+(a+b)=(-a+ a+b 1 
2, =0+b 2. 
3. =b By shh 


Check your answers with those at the back of the book 


Chapter Summary 


1. The addition, subtraction. multiplication. and division properties of equality 
guarantee that: 


4. Adding the same real number to, or subtracting the same real number 
from, equal numbers gives equal results. 


b. Multiplying or dividing equal numbers by the same nonzero real number 
gives equal results 


Transforming an equation by substitution, by addition or subtraction, or by 
multiplication or division (not by zero) produces an equivalent equation. 
These transformations are used in solving equations 


3. 


Inverse operations are used in solving equations. 


uations can be used to solve word problems. Organizing the facts of a 
word problem in a chart is often helpful 


The following formulas are helpful in setting up charts to solve probl 
about cost, income, and value 


Cost = number of items * price per item 
Income = hours worked * wage per hour 
Value = number of items * value per item 
6. Theorems are proved by logically developing an argument to support them. 


In such a proof, each step is justified by a definition, property. or previ- 
ously proven theorem: 
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Chapter Review 


Write the letter of the correct answer. 


1. Solve 20= 3 +x 3 
a. 25 b. -15 © 15 a. 25 
2. Solve y — 17 = 19, 
a. —36 b. 2 c, 26 d. 36 
2 32 
1 5 
b. 55 43 ds 45 
4. Solve 4n = —2. 
a. 6 b. 2 e. -2 a. -1 
5. Solve bx — 33 
a 0 b, —18 ce. 18 d.2 
6. Solve b ~ 3b = 24. 
a, -8 b. -12 « 2 d. -6 
7. Howard works an 8-hour day at his gas station. He spends twice as much 34 
time working on cars as he does waiting on customers. He wkes 14 hours 
to eat lunch and balance his books. How many hours does he spend wait- 
ing on customers? 
2 at te 
a. 2h b. 2th e ith a. 
8. Solve 2m = 35 
1 
at b. 2 a a3 
9. Solve 3w ~ 13 = 4(52 — 120) 
a at b. -1 €. 0 solution d. identity 
10, Arthur weighs 34 Ib more than Lily. Their combined weight is 180 Ib less +6 
than four times Lily's weight. How much does Arthur weigh? 
a. 141 Ib b. 151 Ib ec. 107 Ib d. 127 Ib 
I. Nick worked 16 hours last week. He earned $5 per hour at a local restau- 37 
rant and $5.50 per hour at a grocery store. If he eared a total of $82, how 
many hours did he work at the grocery store? 
a, Sh b. 4h ce. 12h 2h 
12. Which of the following properties should be given as the reason for the 38 
statement a(be) = aicb)? 
a. Distributive property b. Associative property of multiplication 
¢. Property of opposites d. Commutative property of multiplication 
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2 AT 
Chapter Test 


Solve. 

Ly +25=10 273 eka 13 re] 

3. ¢ +51 =38 4. x— B= 12 

§ 65 6, —19v = -114 3-2 

7, 112 = 16e (ie pelcel 

9. ay — 7 = 5 10, 5x + 6= 16 33 
nt § 3 

1, +99 12. — 2 — 16) = 70 

13. In the game of basketball you can score one point for a foul shot, two 34 


points for a regular shot and three points for an outside shot. Manuel 
scored 30 points by making eight foul shots and two outside shots. How 
many regular shots did he make? Use the 


step plan 


Solve cach equation. If the equation is an identity or if it has no solution, 
write identity or no solution. 


14, 7a ~ 6) = —3 + 6a 15. 6(m — 1) = 6(m + 3) 35 


Solve. In Exercises 17 and 18, use a chart to help you. 
16. Three times a number increased by 44 is the same as the opposite of the 
number. Find the number. 


17. Sean weighs 10 Ib more than twice Brad's weight. If Brad gains 10 Ib, 3-6 
together they'll weigh 230 1b. How much does each weigh now? 


18. When Courtney collected her change she realized that she had five times as 37 
many dimes as quarters, Her dimes and quarters totaled $5.25, How many 
quarters did she have” 


19, Write the missing reasons to justify the multiplicative property of zero. 38 
l 0=0+0 ie 
2. a-0=a0+0) Ce 
3 a-O0=a-04a-0 hee 
4. Buta-0=a-0+0 4. Identity property of addition 
a-0+a-0=a-040 eet 
6 a-0=0 = 
O-a=0 Wis ail 
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eee 
Cumulative Review (Chapters 1-3) 


Simplify. 
1. 45 — 2116 ~ 6) at 3. 48 + +3) 
4. [-21/—|-14 5, 31-135 +5] 6. 48 +3+7B) 
7. -55-(-424+7) 8, -22 +31 + (-44) 450-9, 14 - 10 + 124 
10. 2.44+5.1-63 1. 9+x-G-n~6 12. 4x + 3y) — 3x — yy 
2 
13, ~5(42)(-2)(—4) 14. -s(-a— &) + 5a +») 
Evaluate if w = 2, x = -3, y = 5. and z= 3. 
4y- 

16. w ~|2~ 4] 1.2 18, —Sir + w) 19. —w + 20+ 4) 
State the coordinate of the given point. 

NERS Me a oe ET et oe 
SS SS eS ee 

oe Seine aie 
20. The point halfway between F and G. 
21, The point halfway between B and C. 
Solve. If the equation is an ide: or has no solution, state that fact. 
22, Ki=3 23. I= -2 Mert 7=12 

26. y+2=9 27. (e~ 3) + 17 = 30 

2, 2-14 2.9=19 30, 2x+6= =2 
31. FQ + 4) = 2x 32.16 = 3k +1 33. 5(¢ = 3) = 40 
34. Sy—2=7 +8 38. (2 —b)=b 36. 3 — 4) = 6x — 3) 
Solve. 


37. A honeydew melon costs four times as much as a peach. Together they 
cost $1.50. How much does each cost? 


38, Find three consecutive integers whose sum is 87 
39. Thirty-eight employees at High Tech Sales ride to work on the subway 
This represents # of the employees. How many employees are there? 


40. Rory has 30 coins (all nickels and dimes). He has five times as many nick 
els as dimes, How much money does he have? 
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Maintaining Skills 


Express each fraction as a mixed number. 


2 
Sample 1} Solution 1335 
2% 
9 
25 45 rb 
12 6 3 1S 
< 83 a 
5. oy > We 12 


Express each mixed number as a fraction. 


Sample 2 Solution =5+2 
u 3 
iors 10. 8S I. 
8 1 oll 
13. 355 14. 175 15. 9-5 


86 
4. 0 
1s, 
Lary 
23 

12. 125 
1 

16. 10g 


20. 


A 
43+ 
62+23 
4 
85 + 63 
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Mixed Problem Solving 


Solve each problem that has a solution. If a problem has no solution, 
explain why. 


A 1. The sum of twice a number and —6 is 9 more than the opposite of the 
number. Find the number. 


2, Roger spent $22 on a baseball mitt and softball. If the mitt cost $2 less 
than 5 times the cost of the softball, find the cost of each 

3. [drove 450 km in 6h. Find my rate of travel 

4. The Longs’ checking account was overdrawn by $35.87. They deposited 
$580 in the account. Then they wrote checks for $25 and $254.09. Find 
their new balance 

5. Alice bought 12 apples and oranges for $2.51. If an apple costs 25¢ and an 
orange costs 18¢, how many of each did she buy? 


6. A rectangle has a perimeter of 48 cm. If the width and the length are con- 
secutive odd integers, find the dimensions of the rectangle. 


7. The usual July temperature in Windsor, Ontario, 22° C, is 27° above the 
usual January temperature. Find the usual January temperature, 


8. When 7 is decreased by a number, the result is 10, Find the number. 


9, Find three consecutive integers such that three times the smallest is equal 
to the middle number increased by the greatest number. 


id 


10. What is the difference between the boiling point of mercury, 357° C, 
the melting point, ~39° C? 
11. Ruwa has $125 in $5 bills and $10 bills. If he has four more $5 bills than 
$10 bills, how many of each does he have! 
B 12. A store manager bought ¢ calculators for $8 each. All but four were sold 
for $10 cach. The remaining four calculators were not sold. Find the 
store's profit, in simplified form, in terms of ¢ 


13, Ata city zoo, about $45 of every $100 spent is used for animal care and 
supplies, One year $216,000 was spent on these uses. Find the total zoo 
budget that year. 

14. Denise did { of the problems on a quiz correctly and five incorrectly. She 
did all the problems, How many were there’? 

15. On Saturday Kim worked three hours more than Ann did, Together, they 
worked one hour less than three times the hours Ann worked. How many 
hours did Kim work? 

16, A bank contains 44 coins (nickels, dimes, and quarters). There are twice as 
many dimes as nickels and 8 fewer nickels than quarters. How much 
money is in the bank? 

17. Sara has twice as much money as Miguel. If she had $6 more. she would 
have 4 as much money as he has. How much money does each have now? 
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Addition and Subtraction 


cr 
4-1 Exponents 


Objective — To write and simplify expressions involving exponents. 


The number 25 can be written as 5-5 and is called a power of 5, Here is how 
some powers are defined and written: 


First power of 5: =5 (read “five to the first power") 


Second power of 5: 5? = (read “five to the second power"? or 


“five squared” or “the square of fiv 


Third power of 5: (read “five to the third power” or 


“five cubed” or “the cube of five’) 


Fourth power of 5: (read “five to the fourth power") 


In the expression 5" the number 4 is called the exponent and the number 5 
is called the base. We call 5* the exponential form of 5 «5 +5 +5, The expo- 
nent tells you the number of times the base is used as a factor 

In general, if h is any real number and n is any positive integer. the ath 
power of b is written b" and is defined as follows, 


Exponent 
bh =bebebe b 
Bae nn factors 


The expression b’ tells you that b is used as a factor n times. 


SEPRMIRTT) Visits cach expression in exponential form, 


a.6°6°6°6 b.ara-asacaca 


Solution a. 6° d. a’ c. —6p'4 


prq-p 


“Example 2 Find the area of the re 
“Solution — Area = length * width 


Seen 
x Answer 


ay 
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Caution: Be careful when an expression contains both parentheses and exponents. 


25 Answer 


(2y)) means (29)(2y)(2y) 3 is the exponent of the base 2y 

2y' mea yey 3 is the exponent of the base y 
| Example 3 Evaluate o if «= ~5 Solution Replace « with ~5 and simplify 
| x = (Sy = (—S-3K 5) 


The following steps are used to simplify numerical expressions 


Summary of Order of Operations 

1. First simplify expressions within grouping symbols. 

2. Then simplify powers. 

3. Then simplify products and quotients in order from left to right. 
4. ‘Then simplify sums and differences in order from left to right. 


Example 4 Simplity; a, ~3* @.1+s? 
Solution a. -3'= ~(3-3-3-3)=-81 
b. 3 ~3)( 3-3) = 81 
© 6 
[= 4, 1+57=145-5=14+25 =26 
Example § Evaluate Qa +b)? if a = 3 and b = —2 
Solution § Qu+ sy =(2-3+ (27 [Replace a with 3 and } with — 2, 
[6+ (-2P land simplify, 
=f 
16 Answer 


(Replace x with 2 and y with 5, 
land then simplify 
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REE Ss ee 
Oral Exercises 


State each expression in exponential form. 


1.x x a-a-aca 
4c 
7. (-r-1) bastions 
10, 2+k+k+(—4) +k MH. a-a-a-3+b+b-b 
Simplify. 

an 14. 15. 5-29 16. (5 + 2)* 
17. (-2)* 18, —2! 19, (2+ 3 20. 2+37 


21. An even power of a negative number is a 2 (positive, negative) number 


22. An odd power of a negative number is a 2 (positive, negative) number. 


Evaluate if a = 3 and x = 


23. ar 24, (ary 25. (a + x 
2, xe = (a 28. (x — a)* 29, a + x° 
3. (x—ay* 32) x? —@ 33. x—a* 


35. Study the figures at the right, Explain 
why the second and third powers of b 
are called **h squared"” and ‘*b 
cubed." 

36. For any positive inte 
v= 1. Explain. 


ern, O" = 0 and 


Ajea= 2 Volume = 


Written Exercises 


Find the area of each rectangle. 


Al iy 2 5K 


saan at 2 


Write each expression in exponential form, 


8. —6- 
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c 


Write each expression in exponential form. 
12. ara-beb-bh 13. e-d-e- 
16. 3 suey I. r-(-4) 


Mateh each phrase with the corresponding algebraic expression. 


20. The square of a plus the square of b sas (a+ by 
21. The square of the sum of a and b boa th 
22. ‘The cube of the quantity a plus b cath 
23. ‘The sum of the cube of a and the cube of b d. (a + bP 
Simplify. 
24. a. 6 27. a. =A? .3 
b. (-6)° b. (-4°37 
28. a. 5-34 29. a. 7+ 3* 31. a. 34 — 5 
b. 6 = 3% b. (7 +3) b, 3+4— 
“Sample 6 = |5°- 3’ - (2 = 6 + [125-9 -4] 
= 216 +12 
= 18 Auswer 
32. (1-108) + (4 107) + (9-10) + 2 33. (1+ 10°) + (7-107) +(7- 10) + 6 
34. [2° 43°) = 12° + (1 5) f5tt (dee 
36. [3° + (—2)7? + (“I = 77 ST: = 2h) = (4? + 379] 
Bt i) (SF — 37> a9, 2 oor {(2- 3)? — 24] 
Evaluate if a= 3 and b= 
40. a. ab ~ o 41. a. 4+ ab? 42. a. (2a — 6)" 43. a. (a + 2b)* 
b. a(b — a? b. (4 + aby? b, 2a-b* b. a? + 2b 
Qa + by a’ + 2b at + ot Au 
lath ores ri apa 
Evaluate each expression for the given value of x. 
48, (0 + 40+ Sir tx-— 2, x= -3 49. (x? — 3x + 1)G7 + 2x — 8), x= 


Mixed Review Exercises 


Solve. 
1. =7x = 56 2. Hn - 4) = 36 3. 36= -an 
4. —n+8=6 S-3 17 — 12) 6 -y+12=8 
7. ~Fie+2)=3 8. 9. k= -8 
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Computer Exercises 


1. Write a BASIC program that uses a FOR 


value of n" for n= 1, 2, 3, 4, 5. 
2. The symbol 4! is read * 
Simi 
a FOR 


four factorial ,”* 


and its value is 1 + 
6 = 720, Write a BASIC program that uses 
. NEXT loop to print out the value of n! for 1 


For students with some programming experience 


NEXT loop to print out the 


3-4= 24. 


i, 2, Sty 5: 


3, Study the data in Exercises | and 2. For iniegers greater than 1, which 
appears to be larger, n! or n"? Can you explain why? 


Your calculator may have square key. 


V7 Calculator Key-In 


©, or a power key, y", to help you 


simplify powers. Simplify each of the following mentally, then use a calculator 


to check your answers 


Exercises 
1, (O17 2. 0.2) 3. (0.57 4.1) 
5. (0.11) 6, (0,02)? 7. (0.3) 8. (4) 
Y iographical Note / Hypatia 


Hypatia (4.0, 370-415) is regarded as the 
first woman mathematician because so little 
is known about women mathematicians who 
may have lived before her. She was born in 
Alexandria, Egypt, when the city was one 
of the greatest centers of learning in the 
ancient world, Except for one of her papers 
that was found in the fifteenth century, our 
knowledge of Hypatia is based on the letters 
of her contemporaries and students. 

Highly regarded as a mathematician 
and as an astronomer, Hypatia became a 
professor of mathematics and philosophy at 
the University of Alexandria. She lectured 
on Plato, Aristotle, astronomy, geometry. 
Diophantine algebra, and the conics of 
Appollonius. She also invented instruments 
used in the study of astronomy and appar 
tus for distilling water, measuring the level 
cof water, and determining the specific gray- 
ity of liquids 


After her death in a.p. 415, no signifi- 
cant progress in the mathematics taught by 
Hypatia way made for centuries 
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(Es RE a 
4-2 Adding and Subtracting Polynomials 


Objective 


Sach of the following expressions is a monomial: 14. 2,5 


To add and subiract polynomials. 


4 Oa 


A monomial is an expression that is either a numeral, a variable. or the prod- 
uct of a numeral and one or more variables. A numeral, such as 14, is called a 
constant monomial, or 4 constant. 

A sum of monomials is called a polynomial. A polynomial such as 


+ (44) + (5) is usually written as 
special names: 


Binomials (two terms) ay 


Trinomials (three terms) x 


©? — 4x — 5, Some polynomials have 


9 ab + 
—4y—5 a? + 3ab ~ 467 


A monomial is considered to be « polynomial of one term 
In the monomial ~3.y", the numeral —3 is called the coefficient, or 


numerical coefficient. Two monomi: 


ls that are exactly alike or are the same 


except for thetr numerical coefficients are said to be similar, or like, terms, 


The following monomials are all similar: 
3y" and —3x"y are not similar. 


The monomials 


A polynomial is simpl 


Sx", l6yxy, 0 


2 and Lay? 
and tay 


fed, or in simplest form, when no two of its terms 


are similar. You may use the distributive property to add similar terms. You 
may find it helpful at first to copy the polynomial and underline similar terms 


Simplify —6x° + 3° +7 + Or = 5. 


Example 1 
Solution — 
Example 2 
“Solution — 


Area , Area | Area 


Write the sum of the areas of the rectangles 
as a polynomial in simplest form 


Area 


. 3 3 
ofA of B” of C "of D 
euay X82 Stax 32 3 2 
Rah erties G6 


3+ 11x +6 Answer 


‘The degree of a variable in a monomial is the number of times that the 
variable occurs as a factor in the monomial. The degree of a monomial is the 


sum of the degrees of its variables 
mial, such as 12, is 0. 


The degree of any nonzero constant mono- 
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“Example 3 Find the degree of 5x25 


The degree of x is 
‘The degree of y is I. 
‘The degree of = is 4. 


«the degree of 7. Answer 


The degree of a polynomial is the greatest of the degrees of its terms 
after it has been simplified. Since the polynomial —6x) + 30° +7 + 6x4 — 
of Example | can be simplified to 4y* — 5, its degree is 2, not 3. 

To find the sum of two polynomials, you add the similar terms. 


4ey + 424+ 3-1 


Subtracting polynomials is like subtracting real numbers. To subtract « real 
number. you add the opposite of that number. To subtract « polynomial, you 
add the opposite of each term of that polynomial and then simplify. 


? — Sab + 4b? — 2 to 3a? — ab — 2b* — 7. 


“Example § Subtract a? — Sab + 4b? — 2 from 3° ~ 2ah — 26? ~ 7 


Add the opposite of 


(3a? — 2ub — 2b* — 7) — (—a? — Sab + 4b* — 2) 
3a? — Jab — 2h? — 7 + a? + Sab — 4b? + 2 

(3a? + a?) + (—2ab + Sab) + (—2b* + —4b*) + (—7 + 2) = 
4a? + 3ah — 6b? — 5 Answer 


You can also align similar items vertically. 


<b 2-7 pe 3a? ~ 2ab — 2b? — 7 

= Sab + — {Canes tothe ||. 4c?-+ Sab — Ab +2 
opposite and add ——————_—_—— 

4a? + Bah ~ 6b? — § 
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SS SS SL 
Oral Exercises 


Name the similar monomials. 
1. —2x, 2xy, dy 


Suda, Aa, 


=x, -y 


In Exercises 5-10, (a) state the degree of each variable in the monomial, 
and (b) state the degree of the monomial. 

5) SSniz? 6. Tab'e 7. —\Oxy= 
8. —3a%bc? 9. n’p'g? 10. —2uv"w? 


State the degree of each polynomial, If the polynomial is a binomial or a 


trinomial, say so. 
WW. ar —7e+4 Bo xe 


16. 2s? + 3st? — 71 


14. pq’ — 3nq* 


Add. 
If2s— 5 18. 


35, (3x — 2y + 5) + (x + 2y - 2) 36. 2p —y+1)+(-p-qt3) 


37. (Sr ~ 2y) ~ (2r — 3y) 38. (3x + 3y — 5) — 


-2y +5) 


(eS se ES eee 
Written Exercises 


Copy each polynomial and underline similar terms ay was done in 
Example 1, page 146. Then simplify the polynomials. 


A 1s 


3y 2. 6m — 6n— 4m +n 


-4x-3 


+ 3ab — dab + 307 


7. Ps — 31s? + 43? — Irs — 397 
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x-2 
13, 2r-3x+5 
+3x-2 
16. 4 -3n— Sr? 
i+ n= 30? 
19. 3a —7h = Se4 
at4b+ ¢- 
2 + 30+ 


21-30. In Exercises 9-18, subiract the lower polynomial from the upper one. 


ify 


Sample 1 (4 + 2x — 5) + (8 4 av + 5) = ae 


31. (2x — Sy + 2) + (Sr + 6y — 7) 


) + (Qu + 3x) + (5 + 5) 
+ Sx Answer 


. (2p — Ty - 4) + Bq + 2p 1) 


x= 5) = = 2). M. (3m + 5) — (—2m + 3) 

. (Sx — 3¢— 7) — Ge - 241 3) 36. (a ~ 3b + 5) ~ (-a + 2h +3) 
37. (Gn? + Sn — 6) + (— 3n+ 3) 38. (y? + 6y — 5) + (- 
39, (3x — 4x — 2) —(—17 — ay + 7) 40. (97 = 3y — 5) = ( 

B41. Ge — dev + Qu?) + Brey - =v) 42, (2: y+ (ey = 297) 
43. (3a — ab?) — (a — 4ab? — by 44. (2p?q — 3p" +g) — (Pg +4) 
Solve. 

‘Sample 2° 9x — x —%) 
x - 3x + 8 = 
6r+8 

ox 

x the solution set is {2}. Answer 
45. Tx Gx = 2) = 10 46. 2 — (42-5) =8 
47. (In = 5) = Gn = 2) = =19 48. (2x +3) — (Sx -7)=1 
49, (4y — 3) - A= y= aly $3) $80. 3in = 2) — 24 — 2) = 4(n — 3) 
$1, 2 = 3y = 85 = x) = (x= 10) 52. 3(4u ~ 6) = 24u ~ 3) = (w ~ 8) 

c Qy2 y+ 6) — AP2-3y+5)= 11 54. v2 — y) = 6 — (7 + By — 4) 
5..x(3 — x) =x — (CP — 2 + 4) $6, 3 ~ Axx = 1) = «(3 — 2x) — x — 3} 
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Problems 


Write the sum of the art 
form. 


A 1. 


s of the rectangles as a polynomial in simplest 


Solve. 


n 


Find two consecutive integers whose sum is the square of 


Find three consecutive integers whose sum is the square of 6. 


Find four consecutive integers whose sum is twice the cube of 5 


Find two consecutive odd integers whose sum is the cube of 4 


een 


The greater of two consecutive integers is 10 less than twice the smaller 
Find the integers. 
10. The greater of two consecutive even integers is 10 less than twice the 
smaller. Find the integers. 
B 1. Find three consecutive odd integers such that twice the smallest is 3 more 
than the greatest integer, 


12. Find four consecutive integers such that the sum of the two greatest is 17 
less than twice the sum of the two smallest. 


13, Find four consecutive even integers such that the fourth is the sum of the 
first and second 


14. Find four consecutive odd integers such that the sum of the two grealest is 
four times the smallest 


(Se eS Se 
Mixed Review Exercises 


2. (-sP 3.2? +3) 4. (4 — 6)? 
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Solve. 


5. Ay +3) —- 


8. ~4(n 45) = 10 9. ¢-3= 2-9 


EE (0G a a 
Computer Exercises For studlents with some progranvning experience. 


Write @ BASIC program to add two polynomials. Using INPUT statements, ask 
the user to enter the degree of each polynomial, Then ask the user to enter the 
coefficients of each polynomial in order from least to greatest degree. Store the 
set of coefficients of each polynomial in an array, Use your program to find the 
sum of each of the following pairs of polynomials 


1.3 + 4x + Sx? and 1 + 7x — 2x7 2. —5 — 6x* and 2x7 + x 
3. 4x + 947 and 52° 4. 7+ 2x +x and —3 + 4+ x7 


Self-Test 1 


Vocabulary power (p. 141) binomial (p. 146) 
base (p. 141) trinomial (p. 146) 
exponent (p, 141) coefficient (p. 146) 
exponential form (p. 141) similar or like terms (p. 146) 
monomial (p, 146) polynomial in simplest form (p. 146) 
constant (p. 146) degree of a monomial (p. 146) 
polynomial (p. 146) degree of a polynomial (p. 147) 


Write in exponential form. 


Lonemenen 2. 5+x-(-3)-8 deyry-4 Obj. 4-1, p. 141 
Simplify. 

4. (-2)* 5, -2 6. 3-6) 

*, So 8. 2-4-6)" 9% 17 +(-) 


In Exercises 10-12, (a) add the polynomials, and (b) subtract the lower 
polynomial from the upper « 


10. 7x45 1. Sx? + 6x —8 12. ey —3y? +7 Obj. 42, p. 146 
Seid Oi Py + day? = 4 


13, Find three consecutive even integers such that the greatest is 8 less 
than twice the smallest 


Check your answers with those at the back of the book. 
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ESS SS San Se 
Multiplication 


SS Se 
4-3 Multiplying Monomials 
Objective §— ‘To multiply monomials. 


Study the following examples. Remember that an exponent indicates the number 
of times the base is used as a factor 


3 factors 5 factors 
Pees Ores re sya 
m factors, n factors 
asa" =(ara> .., -a)*(a-a a)=a""" 


m + n factors 


The following general rule applies when two powers to be multiplied have the 


same base, 


Se re rn ng EE 
Rule of Exponents for Products of Powers 


For all positive integers m and 7: 
asa" =a", 


To multiply two powers having the same base, you add the exponents, 


Example 1 Simplity as 
Solution a. 


When you multiply two monomial 


you use the nile of exponents along 
with the commutative and associative properties of multiplication 


Example 2 simpiity (3n°)(4n') 


{Commutative and associative properties 
Solution (3n°)(4n°) =(3-4)(02 n°) lof smultiplication 


= 12n* {Rule of exponents for products of powers 


“Chapter 4 


(30°? \(Sab4) 


—3+5\a* + ay(b? +b) 
~15a“h® Answer 


IN 62 Kyo 93 
F)6F OY) 


Sy? Answer 


2xAy) + 


(Bxty( 


Simplify. 
Lees 


$. (255s) 
9. (20°)(3x') 
. (Sx'y)Bry") 


ey ory) 


Simplify. 
Lenten? 
4 enon 
7. (ne n\n") 
10. Gary)Br'y*) 
13, (—3ay"( 
16. Gy"2\4y" 


2°y) 


19, (ey )Gxy*)(—2e7y) 
2a\(3p 
Gr)Ge) 


~ Bab* 
10 


21. 


23. 


25, 


 GP)( Le) &o 


27. Gp'@(—A¢')(-p) 


29, (4xy)(2ay*(—27) 


6. (341) 

10. (4°50) 
14, (4) 
18, (77s? 


(8397 )(8y5) = —6x%y7 + Bx°y7 
= 21°)’ Answer 


3. 


7. (ab* (ab) 
BL. (2ab'y(a"b) 


 ixyycry’) 
(3mm mrt?) 


ota dee) 
20. ( 


(2) 


y2ry') vx)? 


Rae Sot elehie 

5. (22)(5x°) 6. (Sa°\6a") 

8. (21072) 9. (Qab\ab*) 

Ih. 4°37) 12. (Sy'-2) 

14, 3r*5"\(—Sr’s) 15. *e2ab*e*) 


= (2p?g3pqnag) 18. (ab?)\(Sa*b*)(3a°) 


20. (=r? 9)(— Irs?) 


22. (Za*)(2ia’y 


24, WE, 


26. (8e2(—d)( —1 ca?) 


ry 


28. (~a'b)(—a*b*)(—ab*) 


30. (54 —3a*b\(—a') 


a 
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Simpli 
3. (Sx*)(2x5) + Gaya) 32. (2y4y") + (3v") 
33. Ba*\(Sa*) — (6a7\(a") 34. (69° )(2s*) — Gstyi4s') 


Find the perimeter and the area of each shaded rej 


(Area of rectangle = length x width.) 


Rub en 


2ab 3y 


Find the total surface area of each solid. 
(The total surface area of a solid is the sum of the areas of all its faces.) 


38. 39, 40. 


Oe eas 43. +3 
45. 46. (-2—-2/ 
48. 

§ 


Cae ai 
52. (34)(Ar*) 


(MPU 


Mixed Review Exercis 


2. (4 + 2) 3. 3p? + 4q* — 2p?q — g* 
5. (3-7/7 6. 3x2 = A + 5S + Ox + 4? 
Solve. 
7. My + 3) = 3y 8, 152 = 30+ 102 a 
10. 2 +3=6 IL. Ww 4) =6 12. 2-4 =3 
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Ey See A 
4-4 Powers of Monomials 
Objective —_To find powers of monomials. 


To find @ power of a monomial that is already a power, you can use the 
definition of a power and the rule of exponents for products of powers, 


[Example 1 «<)° = 


is 
x 
Notice that ()° = x'°_ or 2°. In general 
a” is a factor n times terms 
(ay = Poa Tait = gam nn 


MS 7S 
Rule of Exponents for a Power of a Power 
For all positive integers m and n: 
(ay =a 
To find a power of a power, you multiply the exponents. 


| Vekampie 2 wey =e | Example 3 ar = 


To find & power of a product, you can use the definition of a power and 
the commutative and assoc 


tive properties of multiplication 


5 Example 4 simplify 20’. Solution — (2x)' = 292929) 


= {X= 5} 
Beat = 8x! Answer 


Both the 


and the x are cubed when the product 2. is cubed, In general 


ab is a factor m times m factors m factors 


(aby" = (abab)« (ab) = (asa sabebe +b) = al™b” 


SE SET 
Rule of Exponents for a Power of a Product 
For every positive integer m: 
(aby" = ab" 


To find a power of a product, you find the power of each factor and then 
multiply 


Polynomials 


Example 5 simptity (—24. 
Solution (~2k)° = (-2)° = —32k° Answer 


a3P ob 


Example 6 Evaluate if ¢ = 
Solution a. 3° =302)) bb. GN'=G-27 oo. BP =33-23 


| = 318) =6 =27:8 
= 24 = 216 = 216 


In Example 7, both rules of exponents for powers are used 


Example 7 simplify (~3ey")*. 
‘Solution = (- 31°95) = (- 327) 


= 21x")! Answer 


SSS ——— EEE 
Oral Exercises 


Simplify. 

1. ay" Ziey 4. (ct 

5. a. (67 6. a. (y*)> 8a, bh dS 
bapa b. yy b. (8 

a a. ( 10. a. (2a°)* 12. a. [(—x) 
b. b. (2a)? b. [Cay 

13. (20°)° 14. (Py 16, (2°) 

17. ((-27* 18. ((-1)"? 20. (-27)* 

2, by 22, ivy")? 24. (-a°b’y 


‘e the square and the cube of each expression in simplified form. 
25. —2P°k 26. 3rst 27. Smin 28. —4x*y7 


7 EES ee 
Written Exercises 


Evaluate if x 


A 1a3 4. a. xy" 
b. (ay® b. (ayy 
Cas oh ery 


156 Chapter 4 


Simplify. 


5. acc 6. a. xt 7. a. (—3a*)* 8. a. (—245)" 
b. (ey b. (Gy b, —(Sa*)* b. -QK)P 
e (P «ay ec. =Sa'y® c, —2K)" 
9. (Jay 10. (—2° 11. (~4e)' 12. (5x) 
(ae ys 14, (ox')" 15. (-3y'* 16. (—2r'y 
. (3a°b)* 18. (27y)° 19, (2r's*)* 20. (Sp'q')* 
B 21. (2x)7(2x)* 22, Gey(3e)* 23. (10b)*(10b)' 
) ap 28, (3a°by\(2a°h) 26. (2x7 )(— 


Liq) Qpq?yt 28, (sE-x°y) cosy" 29. (eh P 


30. ((- PF 31. Geyi(2xy) 32. (Sa7b)"(Sb)* 


Find and simplify (a) the sum and (b) the product of the given monomials, 


33. (3x')?, 2)* 44, (a°)*, (—2a°* 
35. wab')?, bah??? 36. p(—py)', p'2pqy 
37. a(—ab?)*, (20°? 38. (2x)ayy’, (20)(—2)' 
‘Simplify. 
C 9. wy 40. (a')* 42, x"? 
43. cy" Maeacad 46. (a') "(a)" 
47. 2r'y'3r"" 48. (2'°Q"P 49. Bx"F0C)" 50. ("y's 3" 
SI. a. Find the volumes of the two cubes shown. 
b. Which cube has a larger volume? ay 


¢. The bigger cube is how many times as i" 
large as the smaller cube? 4 
Which is larger, (3°)° or 35 = 


. How many times as large is it? 
53. Show that 16% « (44)? = (29° 


Mixed Review Exercises 


Simplify. 


1. (3a*h)(2ab)(4b) vyiyt 


ey 2a) 4y) 


P)(SF) 5. 6¢ = 3a—le+a 6 (3+ 4y +2) + Qx4 


2446) s 9 
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4-5 Multiplying Polynomials by Monomials 
Objective — ‘To multiply a polynomial by a monomial. 


rea of a rectangle as shown in 


You can think of the product x(x + 3) as the 
the diagram below, 


+43 3 
\ 20 +3) = ° ay fa 


The diagram shows that xiv "3 


x + 3x 


By using the distributive property and the rules of exponents, you can multiply 
any polynomial by a monomial, You may multiply either horizontally or verti- 
cally. 


“Example 1 Mutiply: xx + 3) 
vee #3) = x0) +48) “Solution 2 «+3 


x? +3y Answer 


2x(- 34) — 2x65) 
10x Answer 


—8x) + 6x7 — 10x Answer 


Multiply: Sxy*(3x7 — day + y7) 


x7 — Sxy 4°92) = Say23x2) — Saya) + Say7y?) 
= 1Sx'y* — 20x*y' + Sxy* Answer 
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“Brample 4 soive n(2 — sn) + 56 
Solution — n2 — Sn) + SP —2) = 0 


2n— Sn? + 5n*— 10 = 0. 
2n-10=0 
2n = 1 

=i 


n= 


cs the solution set is {5}. Answer 


Multiply. 
1. 3ix + 2) 2. S@ - 2) 3. 4(3r — 1) 4. 62-9) 
6. —x(3 — 2x) yal | Soe” Naat) 8. alb + 2e) 
9. 2x(3x + 2) 10. abla + b) I. ala’ — 2a + 3) 12. °Q-c-e) 


Written Exercises 
Multiply. 
1. A(x 3) 2. —Hy +3) 3, te = 2) 
5. 3 +5) 6. 4x(2x ~ 3) 2. =2H7 = 3n) 
10. 2k? — 3k-7 
~3k 
I. ath — 3ab? + 5b* 12. 2p ~ Sp?q — 3pq? 
=2ah 3 
+ 4) 14, 412° — 1-5) 
15. pq(p* — 3pq — 44°) 16. 2 y(2x? — 3xy + yy 


17. Lee ~ 9x9 — 39°) P14? — 10st + 657) 


Simplify. 
Sample nin +5) + m6 ~ n) = Aniny + Ant5) + (6) — nn) 
de? + 20n + 6n — 
= 3 + 26n Answer 


19, 2x(x ~ 3) + x15 ~ x) 20, 3x(5 — 2x) + 6x(x ~ 2) 
21. 6r2(2r — 1) — 3r(4r? — Sr) 22. 4) 3y) — 3y*y — 4) 
23. —[6y ~ 3(Sy — 4)] 24. 81 — 2[n — 23. — nd), 


25, al2a — 3(1 — a)| + Sta @) 26. 2x[3x 


23+.) — 7 
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Solve. 


27, x-3)+5=7 28. e+ 3)-7=8 
29, 15 = Fw 1) + 4 — 3. 0= 1 ~ 2) 52-9 
B 31. (2-39) + Ky" — 4) =0 32. £(12 — 4s’) — 281 — 5) = 8 
33. 2in-— 3) + AQ —n)= 2-0 34. 4060 + 4) — 2(c + 2) = 29-30) 
(ar — 6) — 0G =) = LxGx + 6) 36. Ay — 7) — 2y(1 — 39) = 6" 
37. — [4 = 1G —n)) = 202r = 3) 38. 1 = 2x(x -— 2) — [5 — 2x1 — »)] 


= 


A tec 
regions with the dimensions shown. 
a, Find the sum of the areas of these (wo regions ‘ 
b. Find the product of the length and width of 

the original rectangle 
¢. Compare your answers to parts (a) and (b) 

What property of real numbers does this 


diagram illustrate? 
Find the area of each shaded region. 


ay 
40. al. 2. 
5 3a 4 
f 148 
; ‘ 
7) 


Find the total surface area and the volume of each solid shown, 


cw. 


ngular region is divided into {wo smaller 


Mixed Review Exercises 


Simplify. 
1, (3x°y) 2. (-5ry*y* 3. (-3n)* 
4. Qa’y (3a 
7. (Ip — 3q + 5) + Bq + 3p) 8 


(2°31) + (44a) 6. (Si*)n? — (203) 


y-3—(y+x-7) % (Sy PGxryP 
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SESE 
4-6 Multiplying Polynomials 
Objective To multiply polynomials. 


You have learned how to use the distributive property to multiply a polynomial 
by a monomial: 


(2xX3x + 2) = (20)3x + (2992 


If you replace (21x) in the example by the polynomial (2x + 5), the distributive 
property can still be used 


(2x + 5)Bx + 2) = (2x + 5)3n-+ Qu + 52 
6x7 + 1S + 4x + 10 
Gr + 190 + 10 


The product of two polynomials can also be thought of as the area of a rectan- 
gle, The diagram also shows that the product of (2x + 5) and (3x + 2) is 
67 + 19r + 10. 


eS oe 


a 


Example 1 Mutiply: (3x 


“Solution You can find the product by arranging your work in vertical form. 


—Sr-4) 


Step 1 Multiply by 3x Step 2 Multiply by ~2 Step 3 Add. 
2x? — Sx -4 
“= 
Oe = 157 — 1% 12x 
8 10% +8 


Qv+8 Answer 


It often is helpful to rearrange the terms of polynomial so that the de- 
grees of a particular variable are in either increasing order or decreasing order. 

In order of decreasing degree of x; xt + 2x ~ 4y +2 

In order of increasing degree of 24x ot x? 

In order of decreasing degree of x 


and increasing degree of vy: x — 3x7y + xy + 2y* 
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To see the advantage of rearranging terms, multiply the polynomials in Exam- 
ple 2 as they are given. Then compare your work with the solution of 
Example 2 


Example 2 Multiply: (y + 20° — 2y° + 3xy? + Py) 


Solution 34 Ay? + vty o + 2y + Bay? = 2y 
y in order of + i 
decreasing 2x + dxty + 6x2y? — day? 
degree of x. xy + xy? + 3x — 24 
| 2 +3ryt Ixy — ay — 


Oral Exercises 


Arrange in order of decreasing degree in the variable printed in color. 


1. 
3. 


5 2. 3n — 4n? +n — 3, 0 


ah — dab? + a + 3b. a 4. xy” — 3x°y-+ 2x*y — 25, 


8. Repeat Exercises 1-4 after replacing ““decreasing”” by “increasing 


Complete. 
9. (2x + 34x + 1) 
11. (a? + 2a + 3y(a — 2) 


(2 vt (2 10. (¢—5)(2r— 3) 
12. (y’ — y + 6)(2y + 3) = (_2_)2y + 


Pee + (tok +L 


SSa~ 


13. (x + 2x + 3) = (v + Jt (+23 = 


14. (x — 3)(x + 5) = (@& — Bye + — 3)5 = (2)? + (2 — 


Ee eS er Sa 
Written Exercises 


Multiply. Use the vertical form. 


A 2. 51-1 3a -3a+4 4, 
2-3 2a +3 
6, 2a — Sb 7. 3d? 8. 2x? — Say — 97 
a-3b dety 
Multiply. Use the horizontal form, 
9. (y + 3)y + 2) 10. (n + 7)n + 5) 
1. (a + 4a — 1) 12. (r — 3)ir + 6) 
13, (2x— 1-5) 14, (3a — 2a — 3) 
(32 — 2922 + 3) 16. (5k + 22k — 3) 
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17. (4s — 54s + 5) 18. (3x + 7) — 7) 


19. (a + 2)(a* + 3a + 5) 20. (x + 3)? + 2e + 4) 

21. (m= 1)? + Im + 6) 22. (y = 5X37 — 3y — 7) 
24, (35 + 22s" — 2s + 1) 
26, (2n — 5)(2n? — 3n — 2) 


In each of the following figures, a rectangle has been divided into four 
smaller rectangles. (a) Find the sum of the areas of the four smaller 
rectangles. (b) Find the product of the length and width of the original 
rectangle. (c) Compare your answers to parts (a) and (b). 


27. x 28. a b 


gS 


fultiply using 
ch factor in order 


f decreasing or increasing degree of one of the variables. 


30. (5 + a)? — Sx + 4) 
32. (3y — 4)(y — 2y? + 6) 


34, (1 — Jayla? — 4 + 3a) 


36, (y — 2y(2x? + y? — Bay) 
Solve. 
Sample (x + 4x +3) =e + Dr +5) 
Solution =< + +Or+5 
+5 {Subtract 17 from both sides 
{Subtract 6x from both sides. 
x=-7 {Subtract 12 from both sides 
the solution set is {=7}. Answer 
37. (x + 2x — 5) = - 1-3) 38. (x — Ie + 7) — + Ir +5) = 0 
39, (2k — Six — 4) + WL = =O 40. (3x + 5)(24 — 3) = (= H(6x + 5) 
41. (x — 3)? — 2x + 6) = 107 ~ Se + 9) 


42. (2n — 3)(n? + 3n — 2) = (n — 1)Q2n* + Sn — 4) 


Express as a polynomial. 


43. The square of x? — 3x +5 44, The square of n? + 2n— | 
45. The cube of x +5 46. The cube of a — 3 


47. Given that (2 — yy) = 8 6y* — y', find (2 — yy 


48. Subiract the product of 


x —y and « — 2y from x 
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49. When a certain polynomial is divided by x — 3. 


Find the polynomial 


C 50. a, Multiply 


(Det Die =e 
(2) (e+ Dot — 4? += 1) 
(3) G+ Dat a t= 4 +1) 
b. Using your answers in part (a), predict 
(4) r+ YP — x +o = t= 1) 
(SV xr Dee — aah x aah ey 


1. 3ix— 1) =6 2. 40 + 3=21 3, 6(2u + 2) = 3a + 10) 


Self-Test 2 


Simpl 

1. 3x! 2. (—6a"(—92)(La) Obj. 4-3, p. 152 

3. 126a(—1a)(4a') 4. (ab?a2b\(a2b?) 

5. (Sx?) 6. (—2x7y)? Obj. 4-4. p. 155 

Te —(Le yy 8. (-3e)? 

9. —2n(5 ~n) 10, Exy71S6x" = 49xy +") Obj. 4-5, p. 158 

15) 38. 

Multiply. 

12, 4x —5 13. a? + 3a +2 Obj. 4-6, p. 161 
3x +2 Sa —4 

14. (6a ~ 5a — 9) 15. (9 ~ TyX(7 — 6y + 89°) 


Check your answers with those at the back of the book 
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Problem Solving 


Be 
4-7 Transforming Formulas 
Objective To transform a formula 
Formulas are used in many applications of mathematics. Example | uses a 


formula from automotive engineering. It is often helpful to transfor 
formula to express a particular variable in terms of the other variables 


n such @ 


Example 1 A formula for the total piston dis. 
placement of an automobile engine is 
P = 0.7854d?sn, where d is the diam 
eter of each cylinder, » 1s the length 
of the stroke, and is the number of 


cylinders. Solve this formula for the 


variable y in terms of P, d, and n 


Solution =P = 0).7854d7sn 


To get » alone on one side, divide 
both sides by 0.7854d?n 
p 


y Answer 
0.7854d"n 


Note that the formula obtained for » in Example | is meaningful only if 


0 and n # 0, (Of course, neither 1 nor d will be zero, since the engine 


must have cylinders and each cylinder must have a diameter.) 


Example 2 Solve the formula for the variable 


shown in color A x + 2rs, r 
Solution 4 = s° +2rs | To get alone on one side 
A y°=2ry | first get 2ry alone on one side F 
“fe | Then divide by 2s 
= r Answer Total Surface Area: 


The formula obtained in Example 2 is meaningful if » #0. (Since s is the 
length of a side, » > 0.) 
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a a SS re 
Oral Exercises 


Solve cach equation for the variable shown in color. 


1 b= ax: Lhb=x+ax | 3 c=ar-b; 
fismathte s.a-% 6. cme 
7. V=Bh: B 8. d= rt 5 9. E= me, 
10. f= ™ 1. A= bn; 12. R=; 


Written Exercises 


Solve the given formula for the variable shown in color. 


A 1. C=2a7, 2. F = ma; 4d=4 
6. A=P + Prt; A= 8. 5 =v + 16? 
9. A= tha + by h 10. 5= (at); IL. p= + wy; 
PU + ry; 13. m=*22,; 14, a= 24; 
B 15. S=“atb:; 16. C = 3(F — 32); / 17. a="—" 
ast 
18. m=*~2*2, 19, P= + 2as 


(3n — 2)2n = 4) 3. al2a — 4(2 + a)] 4. (2x + 3y) 


2 
6. (—3ry Toone? 8. Gat)? davh 
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ee ey 
4-8 Rate-Time-Distance Problems 


Objective To solve some word problems involving uniform motion. 


An object is in uniform motion when it moves without changing its speed, or 
rate, The examples illustrate three types of problems involving uniform motion 
Each is solved by using a chart, a sketch, and the distance formula: 


Distance = rate * time 
Dan 


noon from 
D P.M. Brent's 


(Motion in opposite directions) Bicyclists Brent and Jane started 
points 60 km apart and rode toward each other, meeting at [:3 
speed was 4 km/h greater than Jane's speed. Find their speeds. 


Step 1 The problem asks for Brent’s speed and Jane’s speed. Draw a sketch 
Step 2 Let r = Jane’s speed. Then r + 4 = Brent's speed 
Make a chart organizing the given facts and use it to label your sketch 
Notice that the time from noon to 1:30 p.nt. is 1h 30 min, or 1.5 h 


Step 3 ‘The sketch helps you write the equation: 
1.5(r +4) + 1.57 = 60 
Step 4 1.Sr +6 + 1.Sr = 60 
+6 
3 = 54 
r= 18 —Jane’s speed 


i 
z 


r+ 4 = 22 = Brent’s speed 


Step 5 Check: In 1.5 h Jane travels 1.5 + 18 = 27 (km), 
Brent travels 1.5 + 22 = 33 (kim). 27 + 33 = 60 (km) 


Brent's speed was 2? km/h, and Jane’s speed was 18 km/h. Aaswer 
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Example 2 (Motion in the same direction) A helicopter leaves Central Airport and flies 
north at 180 mi/h. Twenty minutes later a plane leaves the airport and follows 
the helicopter at 330 mi/h, How long does it take the plane to overtake the 
helicopter? 


Step 1 The problem asks for the plane’s flying time before it overtakes the helicopter 
Draw a sketch. 


Step 2 Let 1 = plane’s flying time 
Make a chart organizing the given facts and use it to label your sketch. 


Notice that 20 min must be written as 4h because the speeds are given in 
miles per hour. 


Rate x Time = Distance 


Helicopter | 180 | +4} 18o(r + 4 


Plane 330 t 330t 


Step 3 When the plane overtakes the helicopter, the distances will be equal 


330 = 180(r + 4) 


Step 4 Or = 1801 + 60 


1507 = 60 


Step § Check: The helicopter travels at 180 mi/h for 4 h before the plane leaves the 
airport and § h after the plane leaves the airport 
180 + 8+ 180 = 132 (mi) 


330 = 132 (mi) 


The helicopter covers 


In = h the plane travels 2 


the plane overtakes the helicopter in 3h, or 24 min. Answer 


Caution: Some problems, such as the one in Example 2, give the time in 
minutes, and the speed in hours. Be sure to write the time in terms 
of hours when you use the given facts. 
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Example 3 (Round trip) A ski lift carried Maria up a slope at the rate of 6 km/h, and she 
skied back down parallel to the lift at 34 km/h. The round trip took 30 min 
How far did she ski and for how long? 


Step | The problem asks for Maria's skiing distance and time. Draw a sketch. 


Step 2 Let t = Maria’s skiing time. Make a chart 6 
Notice that 30 min = 0,5 h Ly) + 
610.5 = 1) Mr 
Rate x Time = Distance 
Up 6 |os-1| «05-9 


Down | 34[ 1 | 34 


Step 2 In round-trip problems, the two distances are equal 
341 = 60.5-0 


Step 4 341 = 3 - 61 
401=3 
1 = 3, = 0.075 and 341 = 34(0,075) = 2.55 (km) 


Step § The check is left to you 


*. Maria skied for 0.075 h, or 4.5 min, for a distance of 2.55 km. Answer 


A calculator is helpful for solving problems such as the one above 


Ges ae eee 
Oral Exercises 


ite directions, 
rhen complete the 


Classify each problem as involving (1) motion in opp 
(2) motion in the same direction, or (3) a round trip. 
table and give an equation, 


1, At noon a private plane left Austin for 
Los Angeles, 2100 km away. flying at 
500 kmh. One hour later a jet left Los Plane 
Angeles for Austin at 700 km/h. At 
what time did they pass each other? 


Rate x Time = Distance 


Jet ? > ? 


2. At 8:00 a.M. the Smiths left a camp- 
ground, driving at 48 mi/h. At 
8:20 A.M, the Garcias left the same Smiths |? t , 
campground and followed the same es 
route, driving at 60 mi/h. At what time = “I 
did they overtake the Smiths? 


Polynomials 169 


3. Kwan hiked up a hill at 4 km/h and 


ree ays 
back down at 6 km/h. His total hiking Rute ststisnees Dune 


time was 3h. How long did the trip up Up 2 1 | 
the hill take him’? py 9 » | 
4. Jenny had driven for 2 h at a constant Rate % Time = Distance 


speed when road repairs forced her to 
reduce her speed by 10 mi/h for the At original speed |? 2 ° 
mi trip. Find 


remaining | h of her 
her original speed 


SS ee ee ee Se 
Problems 


Atslower speed | 2 | 2 


A 1-4. Complete the solutions of Oral Exercises 1-4 


5. Two jets leave Denver at 9:00 A.M. 
‘one flying east at a speed 50 km/h 
eater than the other, which is travel- 


ing west. At 11:00 a.a. the planes are 
2500 km apart. Find their speeds 

6. AU7:00 a.m, Joe starts jogging at 
6 mi/h. AL7:10 A.M, Ken starts off 
after him. How fast must Ken run in 
order to overtake him at 7:30 a.M.? 


AU9:30 a.m. Andrew left Exeter for 
Portsmouth, cycling at 12 mi/h, At 
10:00 A.M. Stacy left Portsmouth for 
Exeter, cye at 16 mi/h. The dis- 
tance from Exeter to Portsmouth is 


20 mi. Find the time when they met 


eles at 


8. It takes a plane 40 min longer to fly from Boston to Los A 
525 mi/h than it does tw return at 600 mi/h. How far apart are the cities 


9. A bus traveled 387 km in Sh. One hour of the trip was in city traffic. The 
bus’s city speed w 


just half of its speed on open highway. The rest of 
the trip was on open highway. Find the bus’s city speed 

10. It took Cindy 2 h to bike from Abbott to Benson at 4 constant speed. The 
return trip took only 1.5 h because she increased her speed by 6 knv/h 
How far apart are Abbott and Benson’! 


B 11. Jerry spent 2.5 h biking up Mount Lowe. rested at the top for 30 min, and 
biked down in 1.5 h, How far did he bike if his rate of ascent was 3 km/h 
less than his rate of descent? 
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12. Jan can run at 7.5 m/s and Mary at 8.0 m/s. On a race track Jan is given 
a 25 m head start, and the race ends in a tie. How long is the track? 

13. If Gina leaves now and drives at 66 km/h, she will reach Alton just in 
time for her appointment. On the other hand, if she has lunch first and 
Jeaves in 40 minutes, she will have to drive at 90 km/h to make her ap- 
pointment. How far away is Alton? 


14. An ultralight plane had been flying for 
40 min when a change of wind direc 
tion doubled its ground speed. The en- 
tire trip of 160 mi took 2h. How far 
did the plane travel during the first 

40 min? 

A ship must average 22 knots (nautical 
miles per hour) to make its 10-hour run 
on schedule. During the first four hours 
bad weather caused it to reduce speed 
to 16 knots. What should its average 
speed be for the rest of the trip to 
maintain its schedule? 


a 


16. Jamie ran two laps around a track in 
99 s. How long did it take him to run 
each lap if he ran the first lap at 
8.5 m/s and the second at 8.0 m/s? 


In Exercises 17 and 18, cars A and B travel the same road. A’s speed is 
r km/h, and B’s speed is s km/h (r <5), When will B overtake A in each 
situation? Let ¢= A’s time. 


C 17. A and B start at the same time, but A starts p km in front of B. 
18. A and B start at the same place, but A starts q hours before B 


Suppose that cars A and B de 


bed above are d km apart. 


19. If A and B start toward each other at the same time, how much later will 
they meet? 
20. If A and B drive in opposite directions, how far apart will they be after ¢ hours? 


EE Sees eS Se 
Mixed Review Exercises 


Solve. 

1. 64 = —8x 2. 4x + 2) 32 3. (r= OMe + 9) = (x + OLX 2 
4, -5x= 10 5. x- 6. (x — 4x + 3) = (x — 6x + 4) 
7. Solve for x; #=8 = 3 8. Solve for xa = 31 +5 
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Be 
4-9 Area Problems 


Objective To solve some problems involving area, 


you'll need to multiply, and add or 
subiract, polynomials, Sketches are especially helpful in solving such problems 
The units of measure that you'll use most often are square centimeters (em?), 
square meters (m 


To solve some problems involving are 


|, square inches (in.*), and square feet (ft 


A photograph 8 in. wide and 10 in 
Jong is surrounded by a border 2 in, wide 
To find the area of the border, you subtract 
the areas of the rectangles. 


Area of _ Area of outer _ Area of inner 
border rectangle rectangle 
(10 + 4)(8 + 4) — (10)(8) 

= (1412) ~ (10.08) 

= 168 — 80= 


Therefore the area of the border is 88 in.? 


Example 1 Hector Herrera made a rectangular fish pond surrounded by a brick walk 2m 
| wide. He had enough bricks for the area of the walk to be 76 m?, Find the 
dimensions of the pond if it is twice as long as it is wide 


Step 1 The problem asks for the dimensions of the pond. Make a sketch 


Step 2 Let x = the width of the pond, Then 2x = the length of the pond 
Label your sketeh 


7 
Step 3 Area of Area of Area of SEE 
walk ~~ pond and walk pond == 
76 = (2x + 4x + 4) — 200) x rtd 
Step 4 76 + 12e+ 16-2 2 
76 = 12x + 16 e 
60 = 12x 1 


S=xand 2v= 10 


| ep § Check: If the dimensions of the pond are Sm and {0 m, the 
dimensions of the pond and walk are 9 m and 14 m. 


rea of pond and walk = 9 + 14 = 126 (m?) 
Area of pond = 5+ 10 (m?) 
Area of walk = 126 — 50 = 76 (m*) 


the dimensions of the pond are 10 m and Sm, Answer 


Oral Exercises 


Solve. 


A rectangle is 5 cm longer than it is 
wide. If its length and width are both wide. If its lengt 
increased by 3 cm, its area is increased 
by 60 cm*, Find the dimensions of the 
original rectangle 


v+10 


3 & +8 +H] 


+8 


2. A rectangle is 10 m longer than it is 
th and width are both 
decreased by 2m, its area is decreased 
by 48 m’, Find its original dimensions. 


A 


Problems 


Solve. 


A rectangle is three times as long as it is wide. If its length and width are 
both decreased by 2 cm, its area is decreased by 36 cm*. Find its original 
dimensions, Make a sketch as in Oral Exercise 


A rectangle is twice as long as it is wide. If both its dimensions are in- 
creased by 4 m, its area is increased by 88 m?, Make a sketch as in Oral 
Exctcise 1, Find the dimensions of the original rectangle. 

A rectangular swimming pool is three times as long as it is wide and is 
surrounded by a deck 2.5 m wide. Find the dimensions of the pool if the 
area of the deck is 265 m? 


A poster is 25 em taller than it is wide. It is mounted on a piece of card- 
board so that there is a Sem border on all sides, If the area of the border 
lone is 1350 cm?, what are the dimensions of the poster? 


A brick patio js twice as long as it is wide, It is bordered on all sides by a 
garden 1.5 m wide. Find the dimensions of the patio if the area of the gar- 
den is 54: m* 

‘A house has two rooms of equal area, One room is square and the other 
ingle 4 ft narrower and § ft longer than the square one. Find 
‘h room 


room is aK 


the area of ea 


A small city park consists of a rectangular lawn surrounded on all sides by 
a 330 m? border of flowers 2.5 m wide. Find the area of the lawn if the 


entire park is § m longer than it is wide 
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8. A corner lot that ori 


nally was square lost 185 m? of area when one of the 
adjacent streets was widened by 3 m and the other was widened by 5 m 
Find the new dimensions of the lot, (ini: Leta = the length of a side of 
the original square lot.) 

9. The area of a circle of radius r is given by the formula A= ar?> Use this 
fact to find formula for the shaded area in the 


gure below 


In Problems 10 and 11, refer to Problem 9, 


Use 2 as an approximation for 7. 


0. 
shaded region is 2 cm and its area is 
176 em* 


i the radius rif the width w of the 


I. A circular pool 


surrounded by a 
brick walkway 3 m wide, Find the ra- 
dius of the pool if the area of the walk 
way is 198 ny 


Exs. 9-11 


C 12. A running track 4 m wide goes around a soccer field that is twice as long 
as it is wide. At each end of the soccer field the track is a semi-circle with 
inner radius r, Find a formula for the area of the track in terms of 7 and 1 


A « Soccer field 


13. a. Suppose that you plan to run once around the track described in Prob 
lem 12. If you stay 0.5 m from the inner edge of the track, how far 
will you run? (Hint: The circumference of a circle is 2ar. Your answer 
will be in terms of 7 and r.) 

b. Suppose that a friend stays 0. 
much farther does your fr 


m from the outer edge of the track, How 


nd run than you do? 


Mixed Review Exercises 


Simplify. 


(=5 + 9) + (-8) 
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REPT PSUR TESTS PES ST Se 
4-10 Problems Without Solutions 


Objective 1 


‘0 recognize problems that do not have solutions 


Not all word problems have solutions. Here are some reasons for this: 


Not enough information is given. 


The given facts lead to un unrealistic result, (The result satisfies the equa- 
tion used but not the conditions of the problem situation. ) 


The given fi 


ts are contradictory. (They cannot all be true at the same time.) 


Step 1 
Step 2 


For the first 2 h of her trip Ginny Chang drove at her normal speed, but then 
road repairs forced her to drive 10 mifh slower than her normal speed. Still, 
she made the trip in 3h. Find her normal speed. 


The problem asks for Ginny's normal speed. 


Ginny's normal speed. Make a chart showing the given facts 


All the given facts have been used. but not enough information has been 
given to write an equation. 


. the problem does not have a solution 


A lawn is 8 m longer than it is wide. It is surrounded by a flower bed 5 m 
wide, Find the dimensions of the lawn if the area of the flower bed is 


140 m? 


When you try to solve this problem by letting the dimensions of the lawn be x 
and x + 8, you will obtain the equation (x + 10)(x + 18) — a(x + 8) = 140. 


This equation is equivalent to.x = —2, Since the width of the lawn cannot be 
negative, the given facts lead to an unrealistic result 


+, the problem does not have a solution. 


Raoul says he has equal numbers of dimes and quarters and three times as 

many nickels as dimes, The value of his nickels and dimes is 50¢ more than 

the value of his quarters. How many of each kind of coin does he have? 
(Solution on next page) 
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Step | The problem asks for the numbers of nickels, dimes, and quarters. 


Step 2 Let x = the number of dimes and x = the number of quarters 
Then 3x = the number of nickels. 


Step 3 Value of nickels(¢) + Value of dimest¢) = Value of quarters(¢) + 50 
15x + 10 25x +50 


Step 4 25x = 2 
0= 50 


The false stat 


50" telly you that the given fucts are contradicwry 


+, the problem does not have a solution 


Sern ee ee ar eT 
Problems 


Solve each problem that has a solution, If a problem has no solution, explain why. 
AL. A pool is surrounded by a deck 3.5 m wide. Find the area of the pool if 
the area of the deck is 301 m? 
2. A child's bank contains $6.30 in dimes and quarters, There are twice as 
many dimes as quarters. How many of each kind of coin are in the bank? 
3. In the course of a year, the sum of an investor's gains and losses was 
$1000. What were his gains that year? His losses’ 


4. Kyle spent $4.95 to buy 15 stamps in 
25¢ and 40¢ values. How many of each 
kind of stamp did he buy? 


more than Ann, and 


their canoe weighs twice as much as 
Ben. If their canoe weighed 20 Ib less, 
its weight would equal the sum of 

Ann’s and Ben's weights. How much 


do Ann, Ben, and the canoe each 
weigh? 


6. The average of four consecutive even 


Find the integers 


7. A messenger left a construction site and traveled by jeep at 51 km/h. Forty 
minutes later it was discovered that she had been 


ven the wrong parcel 


How fast must a second mess: travel to overtake her in one hour? 


8. Jim's sandwich cost the same as the combined cost of his salad and milk 
The sandwich cost three times as much as the milk. The salad cost 20¢ 
more than twice the cost of the milk. How much did Jim's lunch cost? 

9. Find three consecutive odd integers whose sum is 24 more than the greatest 
of the three integers 
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10, Janet has $8.55 in nickels, dimes, and quarters. She has 7 more dimes than 
nickels and quarters combined. How many of each coin does she have? 


11. At noon a train leaves St. Louis for Chicago. At 1:30 P.M. a train on a 
parallel track leaves Chicago for St. Louis. If the later train travels 5 mi/h 
faster than the earlier one. when will they pass each other? 


12. A rectangle is 8 cm longer than it is wide. If the width is increased by 
3 cm and the length is decreased by 3 cm, the area is increased by 4 cm?, 
Find the dimensions of the original rectangle 


B 13. A bus driven at 49 mi/h for 5 h can cover its route on schedule. During 
the first 1.5 h, traffic forced the driver to reduce his speed to 42 mi/h. 
What should the speed of the bus be for the rest of the trip to keep on 
schedule? 

14, The edges of one cube are 3 cm longer than the edges of another cube. 
The total surface area of the first cube exceeds the total surface area of the 
second cube by 234 em*, How long is each edge of the larger cube? 

15. Jane says she has $8.60 in nickels, dimes, and quarters. She has 6 fewer 
quarters than nickels and 3 more dimes than twice the number of nickels: 
How many of each kind of coin does she have? 

16. At the beginning of the year Alison and Sean together had 24 paperback 
books. During the year Alison doubled her supply but Scan lost three of 
his, Together, they had 46 books at the end of the year. How many books 
did each have at the beginning of the year? 


a | 
Self-Test 3 


Vocabulary uniform motion (p. 167) 


1. Solve the formula fy = k for V. Obj. 4-7, p. 165 


Solve each problem. If a problem has no solution, explain why. 


2. AC8:00 A.M. two bicyclists are 315 km apart and heading towards Obj. 4-8, p. 167 
each other. At 3:00 P.M. the same day, they both pass Sherwood 
Park. If the eastbound bicyclist rides at the rate of 20 km/h, find 
the rate of the westbound bicyclist 


3. A rectangular fish pond is 7 ft longer than it is wide. A wooden Obj. 4-9, p. 172 
walk | ft wide is placed around the pond, The area covered by the 
pond and the walk is 58 ft? greater than the area covered by the 
pond alone. What are the dimensions of the pond? 


4. George wants to cash his $280 paycheck for an equal number of Obj. 410, p. 175 
$5 bills, $20 bills, and $50 bills. How many of cach kind of bill 
will he get? 


Check your answers with those at the back of the book 
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Chapter Summary 


b +b 


The base is b and the exponent is 7 1 factors 


1. The expression b” is an abbreviation for bb 


3. To add (or subtract) polynomials, you add (or subtract) their similar terms. 
Similar terms are monomials that are exactly alike or that differ only in 
their numerical coeff 


4. Rules of exponents: aa =a' (a a (aby" = ab” 


5. Polynomials can be multiplied in a vertical or horizontal form by applying 
the distributive property (page 66), Before multiplying, it is wise to rear- 
or decreasing 


the terms of each polynomial in order of inereasin 
degree in one variable 


6. A formula may be transformed to express a particular variable in terms of 


the other variables. 


7. A chart can be used to solve problems about distances or areas, Formulas 
to use are 


rate * time = distance 
length * width = area of a rectangle 


8. To solve problems involving area, you may find it helpful to make @ sketch 


9. Problems may fail 0 have solutions because of lack of information, contra- 
dictory facts, or unrealistic results 


2. To simplify expressions that contain powers, follow the steps listed on page 142 


Chapter Review 


Give the letter of the correct answer. 


1. Express the cube of the sum of a and b in exponential form. 


aa’ +b! b. (a + by c. eb d. 3a°b* 
2. Simplify 9 — 4° 
12 b. = 125 e. -55 d.-7 
3. Simplify (xy? + 4y-y = 6) + (Sxy? = Sx? — 7) 
6xy — 9ey ~ I b. Gay? — Py — 13 
. Sy? 13 d. 6x? — Py 1 
4. Solve x — (15x — 6) = 104 
{-7} b. {64 c. (-62} 4. {7} 


5. Simplify 3x*(—42°) 


ox® hi 


41 
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6. Simplify (3a%b)(5a2b2)(2a°), 

a. 60a"b b. 30a'%? 
7. Simplify (—332y4)° 

a. 9x5)? b. - 9x5)? 
8. Simplify 92(4n)" 

a. 3n* b. 3n° 
9. Simplify —6[16a — 8(2a — 2)} 

a. 12 b. =96a 
10. Solve 6 = 2(n— 3) = 12 

a. {0} b. {6} 


11. Multiply (4x — 3)(x — 4) 
a. 4x°— 19x — 12 b. 4x? — 7 
12. Multiply (¢ — 6)(c? + 2c + 3) 
a. +47 — 15c + 18 


ce c= 4 — 9c = 18 
13. Multiply (@ — b)(u? + ab +b) 
aa’ —b 


¢. a-@b- ab’ — pF 


in the equation ¢ + by 


15. Solve for y in the equation = 


cy = 2ax — zx 


16. Laurie left home and ran to the lake at 10 mi/h. 


Co 


150a"°b* 
2Ix8y!? da. 
a. 
0 a. 
{-6} a. 
4° — 12 a. 
eo = 120-18 
= Ie 18 
@ + ab + ab? 
a@ + 2a*h + 2ab> 


b 


b y= 
dy 


2ax + 


d. 300° 


~27xhy!2 
36n° 

96 
Et 
eas 

xe — 19x + 12 
e 


8 milh, If the entire trip took 27 min, how far did she run in all? 
c 4.4 mi 


a. 0.4 mi b. 4 mi 


d. 2.4 mi 


She ran back home at 


17. A picture is 1 in. longer than it is wide, It is put into a frame + in, wide 


If the area of the frame itself is 8 in.?, how big is the pictur 
b. 4 in. by Sin 


Esteban has 16 coins that total $3.00, If he has only nickels and quarters, 


a. 3 in, by 4 in. 
18. 


how many quarters does he have? 
a. No solution—not enough facts 
e 5 


c 


Sin, by 6 in 


d.7 


in. by 8 in 


b. No solution—facts contradict 


a. 
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Chapter Test 


Write each expression in exponential form. 


1. The sum of the cubes of x and y +1 
2. The quantity ab cubed 
3. Simplify (4 — 3-1 — 37) + [0 — (—2)?] 


In Exercises 4-6: a, Add the polynomials. 
b. Subtract the lower polynomial from the upper one. 


4. 9-5 5. 6x? —Sx-1 x? + Dey + 3; 42 
n+3 Sie ae cea Sts ys yt 
Simplify. 
7. 4y'(—3xy) 8. (1247) (40°) Pate 43 
LL, (2) 12, 4n°(4n) 4-4 
ax) 14, —3xy (7x7 — Buy + 99°) 4-5 
18, Solve 2 (12x — 6) — 4@x— 1) = 0 
Multiply 
16. (3x + 2)(2x + 1) 17. (c + 3)(4e — 6 + 1) 46 
Solve for the variable shown in color. 
18. F = 2C + 32; ¢ 19%, D= Dea 47 
Solve each problem that has a solution. If a problem has no solution, 
explain why. 
20. Lee and Jessie swam towards each other from opposite sides of a lake that 48 
is 3.9 km wide. They began swimming at 2:00 P.M. and met at 2:30 P.M 
Lee's speed was | km/h greater than Jessie’s speed, Find their speeds, 
21. A rectangle is 4 cm longer than it is wide. If the length and width are both 49 
decreased by 2 cm, the area is decreased by 24 cm*. Find the dimensions 
of the original rectangle 
22. Roy says he has more nickels than dimes, If he has $5.20, how many of 410 


each coin does he have? 


Chapter 4 


ee ee LS SSS 
Cumulative Review (Chapters /-4) 


Simplify. 
1. (6x — 3) — (4 +2) 2. (101 — 43) 3. -224+3.8-5.644 
4. 15s — (2s —9) 5. 20) =2 6. 
7.3 +42 3+4 8. (9a — 5S) + (4a + 7) 
10. (Sx — 2)(2x + 3) AL. (4a° (Say? + 4) 
13, ~4x73x? — 2r — 5) 14, 3y*)(2y7) = 2000") 403 + 2x) 
Evaluate each expression if w = =-l,y=-3, andz= 
16. w(3y +x) 17. (xz ~ yy 18, w= — (—y)) 19, xx — 29) 
Solve. If the equation is an identity or has no solution, state that fact. 

21. ly—11+4=0 22, 5=Wi+5 

WA. x-2=x+6 25. 422 = —42 
26. 0=4n42 27. -10= 4m +2 28, bx = 20 
29. 32 + 1) = —4(r — 5) W. (Ix-3)-G+29= 11 
31. (2n +9) + (Su — 4) = 6n +9 32. (dy — 2) + (4 — 2y) = 30 
33, %e-1)-7=1 34. (2 — 33x + 1) = (Ae = 4920 + 2) 


Solve each equation for the 


35. am ~ bn =; 


Solve. 


37. One third of the sum of two consecutive odd integers is five less than the 


smaller integer. Find both integers 


38. Randy and Amy left school at the same time and began walking in oppo 
site directions, Randy walked at a rate of 3,6 km/h and Amy walked at a 
rate of 4.2 km/h, How far apart were they after 10 min? 

39. Jessica has 16 dimes and quarters. Whitney has twice as many dimes and } 
as many quarters as Jessica has. If they both have the same amount of 
money. what coins does each have? 

40. A rectangular piece of plywood 1s trimmed to make a square by cutting @ 
4-cm strip off the top and a 2-m strip off one side. If the area of the orig 
inal piece is 74. cm* greater than the area of the square, find the dimen 


sions of the rectangle 
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il a TE 
Maintaining Skills 


Simplify. 


614 = (821 — 911) = 614 ~ (-90) = 614 + 90 = 704 Answer 


“Sample 1 614 — (821-911) 


1. 1021 + (-876) 2. 181 +97 ~ 64 
3. (55 — 82) + (91 — 108) 4. -78 - 84 — (-92) 

§. (28 86) — (46 — 81) 6. 284 — (93 — 165) 

7. 35 — (58 + 62) 8. —325 + (726) + 922 
9. -(-1+1 10. (3 a 

11. 17.6 ~ (8.05 ~ 9.6) 12. 112.72 + (92.04 ~ 87.6) 


$3(28) + 27-40) 


Solution §— — 53(28) + 27-40) = — 1484 + (1080) = —2564 Answer 


(—814 + 776) + (-19) 
(814 + 776) + (~-19) 38 = (-19)=2 Answer 
13. — 16) + 3-24) 14, 27(20) — 60(48) 
(412 — 385) 16. —4(—50) + 8(—25) 
2.3) 18. —6.06(—5.4) 19. —82.05 = ( ) 
20, ~ 34+ 2. 21. 7.24 = (0.25) 22, ~2.(-33) 
18 _ 49 15 40 = 3 1 
2 : x 25, 2 2 
23. — 35° 54 24. Gr" (- 95) 25, 25+ {-2g) 


+28 +6 
Anywei 
27, (29 + 5 $53: 
29, —2(0.35 + 0.55) + 1.8 +2 
30. 12 = 9-4 =( ry 31. (it t)|+4 4 
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Ps a eS 
Preparing for College Entrance Exams 


| Strategy for Success 


If you cannot solve a problem quickly, go on to others that may be 


asier for 
in. Also, while 
vet an idea that will help you with a prob- 


you. If time permits, you can return and try the problem 
| working on other problems you may 


lem that you skipped 


Decide which is the best of the choices given and write the corresponding 
letter on your answer sheet, 


1, PORS is a rectangle. Each of the longer sides is 1 cm shorter than twice a 
shorter side. The perimeter of the rectangle is 28 em. Find the length of a 
longer side. 

(A) Tem (B) 9 om (C) Sem (D) Ie 

2. Twice the sum of two consecutive integers is 10 less than 5 times the 
smaller integer. Find the greater integer. 

(A) 12 (B) 14 «© 2B (D) -6 (E) -8 
3. The cost of a cup of soup, a sandwich, and a salad is $4.70, The sandwich 
costs twice as much as the soup. The salad costs 30¢ more than the soup. 

What is the cost of the soup? 
(A) $1.25 (B) $1.10 (C) SLAS (D) $1.20 


4. The Metro Theater has three times as many reserved seats as general ad- 
mission seats, Reserved seats cost $5 more than general admission seats 
Which of the following is (are) sufficient to determine the amount of 
money collected on a sellout day? 

I. the number of general admission seats 


II. the cost of a general admission seat Il. the total number of seats 
(A) I only (B) ILonly — (C) II only (D) | and I only 
5. Evaluate the expression (a + 4)? + (2a) — b? if a = 6 and b = 4 
2B ) 2 25 
(A) -= (By 13 (C) —25 (D) 
6. Find (2m) if (n + 2m + 3) = (4 — a)(12 — mp 
(A) 144 (B) 128 (C) 256 (D) 784 
7. Solve for p in the equation g = 1 + 3 
P _4 = as Berne pes Ee 4 
(A) p= 100-1 (B) p=“ B5- (C) p= 100q — 1) (D) p=1 + 74 


8. On a 25 km trip to a park, Megan rode her bike for 20 min, then walked 


the rest of the way, Her walking speed was 18 km/h slower than her bik- 


ing speed. How long did the trip t 
(A) 30min (B) 40 min. (C) 50 min (D)_ Cannot be determined 
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Breaking a polynomial into 

its factors is like pulling 
awooden puzzle apart to 
reveal its different compo- 
nents. The diagram shows that 


a’ + 3a*b + 3ab* + b’ = (a + bp, 
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De ee 
Quotients and Factoring 


ES SES 
5-1 Factoring Integers 


Objective To facior integers and to find the greatest common factor of 
several integers. 


When you write 56=8-7 or 56=4-14, 

you have factored 56. In the first case the factors are 8 and 7. In the second 
case the factors are 4 and 14. You could also write 56 = 4-112 and call } and 
112 factors of 56, Usually, however, you are interested only in factors that are 


integers, To factor a number over a given set, you write it as a product of 


numbers in that set, called the factor set. In this book inregers will be factored 
over the set of integers unless some other set is specified. The factors are then 
integral factors 

You can find the positive factors of a given positive integer by dividing it 
by positive integers in order, Record only the integral factors. Continue until a 
pair of factors is repeated 


Give all the positive factors of 56. 
‘Solution Divide 56 by 1, 2, 3, Stop 


56 = 1+56=2+28=4+14=7-8(=8-7) 
.. the positive factors of 56 are 1, 2, 4, 7, 8, 14, 28, and 56. 


A prime number, or prime, is an integer greater than | that has no posi- 
tive integral factor other than itself and 1. The first ten prime numbers are: 
5, 7, 115.13, 17, 19; 23, 29 


To find the prime factorization of a positive integer, you express it as a 
product of primes. Example 2 shows a way to organize your work. 


“Example 2 Find the prime factorization of 504 
Solution Try the primes in order as 504 


divisors, Divide by each 
prime as many times as 
possible before going on 
to the next prime. 


2-3-7 Answer 
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Exponents are generally used for prime factors that occur more than once 
orization. The prime factorization of an integer is unique (there is only 
pt for the order of the factors, 

A factor of two or more integers is called a common factor of the inte- 
gers. The greatest common factor (GCF) of two or more integers is the 
greatest integer that is a factor of all the given integers. 


= 
| 


Example 2 Find the GCF of 882 and 945. 


“Solution First find the prime factorization of each integer. Then form the product of the 
smaller powers of each common prime factor. 
882 ? 945 
The common prime factors are 3 and 7. 
The smaller powers of 3 and 7 are 3 and 7 
». the GCF of 882 and 945 is 37+ 7, or 63. 


zp. 


Answer 


Oral Exercises 
Give all the positive factors of each number. 

1, 12 2. 15 3.37 41 5. 30 6. 41 
State whether or not the number is prime. Give the prime factorization of 
the number. 

731 8. 32 9% 46 10. 51 11. 81 12, 39 
13. 36 14. 100 15. 45 16. 47 17. 71 18, 98 
Find the GCF of each pair of numbers. 
19. 15 and 25 20, 12 and 18 21. id 35 22. 23 and 46 


Written Exercises 


“Sample List all pairs of factors of each integer. a. 20’, —20 
“Solution a. (1)(20) (-1)(-20)_—_b. (1-20) (19020) 
(2)10) (=2)(-10) (2-10) (=2)(10) 
(45) (—4(-5) (4-5) (45) 
List all pairs of factors of each integer. 
A113 22 24 4.18 5. 29 
6, 49 7. 40 8 101 9. -121 10. —52 
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i. —33 
16. 64 


13. 53 
18. 83 


14. 67 15. 26 
19. 38 20. 74 


Find the prime factorization of each number. A calculator may be helpful. 


21. 16 
25. 75 
29. 99 


B 33. 125 
37. 1089 


23. 69 

27. 27 

. 120 31. 104 
200 35. 450 
. 840 39, 782 


24. 65 
28. 54 
32. 128 


36. 476 
40. 2310 


Find the GCF of each group of numbers. A calculator may be helpful. 


Al. 66, 90 
44. 132, 242 


C 47. 1176, 1617 
50. 105, 126, 210 


42. 132, 220 
45. 330, 945 


48. 1925, 6300 
51. 141, 198, 364 


43. 182, 196 
46. 348, 426 


49, 56, 98, 126 
52. 90, 126, 252 


Mixed Review Exercises 


Simplify. 


2. (5+ 4)? 


5. 3ab(2a*)3a 
8. 2ni3nr 


4n) + Bn? 
A. (2y + 5)(y + 3) 


934+ (241)? 


6. 38(4y)2y 
5, (- 
12, (x — 43x + 4) 


Computer Exercises 


1. Write a BASIC program that uses the INT function to determine whether 
an integer entered with an INPUT statement is even or odd, 


2, Write a BASIC program that uses the INT function to determine whether 
one integer is a factor of another integer, Each integer should be entered 


with an INPUT statement 
. Write a BASIC program that uses the INT function and a FOR... NEXT 


» 


loop to determine whether a number is composite, (A composite number is 
a number, such as 4, 6, 8, 9, and 10, that has two or more prime factors 
Use a flag (F) to indicate whether the number is prime (F=0) or composite 
(F=1), When running your program, enter only integers greater than one. 


Factoring Polynomials 187 


ZA Computer Key-In 


The BASIC function INT( ) will give the greatest integer less than or equal to 
whatever number appears inside the parentheses 
INT(4)=4 — INT(4.9)=4 —_INT(—4.9)=—5S 

This function can be used to find fuctors of a number. 

INT(12/3)=12/3, so 3 is a factor of 12 

INT(12/5)#12/5, so 5 is not a factor of 12. 
The following program will PRINT pairs of positive integral factors of a posi- 
tive integer. 


10 PRINT "TO FIND POSITIVE INTEGRAL FACTORS” 

20 PRINT " OF A POSITIVE INTEGER.” 

30 INPUT "ENTER A POSITIVE INTEGER > Ww 

40 FOR TO W/2+ ~No additional factors will be 
50 LET _found between W/2 and W. 
60. IF Q<>INT(Q) THEN 80. 

70 PRINT F; " AND "; Q; " ARE FACTORS OF "; W 

80 NEXT F 

90 END 


Exercises 
1, Run the program for the following values of W: 30, 31, 36, 119, 323. 
2. Explain why no additional factors of W will be found between W/2 and W. 


3. Insert a line in the program to test whether the number you INPUT is actu- 
ally a positive integer. If not, the program should return to line 30. 


4. Modify the program to report if the number you INPUT is a prime number. 
You can do this by adding these four lines to the program: 


35 LET C=0 
75 LET C=C+1 (Type LIST to get a clean copy 
85 IF C>1 THEN 90 of the modified program.) 


86 PRINT W; * IS PRIME.” 
. RUN the modified program for the following values of W: 1, 2, 11, 51, 53. 


aw 


. Challenge: Modify the program you used for Exercise 5 so that it will print 
out all the prime numbers less than 500. 


(FELLER LEE LOE AF LE LF FAP ALE AST 
Challenge 


The following problem is from the Egyptian Rhind papyrus 


There are seven houses; in each are seven cats. Each cat kills seven mice. Each 
mouse would have eaten seven ears of spelt [wheat]. Each ear of spelt will pro- 
duce seven hekats of grain, How much grain was saved? 
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Te ee 
5-2 Dividing Monomials 


Objective To simplify quotients of monomials and to find the GCF of 
several monomials. 


There are three basic rules used to simplify fractions whose numerators and 
denominators are monomials. The property of quotients (proved in Exercise 61, 
page 193) allows you to express a fraction as a product 


Property of Quotients 


If a, b, ¢, and d are real numbers with 6 # 0 and d # 0, then 


a 
bd bd” 


You obtain the following rule for simplifying fractions if you let a = b in 
the property of quotients, (This rule is proved in Exercise 62, page 193) 


If b,c, and d are real numbers with b #0 and d # 0. then 


This mule allows you to divide the numerator and the denominator of a fraction 
by the same nonzero number. In the examples of this lesso 
denominator equals zero. 


assume that ne 


ny 


“Example 2 Sino = 
“Solution a, Divide both numerator and de 


The red marks show this 


es ees, 


ale 


day _ 2 ( 


Ot == 
10x 2-5 E 5 
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The results of Example 3 show that when you divide powers with the same 
base, you can subtract the smaller exponent from the greater if they are differ- 
ent. (Remember: when you muliiply powers, you add the exponents.) 


Rule of Exponents for Division 


If a is @ nonzero real number and m and n are positive integers, then: 


Ifm>nm In>m iim=n 
ee a 
ce . ee e Re 


‘The greatest common factor (GCF) of two or more monomials is the 
common factor with the greatest coefficient and the greatest degree in each 
variable, 


“Example § Find the GCF of 72°y2* and 1202 


“Soltion —\_ Find the GCF of the numerical coefficients 


| R=P- 
| othe Gt 


and 120=29+3-5 
CF of 72 and 120 is 2'-3=8-3 = 24 


2. Find the smaller power of cach variable that is a factor of ber monomials. 


The smaller power of x is x¢ 
y is not a common factor, 
The smaller power of z is =’. 


Find the product of the GCF of the numerical coefficients and the smaller 
power of each variable that is a factor of both monomials. 


the GCF of 


Answer 
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A quotient of monomials is said to be simplified when each base appears 
are no powers of powers, and when the numerator and 
denominator have no common factors other than | 


Find the GCF of the numerator and denominator and use the rule for simplity- 
ing fractions 


Find the GCF of the given monomials. 
1, 3x7, 9° 2. 4c3, 
4. 10b, 256° = 
7. Tay’, 14x7y> 8. 
10. 14a°b!, 21a7b* il. 


8e 3. 1a‘, 21a" 


rere 6. + abe 


day? Ory ce 
20ax', 30abx 2. 


Simplify. Assume that no denominator equals 0. 


32 10° 6 
a2 5, . 
sone 15. 05 a 
9e ar 12x 
2 a, 3 24, 12 
eS 2h. ba sacle: P 
5 fer] 94 > 
Pseed hes py pia 39, tm 36, 2 
dy ay rs mn ab 
n 
on 32. Qn" 33, 22 , ey 3s, —tm'n) 
ay 2’ Bs (—aVy (-xy (-mny 
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RR SS 
Written Exercises 


Simplify. Assume that no denominator equals 0. 


Al 
6. 
i 
32u"he 
16. 18. 19, Mabe 
(Sa?)" 
: 23. 14) oe 
a (Say 
26, nn? oe 24, a" 29, -) 
ne (ay wy 


34. 614 = (24) 32, 12w* 
33. Ya'b* = (Bar 34. 18pq' = (pq 
35, —35° 7° = (7) 36. —28r4s* = (—7rF}(_) 
37. 48e7°d* = (—3e%d? 38, 72) — Shik) 

B39. (30°? P(t) 40. (2st)? = (250°C 
41, Gy) = (ry) 42. (28d?) = e7d?)(_2_ 
43. 36r997 = (2r(6s*V 44. 48p5q) = (2pq"\4pg2_) 
45. 72x°y? = (2x7y)7ByM__) 46. 75a°h* = (ab)'(Sa)"(_2_) 


Find the GCF of each pair of monomials. 


47, 4807bc*, Tabs 4B. 36.722", 2dny?=* 
49. 254°. 15p°q@?. 35pq" 50, S6r's', 28°97, 42r%s 
SL. e+ yy = y)s 2ele + y) $2. 4p"(p — 1). 6p(p + 1 


Simplify. Assume that no denominator equals 0. 


(a+ by gq, vt gg, Rt) 56 


be re 54. ; 5 
(a+ by (w+ ay (x+y (F+ sir = 9) 
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Simplify. Assume that x # 0, y # 0, and 7 is a positive integer. 


136x""! 14349)" een (ayy! 
By, ae 59, Xo 9, o. 
Give a reason for each step of the proof, You may use the property of 
quotients in Exercise 62. Assume that c, d, x, and y are real numbers and 
that no denominator equals 0. 
61. Property of quotients 62. Simplification rule for fractions 
freee 
bd bod om 
Sie iyse ae 
=(o-4)-5 v2 
Sipe ee 
ma = . 
=4 age 


When you use a calculator to divide one number by another, any remainder is a 


dec: 
1 
2 


3 


imal. Here's how to write the decimal as a fraction 


. Subtract the whole number part of the quotient from the entire quotient. 


Multiply the decimal that remains from the subtraction by the divisor and 
round to the nearest integer. The result is the remainder. 

Use the remainder as the numerator and the divisor as the denominator to 
write the decimal as a fraction. 


Find the remainder. Then give the value of the decimal as a fraction. 


(§ 
4 


354 + 13 2. 621>7 3. 753 + 11 
1258 + 15 §. 3698 + 36 6. 5829 + 45 
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Sh a a a a 
5-3 Monomial Factors of Polynomials 


Objective — To divide polynomials by monomials and to find monornial 
factors of polynomials. 


On page 86 we proved that if a, b, and c are real numbers and ¢ #0, then 


=m* 7 Answer 


‘To divide a polynomial by a monomial, divide cach term of the polynomial by 
the monomial and add the results. 


In the remaining lessons of this book, assume that no divisor equals 0. 


2huy — 39 


26uv = 39v _ ww _ 39¥ 
cer ty W 


= Qu 3) Answer 
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We say that one polynomial is evenly divisible, of just divisible, by an- 
‘other polynomial if the quotient i alse a polynomial Examphe 3 shows that 
Gx’ = 9x'v > GEy? is divisible by ~317. Example 4 shows that 1'y — ax + ov 
“is not divisible by xy because the quotient is not a polynomial 

‘You factor a polynomial by expressing it as a product of other polynomi- 
als, Unless otherwise specified, the factor set for a polynonuat huving integral 
coefficients ix the set of all polynomials having integral coefficients. 

‘You can use division to test for factors of a polynomial. Example 3 shows 
that the divisor, —3:°, is a factor of 3x" Oy + QV, The quotient is the 
other factor. 


Sxt = Sey # at! = <a + Sey ~ 2) 
‘Of course, —3. a. and x7 (besides ~3*) ure all fuctues of 3¢* ~ Wy + OY", 


but you should use the greatest monomial factor of a polynomial, The greatest 
“monomial factor of a polynomial is the GCF of Ws terms. 


Example § Factor $7 + 10x, 


| SoM 1 The ercarest monomial factor Of SE + He Is Se 


2 Divides SEE Me = 


3.3 Se? 4 Oe = Set + 2) Anwer 


Example 6 Factor 4° — 6x" + 14s. 
Golttion 6 Whe greatest monomial {actor of Ax’ — Ge! + be is 24 


2. Divide: 42 Gt Me ~ 


= 3 44 Gy! + 1 © Qee2a! = 29 + 7) Answer 


TEE roe wie ae 


Solio | Te greatest monomial factor of athe? ~ 12ab Ac? is tube? 


2. Divide, Sab — 12abie® Ww a 


a 
3. 4 Ka’ ~ 12al?e* = dabo'i2a — 36) Answer 


‘With a little practice you will be able t do the division steps mentally. 
You should check your factorization by multiplying the resulting factors, 
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Oral Exercises 
Divide. 

1, HEM 2 
4 lax — ey + 2iz 6. aaah ie 


+2) 4397 


xy 


Find the greatest monomial factor. Then factor the given polynomial. 


10, 4y* 


+ 8y 


HL. 15x3 — 10x 
15. 2x7y 


= [2ty 


12. ab? — a*b 


13. 6pq + 9qr 
17, wr ~ vs 


Divide. 
AL fase 2. ee 3. el! is ae 

5, 3m = 180 6, 1a 2 25b 1 ee iy ae ann — 16n 
10.2 2x — 18 

re 33y* + te = 44y? p, 48+ 104 

t= fs 6 14, Sb Bey = 6m! 

15, moe 16, Seb = lot 

= 
wD = 13, Sd= led = 1Sed 


28rie + 42r 
19. ae 


30p*q — 4 
2. \0p*q — 45p' 


139 
5p°q 


Evaluate by factoring first. 


‘Sample 7-7-1 =11 


21. 65-3 + 65-7 
23. 7° 191-3; 19 +6 19. 


= 7-1 = (11 = ML =4e db = 44 


22, 43-13 - 43-3 
24.713 + 8-13 + 5-13 
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25. 83? + 83-17 
27. 13? — $134 2-13 
29, P—28+7-17 


Factor, 

31. 15a ~ 25b + 20 
33. 6x7 + 10x 

35. 6p'g — 9py 

37. Ty’ — 21y? — Ly 


39. bab? — 8a*b 
4. = 15:7 
x? + Waex — 15a° 
45. 48u°b? + 72a*b* 

47. 96we'y?> — 144i 


6xy? 


26. 2-9-+9° 
28. 12+ 13 — 60 + 12 
30. 1-6-1 + 5-11 


32, 18 — 12y + 36 
34. 14c5 — De 

36. 2a’b? + ab 

38, 22)4 — 3397 + 113? 


40. 4x°y — 160 
42. —lxy = 24aty® 
44. 14p3q) — 21p2q? + 35pq 
46. T7r7s7 ~ 84r%yt 
48. 84ab c'd* + 126a°D* 


Simplify. 


‘Sample 


(3x = Sy) ~ (2x = 3y) 


ax Sy — + 3y 
x= 2y Answer 


4a-6 , 3u+6 
eae 50. 


6p+% Ip +2iq 52 


$1. FY 


“Sample Write an expression in factored form 


for the area A of the shaded region. 


“Solution — The length of the rectangle equals the 


tength of four radii (4r), and the width 
equals the length of two radii (2r). 


A = Area of the rectangle ~ (2 * area of a circle) 
(4r + Ir) — 2a? 
= 24-7) Answer 
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Write an expression in factored form for the area A of each shaded region. 


Al. 2. 


a 


w 
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10. 


Mixed Review Exercises 


n 


= 


Self-Test 1 


Vocabulary factor (p. 185) 
factor set (p. 185) 
prime number (p. 185) 
prime factorization (p. 185) 
greatest common factor of two or 
more integers (p. 186) 


1. List all pairs of factors of 45 
2. Find the prime factorization of 54 


3. Pind the greatest common factor of 54 and 45, 


Lamn® 
75min 


). Factor Sin? 


est common factor of mono- 

ials (p. 190) 

divisible (p. 195) 

greatest monomial factor of a poly 
nomial (p, 195) 


Obj. 


Obj. 5-2, p. 189 


7. —35a°b* = (Tah\(_2_) 


20m? + 25m. Obj. 5-3, p. 194 


Check your answers with those at the back of the book. 
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Products and Factors 


SS SSS SE 
5-4 Multiplying Binomials Mentally 
Objective —_To find the product of two binomials mentally 


The following 


ample shows how the distributive property, (a + b)e = ae + be 
is used to multiply (2x + 5) by (3x ~ 4). Notice how the three terms of the 


product are formed 


+ 53x — 4) as a inomial 


| Example 1 Write the product 
Solution 1 You can do the work horizontally, as shown, 3x —4 


below, or vertically, as shown at the +5 
x + 5x — 4) = 2A — 4) + 53 — 4) 6x — Bx 
or Ba + 15x 0 a= IS 
= 6x7 + Ty — 20 6x. + 7x — 20 Answer 


Think of the products First terms 
of these terms: 


Solution 2. Kirst use the following short method to multiply in your head. 
| 


(2x + 5)(3x — 4) 
Inner terms 


| Outer terms 


Then write the products 


6x 8x 1Sy 20 = Gx? + Ix 20 Answer 
First Outer nner Last 
terms terms term: 11 


This method is sometimes called the FOIL method. 


To write the product (ux + by(ex + d) as a trinomial: 

1. Multiply the first terms of the binomials. 

2. Multiply the first term of each binomial by the last term of the other and 
add these products 


3. Multiply the last terms of the binomials 
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Each term of a trinomial like 6x7 + 7x — 20 has a standard name. A 
quadratic term is 4 term of degree two, A linear term is a term of degree 
one. As defined earlier, a constant term is one having no variable factor. The 
trinomial itself is called a quadratic polynomial since its term of greatest de- 
gree is quadratic. 

6x2 + Tx — 20 
6x7 is the quadratic term. ————T— 
7x is the linear term. 
—20 is the constant term, 


Sometimes you may need to evaluate a quadratic polynomial. The 
Calculator Key-In on page 203 will help you. 


Sl Tr 
Oral Exercises 


For each product, state (a) the quadratic term, (b) the two terms that form 
the linear term, (c) the constant term, and (d) the trinomial product. 


‘Sample (x — 7)02n +5) “Solution a. 2? b. Sn and —14n 


& —35 (dk 2 —'9ni— 35 


1. (x + Ie + 3) 2. (y+ 2y+ 5D 3. (t — 2 — 3) 
4. (u— 4 — 1) 5, (s — 6s — 3) 6. (7 — k4 — kD 
% (y- y+ D 8. (x — 1x + 4) Dr + 3) = 15) 
10. (s — 3)(s + 3) 1. (y +2) + 2) 12. (x — 7) + 5) 
13, (2y + 3Xy + 1) 14, (n+ Qn +5) 15, (x — 3)(2x + 3) 
16. (3y — 1My + 3) 17, Gr + Ir — 2) 18. (1 ~ 5x\(5 ~ x) 
EPS SSS See 
Written Exercises 
Write each product as a trinomial. 
A 1. (e+ Sixt 8) 2, (x + 7x + 6) 3. (y — y= 3) 
4. (c — 9c — 6) 5. (2 + 42-7) 6. (y + Bly — 2) 
7. (n= 3\(n + 7) 8. (u— 10)(u + 9) 9. 3 + 22 +2) 
10. (401 =) 11, (2y + 5y(y + 2) 12. (r+ 4)Qr + 3) 
13. (7x ~ Ie + 7) 14, (4k — Iy(k + 4) 18. Q2y + 1I)Qy + 2) 
16, (2n + 1y(Sn + 2) 17. (2 — 3s) — 2s) 18. (3 — 272 = 3r) 
19. (3h ~ 52h + 1) 20, (3x + 2)(2x — 3) 21. (Sn + 4)(4n — 5) 


“Sample 1 (3x — 5y)(4x + y) = 122 + Gay — 2039) - 57 


= 127 — Ixy = Sy? Answer 
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Write each product as a trinomial. See Sample 1 on page 201. 
B 22. (a+ 26a — b) 23. (3x — y)(x — 2y) 24, (2r — sir + 2s) 
25. (4h — AY 2H + 3k) 26. (2x + Syy(2x ~ 3y) 21. (Ta — 2b)(Sa — 3b) 


“Sample 2 (ni — Smy 2m? + Am) = (2) 2m?) + (m2\(4m) + (—Sm\AnP) + (—SmyV4m) 
2m! + 48 — 10m — 20m? 
2m — 6m ~ 20m? Answer 


28. (7 — 4xy(37 + 2x) 29. (@? + 3b)3 
31. (p' — 4g'(p* + 39°) 32. (y* = 3y° 


Sample 3 n(n — 3)(2n + 1) = nl2n* + (—6n + n) — 3] 
n[2n? — Sn — 3] 
in — Sn? —3n Answer 


b) 30. (p> — ¢ 3q?) 
2) 33. Ot + A y?\4e — y*y 


y — 1y + 4) 35. w4y + 3)(y — 2) 
(2 + 3y) 37. (4 = x2 — 3x) 


“Sample@ (x aye + =F He-3) 
“Solution 2 — 4x + 9x — 36 = x2 + Sx —3x-15 


+ 5x— 36 =32 + -15 
5 = 36'= 


©. the solution set is {7}. Answer 


38. (x — 2x — 3) =e — 7x + 3) 39. (y + 4 — 3) =(y — 2M y + 5) 
40. (2n + 5)3n — 4) = (n + 2(6n — 7) 41, (2x — 18x + 3) = ax + 4x — 5) 
42. (n + 3)(2n + 3) = (n+ 2P + (Ww — 2 43, (2x — 3Xx + 3) = — 3)? + (x + 3? 


44, Show that (ax + box + d) = aex® + (ad + beyx + bd, 


In Exercises 45 and 46, find the values of p, g, and r. 

C 45. (pv + g)2v +5) =6e + 1x +r 46. (px + 23x +g) =n +x-2 
Write each product as a trinomial. Assume that 7 represents a positive 
integer. 
47, (x! — "22" + By") 48, (2x" — y"V(x" + y") 


49, Show that the square of any odd integer is odd. (Hint: If n is an integer, 
then 2n is an even integer and 2n + 1 is an odd integer.) 
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Mixed Review Exercises 


Simplify. 

1. (2x3y)(—4a3) 2. (5y5)5 3. (6n + 3)(2n? + 3n = 1) 
lor? + 25r — 30 (sy 15 = S05 Se 

i 5. .— 

Solve. 

7. m= 42 — 2m 8 4x —(Qx+5)=5 9 dn + 3)= 35 +n) 

10. 6y +3 = 63 M. Ye + 1-3 =9 12. Hy -3)+7=10 


Computer Exercises For students with some programming experience. 


Write a BASIC program to find the product of (Ax + B)(Cx + D). Enter the 
values of A, B, C, and D with INPUT statements, Use the program to find the 
following products. Check the computer's answers by multiplying mentally. 


1. (x + 3x + 5) 2. (x — Qe + 1) 3. (4x + 3)(2x — 5) 
4. (20 + 72x + 7) 5. (3x — 2)(3x + 2) 6. (6x — 76x — 7) 
7. (10x + 4)(Sx + 2) 8. (Bx + 99x — 8) 9 (12x — 10126 + 10) 


A Calculator Key-In 


You can use a calculator to evaluate a quadratic polynomial for a given value 
of the variable. One way is to evaluate the polynomial term by term using the 
calculator’s memory to store the partial sums. 

Another way is to express the polynomial in a form that suggests a se- 
quence of steps on the calculator, For example, to evaluate 5° — 3x + 6 you 
could first rewrite it as follows. 


Sx? — 3x + 6 = (Sx —3)x +6 


Then to evaluate the polynomial for a particular value, you can just work 
through the rewritten expression from left to right substituting the appropriate 


value for x. 
Exercises 
Evaluate the quadratic polynomial for the given value of the variable. 

1. 42 + 5x —7;3 2. 6 + 8-9: 4 3. 2+ 445; -3 

4. > — 4y — 3,25 5. 9 — 35k +50; 10 6. 409? — Sy + 70; 14 
7. 18x" — 15x — 10; —6 8. 4)? + 4y — 5; 0.4 9, 2022 — 152 + 5; -0.5 
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5-5 Differences of Two Squares 


Objective To simplify products of the form (a + ba — b) and to factor 
differences of two squares 


The shaded area below can be thought of as the product (a + ba — 6). Notice 
on the right that when you multiply, the product can be simplified to a* — b*, 
the difference of two squares. 


a~b 
a+b 
a? — ab 

ab — by 
oe -# 


(a + b)a — b) = a? — b* 


First)? _ ei 


ise of two 
number: number: 


un of 0) 5 (Their difference) = ( 


Example 1 Write cach product as a binomial 


a. (x + 3)( — 3) b. (2n + 5)2n—5) 
Solution a. (x + 3)\x-3)= 2 -¥F be Qn + 5)Qn~ 5) = nr -F 
=r-9 = 4-25 
Answer Answer 


a. (a* — 2b\(a? + 2b) b. (ey + 2 ay 


Example 2. write each product as a binomial 
Solution 


a, (a? — 2b)(a? + 2b) = (P= (2bP 
~ 4b" Answer 


Answer 
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Working in the other direction, if you have the difference of two squares, 
you can factor the expression: 


a - P= (at bha-d) 


Factor: a 2-49 b. 16 — 9x7 e. Bla? — 25x° 


7 — 40 


2_ 7 b. 16 — 97 = (4° - (3) 
= (2 + 7) —7) (4 + 3xy(4 ~ 3a) 
Answer Answer 


¢. Sla* = (Yay? = (SF 


(a + 58\(9a ~ 5x3) Answer 


xamples 3(b) and 3(c) you needed to recognize that both terms of the 
given binomial were squares. A monomial is a square if the exponents of all 
powers in it are even and the numerical coefficient is the square of an integer. 
You can use a calculator or the table at the back of the book to see if a given 
integer is a square. For example, the table shows that 361 is the square of 19. 


[BeampIE coe or 025, 
Solution or" 


{Notice that 4r? — 25 is also 
25) a difference of two squares. 


Gr 2r — 5) 


Answer 


Oral Exercises 


Square each monomial. 


(7703)? = 49x4 


2. Sa 3, -3t 4. 40 
6. ab 7. pq? 8. in 


Find a monomial whose square is the given monomial. 


“Sample 2 a. son? b. six'y! “Solution a.om vb. 9°" 


9, 9x 10. L6c 
13. ¢y" 


I. 4a! 12, 2574 
15, 49p°q! 16, 97's 
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Express each product as a binomial, 
17. (n+ 20 — 2 
20. (dy + 14y — 1) 


18. (r — Sr + 5) 
21, (3s — 23% + 2) 


‘Tell whether each binomial is the difference of two square: 


factor 


24. me? — 5 
29. a? + 36 


Write each product as a binomial. 


26. b? + 
Bi. a= 


19, (2x + 52% — 5) 
22. (a 


2b\a + 2b) 


27. 47-1 
32. K-16 


At. y = hy +7) 2. Gm + 8)(m — 8) 
3. (44+ 04-0) 4. (9 — wD + Ww) 
5, (Sy — 2X5y + 2) 6, (8x — 18x + 11) 
7, (1 + 3a\(1 — 3a) 8. (7 + 2ay'7 — 2ay 
9 Gx + 2y)3x — 10. (4w + 62\(4w — 62) 
IL. (4s + 5y(4y ~ 50) 12. (7p + Sq 7p — 54) 
13. (7 — 9y)7 + Oy) 14. (2x + \(2v = n°?) 
15. (2r* + 79°27? — 78°) 16. (3m* — 89°)(3m?* + Bn) 
17. (ab — ab +c") 18, (xy + 32)lay ~ 32) 


Multiply. Use the pattern (a + b)(a — b) = a? — b*. 


Sample 1 57-63 


“Solution 37-63 = (60 — 360 + 3) 


19, 38-42 20. 53-47 
23. 91-89 24. 102 +98 


21. 87-93 
25. 74° 66 


Factor. You may use a calculator or the table of squares. 


27. b - 36 28. m* — 25 
30. 9a* — 100 31. 2527-1 
33, 16947 — 225 34. 81? — 121 
36. 144 —y 37. 49a — 9b? 
B 3. 6-4 40. 625.4 — 1 
42. 81s — 160° 43. x8—y" 


22. 49-51 
26. 25°35 


29, 47 — 81 
32. 16x? —9 
3S. 1 = 9a 
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Factor out the greatest monomi 
binomial. 


factor. Then factor the remaining 


3n\(n* — 16) 
3r(n + 4)in — 4) Answer 


45. Sx! — 20x 46. 2a! — 1807 
47. 36a ~ Loa* 48. 50r* = 32r 
49. w= uy 50, 27a" — 12ab 
$1. 2a — 162a 52. 16x)? — xy 


Factor each expression as the difference of two squares. Then 
factors. 


‘Sample 3? — (uw — 5) 


lu = (a = S)llu + (a — 59} 
SQlu 5) Answer 


Gretay ke $4. fF —(¢-1P 
SSeS 2) 56. Xa + 1)? ~ 4a 1P 
Factor, assuming that a positive integer. 
Ls eae Oa 
("+ "= y') Answer 
$8. x — 25 59, 1" — ay" 60. 457" — 5s" 
62. a" — 816" 63. ri” — lor 64. 3? — xy" 


C 65. Show that the square of the sum of two numbers minus the square of their 
difference is equal to four times their product, 


66. Show that the absolute value of the difference of the squares of two con- 
secutive integers is equal to the absolute value of the sum of the integers. 


ae SS ea a eee 
Mixed Review Exercises 


Simpli 

I, 32(2 — 4) + 42(z + 5) 2. (x + Six — 7) 3. —2(m + 3) — Sm(m — 2) 
7. (a + 1)(2a~ 3) 8. Sh(b — 2036 + 1) 9. (a0(4)'x 

10. Bie 11, 2 bade 14 LR. ae 
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5-6 Squares of Binomials 


Objective —_To find squares of binomials and to factor perfect square trinomials 


The di 


am of the areas below helps you to see what happens when you 
the binomial a + b. 


ae 
a + Quah + b 
Compare the above result with the algebraic 
result of multiplying the nwo binomials, 
tr 
+ Jab + iP 
Square of the first term. | 


1 
2. Twice the product of the two terms, ———— 

3, Square of the last term, 1 
See what happens when you square the 
binomial difference a — b. The middle term 
in the product has a minus sign, Exercise 64 
illustrates this in a di 


am. 


1. Square of the first term. 
Wice the product of the two terms. —————— 
3. Square of the last term. = 


It will be helpful to memorize these patterns for writing squares of bino- 
mials as trinomuals. 


0 SRS Ta ET 
(a+ bP =a + 2ab + 
(a — by =a? — 2ab+ B* 
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Example 1 Write cach square as a trinomial. 


a (v+3P db. (Ju -3 


“Solution a. («+ 3P = 2 + %x-3) + F 


=+6r+9 Answer 


b. (Fu — 3)* = (Tu)? — 2(7w + 3) + 3? 
(Tuy? = 2(21u) + 3? 
49 ~ 42u +9 Answer 

& As > St) + (517 


— 2(20st) + (Sn? 
= 16s? = 40s7 + 25¢° | Answer 


3p2)? — 2p? + 2g?) + Q@?¥ 
Ip — 2(6p*q?) + 4q* 
P+ 4g* Answer 


The patterns given at the bottom of page 208 are also useful for factoring: 
ES Se ee es ee ee 
@ + 2ab + b= (a + by 
@ — 2ab + b= (a - bY 


The expressions on the left sides of these equations are called perfect square 
trinomials because each expression has three terms and is the square of a bino- 
mial. To test whether a trinomial is a perfect square. ask three questions as 
shown in Example 2. 


Example 2 Decide whether cach trinomial is a perfect square. If it is, factor it 
a. di? = 201+ 25 b. 64u? + 72uv + 81 


| Solution a. 4x° ~ 20 + 25 


1. Is the first term a squai 

2. Is the last term a squar 

3. Is the middle term, neglecting the sign. 
twice the product of 2x and 5 


20x = 2(2¥ - 5) 


«4x? = 20x + 25 is a perfect square and equals (2x Answer 
b, 64u7 + Tluy + 817 
1. Is the first term a square? Yes: 64u? = (Bu)? 
2. Is the last term a square? Yes; 817 = (9v)? 
3. Is the middle term, neglecting the sign. 
twice the product of 8 and 9y? No; 72uv # 2(8e + 9v) 


. 64u" + Tuy + 81y2 is nota perfect square, Answer 
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You may have to rearrange the terms of a tinomial before you test 
whether its a perfect square. For example, if you write x7 + 100 ~ 20x as 
° — 20x + 100, you can answer **yes"’ to all three questions 


Oral Exercises 


Express each square as a trinomial. 


1. (a+ 4p 2-2) 3. (x — 6)" 
4. (2+ 7F §. Qy +1 6. Gu—1P 
Wale — 10 8. (uw — 10)? a O- Fy 
Je whether each trinomial is a perfect square, 

factor it. 

+ 12e + 36 HM. a? + 2a+1 12. ou +9 
13. y -— 4 + 16 14. 1? + 10n — 25 18. 4c? — 12e + 9 
16. 25x? + 10xy + y? 17. a? — 2ab + 4b? 18. vi — 14v? + 49 


19. Find the square of 21 by thinking 
of it as 20 + 1)? 


20, Find the square of 29 by thinking 
of it as (30 ~ 1)? 


Gio). Sa eee 
Written Exercises 


Write each square as a trinomial. 


A iL int5? 2. (2 +87 3. (a—9y 4. (p — 10? 
5. (4u— 1) 6. (6c ~ 1)° 7. (Sn ~ 4° 8. Gy — 8) 
9, (2r + 9s)? 10. (4u + 7v)? 11. (Sp ~ 69° 12. (Sa — 82)? 
13. (nn + 2)? 14. (pq — 4° 18, (2ab + 16. (—6rs + s? 


17. (—4m? — 3n)* 18. ( 


But ey 19. (9p* + 10)? 20. (-11F — 
Decide whether each trinomial is a perfect square. 


If it is, factor it. If it is not, write not a perfect square. 


al. 
24. + 16a + 64 
27, 4° + 9+ 12 
30, 490° + 28ab + 467 


Factor. 


“Sample 1 63n' ~ 84n? + 28n 


22, — axt+4 

25. 121 — 220+ 
28. 9 + 16c* — 24e 
31. 4s? — 3690 + 81 


= Tn(9n® — 12n + 4) 
= Tn(3n — 2)* 


— 4p + 49 
26, 144 + 12y +7 
29, 25x° — 15xy + 36) 


32. 97 + 30uv + 100V 


First factor out the greatest 
monomial factor. 
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33. x7 + 8x +2 34. 3a° — 18a + 27 


35. 9 — 72m + 144m? 36. 1250? — 50u +5 
37. P+ ate 38. y* — 14y3 + 49)? 
39. ab + bab? + 9b° 40. 81° — 24u2v + 18a 
41. 36p* — 48p) + Lop? 42. 3x¥ + 48.5 + 19247 
‘Sample 2) ey? + 6y-9 = 2 ~~ Hy +9) Look for a perfect 
=(y-3P square trinomial 
x+(y—3)[Lx— (y — 3] land factor it, 


= (x+y —3\r—y +3) Answer 


= 2 hi = 


Wp + apta-—@ 


48. a? —b? + 6b -9 f-4q-4 
Decide whether each polynomial is a perfect square. 

If it is, factor it. If it is not, write not a perfect square. 

47. x° + 10x3 + 25 48. 4— 4y? + y* 

49, pg? — 12pq + 36 50. a? + 2b? + b* 

51, 121 — 33n? + 9n* $2. 121c* — 264c7 + 144 
53, @ +1 - 26+ 1)+1 54. (x + 1P + 2+ 1) +1 


$5, Show that x* — 8x? + 16 can be factored as (x + 2° — 
56. Show that a* — 1847 + 81 can be factored as (a + 3)*(a — 3) 


57, a. Express (2y ~ 37? and 
b. Explain why (2x ~ 3y 


21)? as uinomials, 
3y — 2x)? even though 2x — 3y # 3y — 2x. 


Solve and check. 
59, (2x + 5)? = (2x + 3)? 
(Sx — 1)? 61. (x + 2¥ — (y— 2? =(x— 1)? — (x - 3/7 


58. (x + 2)? — (x — 39 =3 
60. (3x + 2)? + (4x — 37 = 


Copy and cut up the model to show that each diagram illustrates the statement below it. 


pe, a ania) ae | 


Oo le 


(a+b? (a= by = 4ab 


latbtor= (a= bP = ~ 2ah +b 


@ +b +07 +2ab + av + 2he 
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C 65. The perimeter of a square garden is [2 m greater than the perimeter of 
maller square garden. The area of the larger garden is 105 m? greater than 
that of the smaller garden. Find the dimensions of the larger garden. 


66. The square of a two-digit number ending in 5 always ends in 25. You find 
the digits preceding the 25 by multiplying the tens” digit by one more than 
the tens’ digit, as shown. (a) Use this rule to find the squares of 25. 55, 
and 95, (b) Let 10n + 5 represent a two-digit number ending in 5. Show 
that the square of this number equals 100n(n + 1) + 25 


2 Ran a ee eee eee ae 
Mixed Review Exercises 


Evaluate if x = 4 and y 


1. x+y +(-8) 2. x= |y| — 13) SB nea 
4.9 + yy 3. (y)(-y)® 6. (ey? 
Simplify. 
7, (4s + 34s — 3) 8. (x + x + 3) 9, (5-3) 
ta’y (xy? 
10. 5-3 n. bE 
@y ae 


Self-Test 2 


Vocabulary quadratic term (p. 201) quadratic polynomial (p. 201) 
linear term (p. 201) perfect square trinomials (p. 209) 


Write each product as a polynomial, 


1. (n + 3) + 8) 2. (m = Sym = 6) Obj. 5-4, p. 200 
3. Qy + Gy — 4) 4. 2u(w = 4)(3x — 2) 

5. (x + 9K — 9) 6. (9a + 2b\9a — 2d) Obj. 5-5, p. 204 
Factor. 

7. 40° — 81 8. 3x7 — 16 


Write each square as a trinomial. 


9. n+ 4P 10. (3: — Sk)? Obj. 5-6, p. 208 
Factor. 
1, 9a* + Wa +4 12. 16m? — 24mn + 9n* 


Check your answers with those at the back of the book 
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Factoring Patterns 


5-7 Factoring Pattern for x? + bx + ¢, 
Cc positive 


Objective — To factor certain quadratic trinomials in which a is 1, bis 


an integer, and ¢ is a positive integer. 


In this lesson, you will study trinomials that can be factored as a 


product (x + r(x +»). where randy 


¢ both positive or both 


negative integers. The diagram shows that the product 
(e+ A(x + 9) and the trinomial x? + (* + s)x + ry represent the 
same total area. Notice that the coefficient of the x-term is the s 


sum of rand s, and the constant term is the product of rand s 


sum of 3 and 5 product of 3 and 5 
Example 2 (« — 6x — 4) = ~ 10x + 24 
sum of ~6 and —4 product af ~6 and ~4 


The examples above suggest the following method for factoring trinomials 
whose quadratic coefficient is 1 and whose constant term is positive 


1. List the pairs of integral factors whose products equal the 
constant term. 


2. Find the pair of integral factors whose sum equals the 


coefficient of the linear term, 


Examples | and 2 su: 
with the same sign 


est that in Step 1 you need to consider only the factors 
s the linear term, 


Example 3 Facwor »° + 14y + 40. 
‘Soliition 1. Since the coeffivient of the linear term Factors 


is positive, list the pairs of positive of 40 
factors of 40. 


Sum of the 
factors 


1 | 40 
2. Find the factors whose sum is 14: 4 and 10. 2 | 20 22 
3. nyt + ly + 40 = (y + 40y + 10) 4) 10 ia 
Answer 518 13 


Example 4 Factor y? — lly + 18. 


Solution 1. Since —11 iy negative. think of the negative factors of 18. 
2. Select the factors of 18 with sum —I1 2and -9 
| 3. — Ty IB = (y= 2-9) Answer 


A polynomial that cannot be expressed as a product of polynomials of 
lower degree is said to be irreduci 
coefficients whose greatest monomial factor is 1 is a prime polynomial. 


le. An irreducible polynomial with integral 


Example § Factor 2 — 10x + 14 
‘Solution 


The pairs of ne tors of 14 are: 1, 14; ~2, ~7. 


1 
2. Neither of these pairs has the sum — 10. 
3 


= 10c + 14 cannot be factored. It is a prime polynomial. Answer 


a ES 
Oral Exercises 


‘The area of each rectangle is represented by the trinomial below it, Use the 
diagram to factor the trinomial. You may wish to make models from grid 
paper, using a 10-by-10 square for x*, a 10-by-1 rectangle for x and a 
I-by-1 square for 1, 


+ 8+ 12= (r+ Net x + 8r + 12=(x + 2x + 6) 


2, 3. ‘ z 
; ; Z 5 ; Z 
eae abe! 
3 2| ox 


+ Ix+ 12 = 


(e+ M+ 
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Find two integers with the given sum and product. 

Example 4. 5. 6 7. & 9% 10 HI, 12, 13. 
Sum s|7|-6]-6] 8] 10] -9] -1] -10] 2 
Product 6[6| s| 9[as| ie] is[ 24] 26[ 2 


For each trinomial tell which two factors of the constant term have a sum. 
equal to the coefficient of the linear term. 


3c + 22 


“Solution (~2y(-11) = 22 and -2 + (-11) = -13 


—2 and —11 are the correct factors. Answer 


1. + BN +7 
17, y? + 7y + 12 
20, 7 + OF + 20 
23. y? + 25y + 24 


086) 16. p? — 5p+6 

ISe + 14 19. + Whe + 18 
*— 129 +20 22, x? — lar + 24 
+ Ix + 28 25. n° — 170 + 30 


Written Exercises 


Factor. Check by multiplying the factors. If the polynomial is not 
factorable, write prime. 


Let set 4 + 92 +8 3.7 -ort+8 
4. — 10 + 16 Oy + 1h 6. p> — 4p + 13 
7. g? + 16q + 15 10n + 21 9. a? — 15a + 26 
10. s*— 125 +40 11. x7 + 20x + 36 12. 2? + 162 + 39 
13. u? + 12u + 28 14. x7 - 22e+ 72 15, 42— 23k +12 
16. 64 — 205 + s® M7. 75+ 207+ 18. 75 + 27u + u* 
“Solution =? ~ \0xy + 21y? = Ww ~ ix —) 
= (x = 3y)x ~ Ty) 
Cheek: (x ~ 3y)x — Ty) = x7 — 3xy — Tay + 21y? 
=x — 10ry+ 21y7 
19. p? + 19pq + 34q° 20. a? + 1Oab + 24h? 21. c ~ l6cd + 48d" 
22. x7 = 15xy'+ T2y* 23. ~ 5Quv + 49 24. IP — 1hk + 49k? 


26. m?> + 20mn + S1n* 27. a? + WTab + 52b* 
28. p? + pq + S0q? 29. PF — 15rs + 54s? 30. a? — 12ab + 276° 
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Factor, Check by multiplying the factors. 
B 31. y+ 20y2 + 32. Ww? + 20wm + 96nr 
34. 108 — 24y + 9° 35. 112a? — 22ab + b? 


Find all the integral yalues of k for which the trinomial can be factored. 


‘Sample + kx +28 


28 can be factored as a product (1)(28)_ (—1)(~28) 
‘of two integers in these ways: (214) (-2X~ 14) 
(407) (4-7) 


The corresponding values of k are 
29, 16, 11, ~29, —16, and —11. Answer 


37. y+ ky + 14 38. + ke + 10 39. 2 +k + 12 
40. p> + kp + 18 4+ kn +9 42. r+ kr + 20 


Find all positive integral values of k for which the trinomial can be 


factored. 
43. + On +k @.rt+iet+k 
M5. y? + By +k 46. Ox +k 


Factor completely. 


C 47. +2 -674+2+5 4B. (1 + 3)? + 8( + 3) + 1S 
49. (y + BP + Oy + 49 505417 + 1 
Ae = Sed §2, 4 — 2077 + 100 
53. F = 20° + 647 54. (a — 49 + S(a ~ Ayla + 2) + O(a + 2P 


. Factor a" — 30a"b*" + 2096", where n is a positive integer. 


55. 
56. Factor p*" — 30p""q" + 221g", where n is a positive integer 


Mixed Review Exercises 


Solve. 

1. -13+x=-9 a 3. -15+b=8 
4. n+2=([3 - 6 5. 19m = 76 6. 3p + 18 = -72 
7, —yx= 12 $.7-4=5 9. —21x= 252 
10, (Sy + 7MSy — 7) 1. (20° 12. Qx7)* 
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5-8 Factoring Pattern for x? + bx + c, 


c negative 
Objective To factor quadratic trinomials whose quadratic coefficient is 1 


and whose constant term is negative. 


‘The factoring that you did in the last lesson had this pattern: 
Pt bet e=K+ Na+) 
€ positive rand 5 are both positive or both negative. 
The factoring that you will do in this lesson has the following pattern: 
Xt bet = (x + Met s) 
© negative 


© __1__+ and y have opposite signs. 


When you find the product (1 + r(x + »), you obtain 


Ytbxtc=ePt (rt syrtes 


Therefore, the method used in this lesson is the same as before. You find two 
numbers, r and s, whose product is ¢ and whose sum is 6. Since c is negative, 
one of r and s must be negative and the other must be positive. 


Example 1 Fector. 2° — x ~ 20. 

Solution |. List the factors of —20 by writing them 
down or reviewing them mentally. 

2. Find the pair of factors with sum ~ 1: 
4and —5. 

3. at = — = (4 + 4(e — §) Answer 


You can check the result by multiplying 
(x + 4) and (x — 5). 


Factor a° + 29a — 30, 


1. The factoring pattern is (a + ?)(a— 2). 
2. Find the pair of factors of —30 with sum 29: 30 and ~ |. 
3. a? + 29a — 30 = (a + 30a — 1) Answer 


Factor x7 ~ 4kx ~ 128°. 


1, The factoring pattern is (x + ?)(« — ?) 
Find the pair of factors of — 124? with a sum of ~4k: 2k and —64. 
a? = Ghee — 12 = (x + 2x — 6k) Answer 
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Oral Exercises 


Find two integers with the given sum and product. 
Kemepe 1 3 a see es) ae 
Sum 2] -3{ -2|“1s] 3] -7| 1] of 2] -10 
Product -3| -10 | -15 | -16 | -18 | -18 | -30 | —25 | -24 | -24 


For each trinomial tell which two factors of the constant term have a sum 
equal to the coefficient of the linear term. 


3x — 28 


(—7)(4) = —28 and -7 + 4 = -3 
©. 7 and 4 are the correct factors. Answer 


M. 2 +3:-4 42-5 Bcc 
14, p? + p— 12 — 5; 16. 7 — 
A. x7 he 15 18, 1 ~ u — 19. + 8-9 


Written Exercises 


Factor. Check by multiplying the factors. If the polynomial is not 
factorable, write prime. 


— 6x — 16 


4 C+ -8 10u—9 
7. + 2n-6 13h — 30 
10. p> + 7p — 18 12. 9? = dy.— 32 


13, 1° — 25x—54 167 — 40 
16, 22 -+2—72 17. a? — ab — 4267 
19, 2 + Suv — 70? 20. 7 — 2ey ~ 63)" 


22, we + mn — S6n* 23. p> — 16pq — 36q° 
“Sample 1 — 10x 2? 
Solution Find two factors of 


4x* whose sum is — 10x: 2y and — 129 


“1 = 10x = 24x7 = (1 + 201 — 120) Answer 
B 25, 1 — 2n—48n" 26. 1 + Se — 34e? 
27. x? — 10xy — 75y? 28. a* + Sab — 84b* 
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29. 1+ py — 80p?y? 30. 1 = 1Sma — 100m?n? 


31. p? + Ip — 360 32. n? + 9n — 400 

33. —380 +x + x? 34. —800 — 20a + a? 

Find all the integral values of k for which the given polynomial can be 

factored. 

35. y+ ky — 28 36. c+ ke — 20 37. p? + kp ~ 35 38. x7 + kv — 36 


Find two negative values of k for which the given polynomial can be 
factored. (There may be many possible values.) 


39, P—2r+k 40. y2 + 4y +k 4 k+ 5x42 
42.k-Tr+ Pr Bo ke4rt er 44. k-6:+ 2 


Factor completely. 


c =ar— 4 46. 0-76-18 
4? — 16,4 48. (x + 2)? — 4@v + 2)—21 
49. (y + 3 + Siy + 3)- 24 50. (p + gi? — 2(p + q) — 15 
$1. (a+ bP —(a + b) -2 52. (p + gr — 2p + q) — 1577 


53. (a + b)? — cla + b) - $4. (a +b) — (a — byt 


55. Factor x" ~ 4x"y"" — 221)", where n is a positive imeger 
56. Factor x*" — 4x7"y" — 2 


. where is a positive integer 


CEE MSs iS a) ss aan ee ee) 
Mixed Review Exercises 


Simplify. 


1. (9x7y)3xy7)2) 2. (3x — 42x + 3) 3. —In3x7 = 2x + 4) 
4. Gx —4y 5. (7x'y?)* 6. Sy(2y" + 3y + 5) 
Sixy)? dab, 
* Toa? 8. at 
10. (1 + 3p? 11. (a — 6)(5a + 2) 
Factor. 
13. 15m—2In +9 14, 121K — 81 15. a? + 18a + 81 
16. a? — 13ab + 426° 17. 16x7 + 24x ~ 18. 64 =n? 
19. u? — 10u + 25 20. 44+ 1Sy +" 21. Ja*b’ — 14ab 
22. 49w* — 167 23, 4m + 20m + 24 24, 2 — Ie — 26 
25. 9x7 — 24xy + 16y7 26. 56— 152+ 2? Mex = 1 
28. a* + 13a — 68 29. 25w® — 14dx° 30. 25a? + 20ab + 4b* 
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(Se 
5-9 Factoring Pattern for ax? + bx + c 


Objective To factor general quadratic trinomials with integral coefficients 


If av? + bx + ¢ (a> 1) can be factored, the factorization will have the pattern 


(px + gx + 5). 


Clue 1 Because the trinomial has a negative constant term, one of r and s will be 
negative and the other will be positive 


Clue 2 You can list the possible Factors of 2 Factors of —9 
factors of the quadratic term, Sarva, 


2°, and the possible factors 
of the constant term, —9 


Test the possibilities to see Possible factors Linear term 
which produces the correct 


2 ~9 c= 
linear term, 7. Making a bested tay 2) Kia eae 
chart will help you do this. Bes anh Miva ager a 

MS i (2x + = 1) (-2 + 9x = Tx 
Since (2x + 9)(x — 1) gives (2e = De + 9) (18 — Ix = 17x 
the correct linear term, Qe -3x+3) | 6 —3x=3e 
2? + Tx 9 = (2x +9) — 1). (2x — 9x + 1), (= 9 = 74 
Answer 


Factor 147 — 17x + 5. 


Because the trinomial has 4 positive constant term and a negative linear term, 
both and y will be negative 


Example 2 
Solution — 
Clue 1 
Clue 2 


List the factors of the quadratic 
term, |4)7, and the negative 
factors of the constant term, 


Test the possibilities to see 
which produces the correct 
linear term, ~ 17x 


Linear term 
(x — 1)4e = 5) | (—5 — 14x = — 19x 


: (e = 54x = 1) | (1 = 70)x = = 71 
Since (2x ~ 1)(7x — 5) gives (2x = 17x = 5) | (10 ~ I= ~ 17x 
the comect linear term, (2x ~ STx — 1) | (-2 = 35yx= -37x 
14 = 11x +5 = (2x — Ix - 5) 

Answer 
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Remember to check each factorization by multiplying the factors. After 
some practice you will be able to select the correct factors without writing 
down all the possibilities. 

When the coefficient of the quadratic term is negative, it may be helpful to 
begin by factoring ~1 from each term. 


“Example 2 Factor 10 + 11x — 6x7 

Arrange the terms by 
“Solution 10 + tir — 6° = 62 + Mx + 10 decreasing degree, 
(=1)(67 = Lx — 10) { Factor —1 from each term. 
(2 = 58x +2) ( Factor the resulting trinomial. 
= (v= 5\Gx-+ 2) Answer 


Note: If you factor 10 + 11x — 6x7 directly, you will get (5 — 2xy(2 + 31). 
Since (5 — 2x) (2x — 5), the two answers are equivalent. 


‘Example 4 Factor Sa? — ab — 2207 


Sa” — ab — 22b7 


Sa ) (Write the factors of Sa 


ilities. 


a+ (Sa ~ 2) | Test pos 
=(a + 2b\(Su = 11b) Answer 

Note: If you write (a — ?)(Sa +) as the second step, you will not find a 
combination of factors that produces the desired linear term 


Oral Exercises 


The area of the rectangle is represented by the trinomial below. Use the 
diagram to factor the trinomial. 


2 a 
ha ea 


Ae 48x49 dy? Ret 3=(2e + 3Qe+ 1) 


Be 4Se42 pees |iz5| 


62+ 7042 
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For each quadratic trinomial tell whether its factorization will have the form 
(px + nig + 8), 
(px + rilgx ~ 5), 
or (px = rige = )y 
where p,q. r, and s represent positive integers. 


3, 2? +x —6 4. 5x? = 130 +6 5. dy? + 8c +3 
64 = dy 3 (2h = x= 10 8. 6x7 + Se +1 
9, 3x + 4x — 4 10, Si? = Lx +2 I. 87 = 25" 43 
12. 9x? + 6x . Lda? + RY + 3 14, 10.7 = 10x — 9 


Written Exercises 


Factor. Check by multiplying the factors. If the polynomial is not 
factorable, write prime. 


A 13h + 7x42 . i? + Sx +3 
30 8er 5 
+4y—1 
ou — 2 , 
9. 7x? + B+ 1 10. 2p* + Tp +3 
HM. Sx? — 17y +6 12, Tm? — 9m +2 
13. 3p° + Tp ~ 6 =3 
18, 4y? —y - 3 2 
17. 5 + 7x = 6x — 8 
19, | — Sb ~ 86° ~ 4y° 
21, 3m? + Mm + Gr 22, 2p? — Ipy + 64" 
23, 2x7 + xy — 37 24, Sa? = ab — 7h 
B 25 25mn ~ 6n® 26. 6h? + \7hk + 10K 
27. 6 — Vrp + Sp? 28. 4x7 + l6ry — 9y? 


C 37. %a+2 38. Ax — 1 — 97 = 1) =5 
39. a + 2b)? + Sa + Whe — Bc? 40, 26x — »)? — 9x — yz — 52? 
41. 4x4 — 1? + 4 42. 2x4 — 15x? — 27 
43. (y? + 3y— 17 -9 44, (a° — 4a — 1° — 16 
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45. Show that (15x7 ~ 14y + 3)(@x? + 19y — 7)(10x7 + 20% ~ 21) is a perfeer 
square by showing that it is the square of a polynomial 


46. Factor a'"* 'h? — 25a'"*'h2"""? — 240ab**?, where n is a positive 
integer 


Se ES SS te ee) 
Mixed Review Exercises 


Factor. 

L. x 225 2ix" a? Sr- 14 
40-60 +9 5. Oy 6. 4u' — 49 

7. 7 + Sy + 56 8. p> + 9 Loy? + My +9 
10. m* — m — 72 IL. n? + 12. b? — 2b — 24 


Self-Test 3 


Vocabulary irreducible polynomial (p. 214) prime polynomial (p, 214) 

Factor, 

1. a? + Ia + 35 2.3 10x + 16 Obj. 5-7, p. 213 

3. n? —3n — 28 4. ec? + Bed — 40d Obj. 5-8, p. 217 
2P -Ir+6 6, 30° + 10xy ~ By Obj. 5-9, p. 220 


FA AE ET LE LIF PEI LED AT. AT PG IEE PE 
Challenge 


According to the legend, the inventor of the game of chess asked to be rewarded by 


having one grain of wheat put on the first square of a chessboard ins on the 


two gi 
second, four grains on the third, cight grains , 
on the fourth, and so on. The total number 


of grains would be which is several 


thousand times the world’s annual wheat yield 
1. To find how large 2% is approximately 


you could enter the number 2 on the 


calculator and press the squaring button 


a number of times. How many times must 
you press this button? 


Factor 2% — 


1s a difference of squares 10 


show that it is divisible by 3, 5, and 17. 
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General Factoring and Its 
Application 

SS 
5-10 Factoring by Grouping 
Objective —_To factor a polynomial by grouping terms. 


A key tool in factoring polynomials is the distributive property: 
ba + ca =(h + eva 


This property is valid not only when a represents a monomial, but also when a 
represents any polynomial. For example: 


Ifa =x +2, you have bx + 2) + cl + 2)= (b+ Ce + 2) 


Ifa =3r—s + 7, you have bGr— 9 +7) + cBr—s+7)=(b+ OGr~9 +7) 


Example 1 Factor, a. (x+y) tweety) by mim + 4n) — On + 4) 
Solution a. (5 + wx + y) b. (nn = Lun + 4) 


Another helpful tool is recognizing factors that are opposites of cach other 


Factor Opposite 

ry —«-y) or —x+y or y-x 
4-@ —(4-a*) or —$+a* or a —4 

Qn 3k-1 | —Qn—3k-1) or —2n+3k41 or 3kK-2n41 


Example 2 Factor Sia — 3) ~ 2a3 ~ a) 


Solution Notice that a — 3 and 3 — a are opposites. 


S(a — 3) — 2a(3 ~ a) 2al[—(a — 3)] 
2ata — 3) 


=(S + laya—3) Answer 


In Example 3 you first group terms with common factors, and then factor 


Example 3° Factor 2ub — 6ac + 3b — 9¢ 
Solution 9 20b — bac + 3h — 9¢ = (ab — 6ac) + (3b — 9e) 


ath ~ 3c) + 3b = 3e) 
(Qa + 3b 3c) Answer 
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“Solution 2. 2ab — 6ac + 3b — 9¢ = ab + 3b) — (Gace + 9e) 
2a + 3) — 3e(2a + 3) 


b — 3c\2a + 3) Answer 


Example 4 uses what you know about factoring perfect square trinomials 
and differences of squares. 


“Example 4 Fector 4p? — 4g? + Agr — 7 


“Solution 4p? — 4@2 + 4qr — 2 = 4p? — (4g? — gr + 7) — A trinomial square 

Ip)* ~ (2g ~ 72 <— The difference of two squares. 
2p + (2g — r)\2p — (2q — r)) 

= (2p + 2q¢—nQp—2q +r) Answer 


In Example 4 you could have tried the grouping (4p* ~ 4g?) + (4gr — 7°) 
and factored the groups to obtain 4(p + gp — g) + r(4q— r). But this doesn’t 
lead anywhere. There are different approaches to factoring a polynomial. You 
may need to try several before arriving at one that works 


Oral Exercises 

Factor. 

1. ala — 2) + Xa — 2) 2. pig + l)- Aq +) 3. 2nA(r — 3) — S(r — 3) 
4. xl + 2y) — (vw + 2y) 5. uu + v) = via + ¥) 6. hth ~ 2) + 2022 = h) 
T. xix - 4) - (4-0) 8. min — m) — nm — ny 9. 2r(r — 9) + s(s — 1) 


Ei Se ene eee 
Written Exercises 


Factor, Check by multiplying the factors. 


A 1. 304+ y) Hr +9) 2. Urs) + Ar — 3s) 
3. e(f- 9) -4f— 2) 4. w(x — y) ~ Boe = y) 
5S. Wr - 5) + Ks — 4) 6. Tm — n) + p(n — m) 
7. lala + 3) — (3 +a) 8. u(y — 2) + 2022 - v) 
9, Ile = y) + (y= 2) 10. 3p(2q — p) — 2g(p — 2g) 
1A. 2u(u — 2v) + yu = 2v) + (u — 2v) 12. u(a ~ b) + 40a — by — ata — b) 
13. x(Qw — 3v + u) — Qw — 3v +u) 14. rr — 8 — 21) + 5(r — 8 — 2) 
15. (s* — 2ps + 2s) — (28 — 4p + 4) 16. (x? — xy + x) -— (Gy x-1) 
17. (31 — 392) + (rs — 1) 18. (9p — 3pq) + (2ng — 6n) 


19. (12x? = Sey) = 5¢ 


20. (p? — 2pq) — 224r — pr) 
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Factor, Check by multiplying the factors. 

21, 3a + ab + 3 + be 22. ry + Sr + 91 + Se 
23, x? — 2k + xy — 2y 24, w? — Qu + wv —2v 
25. — Dy + 4: 
27. +a? + 6a +2 


z —.Byz 


29. p? — 2pq + pr —2gr 30, 1? — 3uv — 6uw + 180 
31. 3k — 2k— 12h 48 32, 3ab—b — 4+ 12a 

33, 42° — 6:7 - 62 +9 34, 38 ~~ 9u + 3 

35. (Pie + de) + Pk + 4k) 36. (ab? + 2a*) ~ (ab? + 4a) 


LT Fi al ee tage l 38. 3 +I —4n-8 


Factor each expression as a difference of squares. 


O9..x- iia)? 40. 

41. (u — vy — aw? 42. 

B 43. (a+ 2b) - Qh +07 
45. a? + 4a + 4 — b' 


SSeaE 


54, m? — On + 9 — 6m 
56, p? —q@ — Ip + 2g 
58, a! +b) ch + 20° 
60. i? — 4 + 4h— 8 


C 61. Factor x4 + 4 by writing it as (xt + 4x? + 4) — 42°, a difference of two squares. 
62. Use the method of Exercise 61 to factor (a) 64x + | and (b) x4 + da* 
63. Factor a®""! +b! + a"b™" + ab, where 1 is a positive integer, 


SS a ae ee 
Mixed Review Exercises 


Solve. 

1, —12+x= -29 2. —n +10 3. 18 + x= 32 

4, 16 =14 32 5. 10m — 6m = 36 6. 5n-2n+8=9 
7. 14x = 700 8. —13n = 156 = 108 

10, 10n = 2n ~ 24 11, 19m + 14m 12, l0y + 6 = 4019 — y) 
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Pa Ss 
5-11 Using Several Methods of Factoring 
Objective To factor polynomials completely. 


A polynomial is factored completely when it is expressed as the product of a 
monomial and one or more prime polynomials. 


ns 
Guidelines for Factoring Completely 
. Factor out the greatest monomial factor first. 
. Look for a difference of squares. 


. If a trinomial is not a square, look for a pair of binomial factors. 
. If a polynomial has four or mote terms, look for a way to group the terms 
in pairs or in a group of three terms that is a perfect square trinomial. 
6. Make sure that each binomial or trinomial factor is prime, 
7. Check your work by multiplying the factors. 


1 
= 
3. Look for a perfect square trinomial. 
4, 
5 


Factor —4n* + 40n* = 100n* completely 


—4n* + 40n* — 100n* 


49°? = 10n + 25) — perfect square trinomial 


greatest manorial factor — 
—4n7(n — 5° Answer 


* completely 


“Example 2 Factor Sa°b? + 30° - 


First rewrite the polynomial in order of decreasing degree in a 
Sa‘b? + 3a%b ebs = 3a'b + Sab? — 2a°h* 
= a7b(3a" + Sab — 2b*) — trinomial 


greatest monomial factor 
= WhGa— ba + 2b) Answer 


Example 3° Factor a'he ~ 4be + a*b ~ 4b completely. 


aébe — 4be + ab — 4b = blac — 4e + a? = 4) 
= ble(a? — 4) + (a — 4)] {Factor by grouping 


= ble + IV 4) + Difference of square 
= ble + 1a + 2a ~ 2) 
Answer 


Factoring Polynomials 227 


Re SS eee 
Oral Exercises 


State the greatest monomial factor of each polynomial. 


1, 6° — 9ab — 15b* 2, 18x — 8x* 3. 157 + 207s — 20rs? 
4. 6ab+9arh — 15a5b Az — 4? — 16 6. 


Factor completely. 
7. 10a? — 15ab* 8. 4x + 6x7 Dit 
10, y4 + 6)? + 99? I, p — 2p°q + pg? 12, wv — wv? 


Ge SS ee eee eee 
Written Exercises 


Factor complete! 


A 1-6. The polynomials in Oral Exercises 1-6. 
7. Sa® + \Oab + 5b* 8. 6c? + 18ed + 127 


10. 3xy* — 27x° 
12, <n! — 3n? - 20? 
14, —m? + mn + 2m — In 
16. 80 — 120p + 45p* 
18. 8p3q — 18pq° 
180x7y — 10897 — 751° 


20. 
2A. kK + 1k + 2) — 3KK + 1) 22. ni? — 1) + nin — 1) 
23. 205 — Tu) — 4u 24, 8la + 18a° + a° 
25. P —6r— 957 + 9 26. x8 —4y" — 4x +4 
27, uw — 497 + 3u — 6 Big = +¢c —be 


1 — 4q? — 4 30. x7 — 2x — dy? — dy 
B 31, 100 + 4x’ — 16y? — 40x 32. 16x7 + l6y — y* — 64 
33, at — pt 34. m* — ni? 
35. Ipy + Iprt+ ger 36. 8a" + 4a%b — 2ab* — b° 
37, (a + bY ~ (ac)? 38. 3x5 + — 108% 
9: Pry — xy ty 40, 4 — 4x7 — dy? + Sxy 
41. ala + 2a — 3) — Bla — 3) 42, xix + Wx 4) + Ae + 1D 
43. 16c!" — 16 Huy teu 
45. ala? — 9) — Ya + 3)* 46. (x — 2)? — 1) — 6x - 6 
47, 90° — 9? — 36w* + Z0vW Box — +44 
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P(x + 2) — x(x + 2)— 120 + 2) 50. (a +b)’ ~ Oa + bP — Ta + bY 
1. 8 - 10P +9 §2. lor! — 8 + 1 
53. @? + b* —c ab + 2ed 54. (? — 7)? — wt + 9)? 
$5. Factor x* + x7 + 1 by writing it as (x + 2x7 + 1) — 3°, a difference of squares. 
56. Factor a* + a2b? + bt, (Hint: See Exe 
57. Factor a® + b* by writing it as a® + a*h — a*h — ab? + ab? + BS and 


grouping the terms by pairs. 


58. Factor a* — b', (Hint: See Exercise 57.) 


Simplify. 

1\(1 mea’! 5 145, 1 
1. (-2)(L)ao) 2. 4656) 1eqn(-4 
ae 6. 625 = (-5) 
Factor. 


Tee lax as 
10. 2n? + 192 + 9 


Y Career Note / Draftsperson 


Manufacturers and construction workers 
rely on detailed plans of buildings and 
manufactured products as a guide for 
production. The plans are prepared by a 
draftsperson using many different tools 
For example, he or she may use 
compass, a protractor, a triangle, and a 
calculator, A draftsperson also makes use 
of math skills, such as working with 
fractions, making measurements, and 
making drawings to different scales 
Today draftspersons use computer- 
aided design (CAD) systems to allow 
them to see many variations of a design. 


They often specialize in a particular field 
of work, such as mechanical, electrical, 
aeronautical, or architectural drafting, A 
draftsperson needs coursework in mathe 
| matics, mechanical drawing, and drafting 
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SS 
5-12 Solving Equations by Factoring 
Objective —_To use factoring in solving polynomial equations. 


The multiplicative property of zero can be stated as follows. 


) = 0, statement 


Ifa = 0 or b= 0, then 


The statement above is given in “‘if-then” form, The converse of a statement 
in * parts of 
the statement as shown below 


if-then’? form is obtained by interchanging the “if and “then” 


If ab = G, then a = 0 or b = 0. <—conyerse 


The converse of a true statement is not necessarily true. You can show that 
the particular converse displayed above is true (Exercise 55. page 233) 


‘The words “if and only if*’ are used to combine a statement and its con. 
verse when both are true. The zero-product property stated below combines the 
multiplicative property of zero and its converse. 


a 
Zero-Product Property 
For all real numbers a and b: 


ab = 0 if and only if a= 0 or b=0. 


A product of factors is zero if and only if one or more of the factors is zero 


The zero-product property is true for any number of factors. You can use this 
property to solve certain equations 


Solve (x + 2)(x = 5) = 0. 


One of the factors on the left side must equal zero. Therefore. 


Just by looking at the original equation, you might have seen 


that when x = —2 or x = 5 one of the factors will be zero. 


Answer 


Either method gives the solution set {—2 


Solve Sn(n ~ 3)(n = 4) = 0. 


‘Solution sn=0 or n 


n=0 


or n—4=0 


n=4 


©, the solution set is {0, 3, 4}. Answer 
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A polynomial equation is an equation whose sides are both polynomials. 
Polynomial equations usually are named by the term of highest degree. If 
avd: 
ux +b =0. isa linear equation. 
ax’ + bx +e=0 is a quadratic equation. 
ax’ + bx + ex+d=0 isa cubic equation. 

Many polynomial equations can be solved by factoring and then using the 
zero-product property. Often the first step is to transform the equation into 
standard form in which one side is zero. The other side should be a simplified 
polynomial arranged in order of decreasing degree of the variable. 


Example 3 Soive the quadratic equation 22 + Sx = 12. 


“Solution 1. Transform the equation into standard form. 22 + 5x - 12=0 


. Factor the left side 2x 30 + 4) =0 
3. Set cach factor equal to 0 and solve, Wv-3=0 of y+4=0 
x= —4 
4. Check the solutions in the original equation. 
2(3) +5(2 2-4)? + 5(-4) 2 12 
216) ~ 202 12 
v 32-2=12 ¥ 
© Answer 
Example 4 Solve the cubic equation 18y' + 8y + 24y 
“Solution 1. ‘Transform the equation into standard form, Igy! + 24? + By = 0 
2. Factor completely 2y(Oy? + 12y +4) =0 


2y3y + 2P =0 


Solve by inspection or by equating each Oory 


factor to 0. 


4. The check is left to you. 


cs the sotution set is {0, ~2}. Answer 


‘The factorization in Example 4 produced two identical factors, Since the factor 
3y + 2 occurs twice in the factored form of the equation, —% is a double or 
multiple root. Notice that we list it only once in the solution set, 
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Caution: Never transform an equation by dividing by an expression containing a variable 
Notice that in Example 4, the solution 0 would have been lost if both sides of 
2y(9y? + 12y + 4) = 0 had been divided by 2y 


Oral Exercises 


Solve. 
1. xiv — 6) =0 2. lala + 1) =0 3. 0 = 3p(2p — 1) 
4 (y-— My + H=0 5. 0 = (31 — 2K — 3) 6 xu — Qe + 1 = 0 


Explain how you could solve the given equation. Then solve, 
7, 4c — = 0 8. a =4a 9 +4 = 4k 
10. mt’ = 2m = we? 1. 9 = 12. 0=-n +n 


13. Give an example of a true “if-then’” statement with a false converse, 


Solve. 

1+ Sy -N=0 2 (nt Din +9) =0 3. 1Snin + 15) =0 

4. 2x(r — 20) = 0 5, (2¢— 334-2) =0 6. (lu + 73u ~ 1)=0 

7. 3x2 + Qe + 5) =0 8. n(Sn — 2)(2n + 5) =0 9. y?-3y+2=0 

0. p?~p-6=0 1. 0 = 17 + I4e + 48 ~ 12k + 35 
36 = 16m 14. P+ 9= 10r 4s + 32 


* = 20r — 100 18, 94? = 4k 
=0 21. 6? + n= 
2 24. r—6F =-1 
25. - 27. 8u* — uw? =0 
28, 10u' — Sw = 0 30. 0 = 10x! — 15,7 
31. By? —9y +1 =0 32, Oh + 17h + 12=0 33. 151 — 14u = 49 
34. 25x? — 90x = —81 35. dp? + 121 = 44p 36. 6c? — 72 = Ile 
B 37. 4r — 12¢ + &r=0 38. 2n° ~ 30n? + 100n = 0 39, 9 + 9x = 30," 
40, 98 + 25x = 30x" 41. y* — 10 +9=0 42. uw — 1308 + 36u = 0 
‘Samplet (xv 4)- 12 
‘Solution + 2x~3-12=0 
(v— 3x +5)=0 — «. the solution set is {3, —5} 
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Solve. See Sample 1 on page 232. 


43. (= + Iz —5) = 16 44, (21 Sir 1 
45. (x — 2x + 3) =6 46. (a — 5a — 2) 
47. x(x — 6) = 4(x — 4) 48, 3(m + 2) = mim — 2) 


Find an equation in standard form with integral coefficients that has the 


given solution set. 
(Solition (x 3)uer—0 


3lx-2)a+4)=0 


(3x — 2)n +4) =0 
3x7 + 10-8 =0 


at 


Multiply by 3 


49. {2, —3} 


51.) 
54.) 


s2.{-+, -1} 


C 55. Supply the missing reasons in the proof of: If ab = 0, then a = 0 or b = 


Case 1: If a = 0, then the theorem is true; there is nothing to prove 


Case 2: Suppose that a # 0 and show that then b = 0. 
a ab=0 a. Given 
b, + exists eos 
ec. dab) = 100) yee 

a a 
4. (ab) = 0 (Ne 
@ 
1 = ” 
e. (Fa)b=0 ieopest 
f  lh=0 4 
2. b=0 Fo at 


Evaluate if x = 2 and y 


1. (x= yy 2. <x? 

4. (5x)? 5. 4x +? y 
7. A(x + yy? 8. (yx)? 

Simplify. 

10. (3° y(—2ay4) H. (9a)* 12, —3(x + 2) 


Factoring Polynomials 


5-13 Using Factoring to Solve Problems 


ctive — To solve problems by writing and factoring quadratic e 
p ig quad I 


ations, 


The problems in this lesson all lead to polynomial equations that can be solved 
by factoring. Sometimes a solution of an equation may not satisfy some of the 
ns of the problem. For example, a negative number cannot represent a 
length or an age. You reject solutions of an equation that do not make sense for 
the problem: 


cond 


Example 1 A decorator plans to place a 


rug ina 9m by 12 m room 
at a uniform strip of 


sot 
flooring around the rug will 
remain uncovered. How 
wide will this strip be if 
the area of the rug is to be 
half the area of the room? 


Step 1 The problem asks for the 


width of the strip. 


Step 2 Let x = the width of the strip, 
Then 12 — 2y = the length 
of the rug and 9 — 2x = the 

| width of the rug 


Steo 3 Area of the rug = + (Area of the room) 


1 
} 
L 


(12 = 2x9 — 2x) Ge tg bd 


Step 4 108 ~ 42x + 4x? = 54 
4x? — 42x + 54 

2(2x? — 2 + 27) = 0 

2[(2v — 3x — 9} = 0 
2x-3=0 or x 


Step 5 Check: When x = 1.5, the area of the rug When x = 9, the length, 
is (12 — 2x)(9 — 2x) = 9-6=54 12 — 2x, and width, 9 — 2x, 


= | (Area of the room) intl ee ete 
2 length or width is meaning- 


are negative. Si 


less, reject « = 9 as an answer, 
, the strip around the rug will be 1,5 m wide, Answer 
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‘The equation in Step 3 of Example | has a root that does not check be- 
cause this equation does not meet the “hidden” requirements that the rug have 
positive length (12 — 2x > 0) and positive width (9 — 2x > 0). Usually it is 
easier to write only the equation and then check its roots against other condi- 
tions stated or implied in the problem. 

In the next example both solutions of the equation satisfy the conditions of 
the problem. You can use the formula 


han 49° 


to obtain 2 good approximation of the height h (in meters) of an object 1 seconds 
after it is projected upward with an initial speed of r meters per second (m/s). 


‘Example 2 An arrow is shot upward with an initial speed of 34.3 m/s. When will it be at 


a height of 49 m? 


Step 1 The problem asks for the time when the arrow is 49 m high, 


Step 2 Let = the number of seconds after being shot that the arrow is 49 m high. 
Let fh = the height of arrow = 49 m. Let r = initial speed = 34.3 m/s. 


Step 3 Substitute in the formula: ha=n—4.9° 
49 = 34.37 — 4,97 
Step 4 4.9P — 34,31 + 49=0 


4.97 — 71+ 10)=0 
4.91 — 21-5) = 0 
Completing the solution and checking the result are left for you. 
A calculator may be helpful. 
©. the arrow is 49 m high both 2s and 5 s after being shot. Answer 


Solve. 


A 1. If a number is added to its square, the result is 56, Find the number, 
2. If a number is subtracted from its square, the result is 72. Find the number, 
3. A positive number is 30 less than its square. Find the number. 
4. A negative number is 42 less than its square, Find the number 
5. Find two consecutive negative integers whose product is 90. 
6. Find two consecutive positive odd integers whose product is 143, 
integers is 340, 


7. The sum of the squares of two consecutive positive © 
Find the integers. 

8. The sum of the squares of two consecutive negative even integers is 100 
Find the integers. 
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Solve. 
ater than its width. Find the dimen 
sions of the rectangle if its arca is 105 em? 


10. The | 


sions of the rectangle if its area is 108 cm? 


9. The length of a rectangle is 8 em § 


ts width. Find. the dime 


h of a rectangle is 6 cm less than twi 


11. Find the dimensions of vle whose perimeter is 46 m and whose 
area is 126 m*. (Hint: Let the width be w. Use the perimeter to find the 


fh in terms of Ww.) 


12. Find the dimensions of a recta 
area is 104 m 


je whose perimeter is 42 m and whose 


13. The sum of two numbers is 25 and the sum of their squares is 313. Find 
the numbers. (Hint: Let one of the numbers be x. Express the other number 
in terms of x.) 

14, The difference of wo positive numbers is 5 and the sum of their squares is 

33. What are the numbers? 

15. Originally the dimensions of a rectangle were 20 cm by 23 em. When both 
dimensions were decreased by the same amount, the area of the rectangle 
decreased by 120 em?. Find the dimensions of the new rectangle 


16. Originally a rectangle was twice as long as it was wide. When 4 m were 
ngth and 3 m subtracted from its width, the resulting rectan 
gle had an area of 600 m*. Find the dimensions of the new rectangle 


added to its | 


In Exercises 17- use the formula f = rt — 4.97 where h is in meters and 
the formula h = rt — 16¢ where hr is in feet. A calculator may be helpful. 


17. A ball is thrown upward with an initial speed of 24.5 m/s. When is it 
19.6 m high? 


h’) (Two answers) 


18. A rocket is fired upward with an initial speed of 1960 m/s. After how 


many minutes does it hit the ground? 


19. A batter hit a baseball upward with 
an initial speed of 120 fs. How 
much later did the catcher catch it? 

20, Mitch tossed an apple to Kathy, who 
was on a balcony 40 ft above him 
with an initial speed of 56 fs. Kathy 
missed the apple on its way up, but 


caught it on its way down. How long 
was the apple in the air? 

21. A sigi 
initial sp 
ba 


flare is fired upward with 
eed 245 mis. A stationary 


loonist at a height of 1960 m sees 
the flare pass on the way up. How 
after this will the flare pass the 
balloonist again on the way down’? 


long 


22. A ball is thrown upward from the top of a 98 m tower with initial speed 
39.2 m/s. How much later will it hit the ground? (Hint: Consider the top of 
the tower as level zero. If h is the height of the ball above the top of the 
tower, then / = —98 when the ball hits the ground.) 

23. A rocket is fired upward with an initial velocity of 160 fis. 

a. When is the rocket 400 ft high? 
'b. How do you know that 400 ft is the greatest height the rocket reaches’ 


Solve. 


fence 


24. A garden plot 4m by 12 m has one 
side along a fence as shown at the 
right. The area of the garden is to be 
doubled by digging « border of uniform 
width on the other three sides. What 
should the width of the border be? 


25. Vanessa built a rectangular pen for her 
dogs. She used an outside wall of the 
garage for one of the sides of the pen. 
She had to buy 20 m of fencing in 
order to build the other sides of the 
pen, Find the dimensions of the pen 
if its area is 48 m*. 

26. A rectangular garden 30 m by 40 m 
has two paths of equal width crossing 
through it as shown. Find the width 
of each path if the total area covered 
by the paths is 325 m? 


27. A box has a square bottom and top 
and is 5 cm high. Find its volume, 
if its total surface area is 192 cm, 

28. ‘The bottom and top of a box are rectangles twice as long as they are wide. 
Find the volume of the box if it is 4 ft high and has a total surface area of 
220 fF 

29, A 50m by 120 m park consists of a rectangular lawn surrounded by a path 
of uniform width. Find the dimensions of the lawn if its area is the same as 
the area of the path. (Hint: Let x = the width of path.) 


30. The Parkhursts used 160 yd of fencing to enclose a rectangular corral and 
to divide it into two parts by a fence parallel to one of the shorter sides 
Find the dimensions of the corral if its area is 1000 yd? 

31. Each edge of one cube is 2 em longer than each edge of another cube. The 
yolumes of the cubes differ by 98 em. Find the lengths of the edges of 
each cube, 
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32. A rectangular sheet of metal is 10 em 
longer than it is wide. Squares, 5 cm on a 
side. are cut from the corners of the sheet, 
and the flaps are bent up to form an open- 
topped box having volume 6 L. Find the 
original dimensions of the sheet of metal 
You may wish to make a model 
(Recall that 1 L = 1000 em*,) 


ee LL ae ares 
Mixed Review Exercises 


mplity. 


1. (8a7b)(2ab*) 2. 3. 3a(4 — 2b) 

4. (67) 47s") E)(16n ~ 24p) 6. (—28x ~ 14y9/ 
7. (3a + 2)(2a? + 5 — 7a) 8. (3b7y)? 9. Gx(v? — 8) 
Factor completely. 

10, —28 + 6m + 10m? 11. 36a" — 9ab? 12, 2in? + 22n- 8 
13, f° —y! —12)7 14, 15m? + 26mn + 80° 15. 3 + 10x? — 17% 


(ST 
Self-Test 4 


Vocabulary factor completely (p. 227) quadratic equation (p. 231) 
converse (p. 230) cubic equation (p. 231) 
polynomial equation (p. 231) standard form of a polynomial equa: 
linear equation (p, 231) tion (p. 231) 


Factor completely. 


1. Tr — 3rt + 7s — 3st 2. n? —2n + 1 — 1007 

3; 12a? + 2a 4. 21xy — 18? — 6y* 

Solve 

S ~ 4k = 32 6. Sm? + 20m + 20=0 Obj. 5-12, p. 230 
7. a = 1690 8. z +3 


9. The length of a rectangle is 9 em more than its width Obj. 5-13, p. 234 
The area of the rectangle is 90 em*. Find the dimensions 
of the rectangle. 


Check your answers with those at the back of the book. 
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ZY Historical Mote / The Sieve of Eratosthenes 


Although Eratosthenes (276-194 8.¢.) is best known for determining the diame- 
ter and circumference of Earth, one of his greatest contributions to mathematics 
was his sieve, a method of “sifting out” the primes from the set of positive 
integers, 

To use the sieve of Eratosthenes write out the consecutive integers from 2 
through any number. say 100. Then, circle 2 and cross out all numbers in the 
list that are multiples of 2. Next, circle 3 and cross out every number that is a 
multiple of 3. Continue in this manner until only the circled numbers remain. 
These are prime numbers, 


) 


ADSM I ODKHOK HK 6D HD w 
24 5 6 27 2% B® 30 G) 32 35 34 3s a6 GD 3K 29 4d 
as ak ae ay Fr 52 @ 38 30 aT a ow 
bt WS 6 ©) 6K 9 70 T) 22) 78 7 36 TT ID we 
S4 AT AG WT RK QO) OF oF OF oe 98 96 OF OF 94 100 


Extra / Sums and Differences of Cubes 


Both sums and differences of cubes can be factored. x + y? = (x + yx? — xy + 97), 


as shown by the factoring patterns at the right 3 


(x — ya? + xy + 9°) 


Exercises 


1. Verify the factoring pattern for the sum of two cubes by multiplying 
w+ yi -— y+ 


2. Verify the factoring pattern for the difference of two cubes by multiplying 
(v= yi? + ay + 7 


Factor. 
Sample m' ~ 27 =m ~ 3° =(m— 3)? + 3m + 9) 
3 +8 4, a) — 64 $n} + 125 6. 27 — 216y° 


as a difference of cubes to show that 
(w= Dov + Daw? + we + 1). 


7. a. Factor 


1 as a difference of squares to show that 
Ow = Dov + Dow? + w+ Dar? = wt 1). 


¢. Show that the factorizations given in parts (a) and (b) 
ate equivalent by writing 


wi tw? + 1 = (wt + QW? + 1) — 


and then factoring the difference of squares on the right 
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Chapter Summary 


1. Prime factors of positive integers can be found by using the primes in order 
as divisors, The prime factorization of a positive integer is the expression of 
the integer as a product of prime factors . 


The greatest common factor (GCF) of two or more integers is the greatest 
integer that isa factor of all of them, The greatest common Jactor of two or 
more monomials is the common factor with the greatest coefficient and 
greatest degree in each variable, 


3. The rule for simplifying fractions (page 189) and the rule of exponents for 
division (page 190) can be used to simplify quotients of monomials 


4. A method for multiplying binomials mentally is given on page 200. 


‘The following factoring paterns are useful in factoring polynomials 


(a+ bY 
=(a— by 
(a + ba ~ by 


6. Guidelines for factoring polynomials completely are given on page 227 
7. The zero-product property (ab = 0) if and only if a = 0 or b= 0) is useful 
in solving polynomial equations 


Chapter Review 


Write the letter of the correct answer. 


List all the pairs of integral factors of —111 Sl 
a. (-IM- 11D. bb. (DTD. ce. (—1)11), d. (IN). 
(-3-37) (~3)(37) (I - 1), (1-11), 
GM -37) (3)(37), 


(337) (—3-37) 
2. Find the prime factorization of 72 


a. 6 shy a 
c. 14 d. 42 
4. Simplify 5-2 
al bo 5 a5 
5. Find the missing factor: —105x4yv" = (Tay?) 
b. —15y%y? d. —25.7y4 
We 4 6 
6 
by Se? + 16 d.2 
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7. Factor 18x — 63x? + Ox. 
a. 9(2x? — Ta? + x) b. 9x(2x7 — 74) 
C. 9x(2k? — 7x +3) d. 9% = ean) 
8. Express (A ~ 1)(k ~ 1) as a polynomial. 
a P+1 b. %k+1 ce — +7 da. 2+ Rk+1 
9. Express (Sm + 4n)(m + 4n) as a polynomial, 
a, Sm? + 8n> b. 5 l6n? 
e. Sm™ + dn + Bn" d. Sn? + 24mn + L6n? 
10. Express (2m — 3n)(2m + 3n) as a polynomial. 
an? b. dm? — On? 
ec. dn? + 12min — Yn? 12mn — 9n? 
11. Factor 49 — x4 
a. (+7) —7) b. 7427 = 27) 
CG ENR = 7) d. (7 —x*\(7 + x4) 
12. Express (7r — 33)? as a polynomial 5-6 
a, 4977 + 9s b. 4977 — 97 
©. 497 + 42rs = 95? d. 497? — 49ry + 99? 
13. Factor a? — 2a + 1. 
a. not possible b. (a1 ce. (a+ ly d. (a — 
14. Factor a + ab +B. 
b. (a + bY ¢. (a— by d. (a + bla — b) 
5-7 
b. (y= 1DW- 1) ©. (y= 3) - 4) 
16. Factor x + 16x + 48, 
a, (x + 6x + 8) b. (x + 2)(x + 24) ce (xt 4\lx + 12) 
17. Factor 1° + 12n — 45. 5-8 
a, (n—9\Xn + 5) b. (n+ 15)(n — 3) e. (n— 15)(n + 3) 
18. Factor x7 — L4x — 48, 
a, not possible b. (x = 16)(x + 2) e (x 4)x— 12) 
19. Factor 8a — 17a + 2. 59 
a, (2a ~ 2)(4a ~ 1) b. (8a ~ Ita = 2) ec. (Ba ~ 2)fa— 1) 
20. Factor 3(x — 2) — 4x(2 — x). 5-10 
a, 12x(x — 2) b, (3 + 4xyix — 2) c. (4x ~ 3x = 2) 
21, Factor 2x'y ~ 5Oxy completely. Sl 
a. 2ylr? — 25x) b, wir - 5° c. 2ay(x + 5)ev — 5) 
22. Factor mu? — 9n° + 2m — 6n completely. 
a. (m+ 2)(m — 3n) b. (mt + 3n + 2)(m — 3n) . (m + 3n\(m — 3n\im — 3n) 
23. Solve Sa(3a — 1)(2a + 4) = 0. 
a. {0, 4, -2} b. {0, 3, —2} c. {0, 3, — 4} d. {0, 4, —3 
24. [am thinking of four consecutive integers. The sum of the squares of the S13 
second and third is 61, Find the integers. 
a, {4, 5, 6, 7} b. {-10, -9, 8, ~7} 
€. no solution d. {-4, —5, ~6, ~7} or {4, 5, 6, 7} 
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Chapter Test 


ist all pairs of integral factors of each integer. 


t. -87 2. 91 Sl 
3. 420 4.168 
6. 5-2 
49ab* ~ S6ab* & 5.3 
iB Tab* 
Evaluate by factoring first. 
9. 97 x 16-97 x6 10. 82° + 82-18 
Write each product as a polynomial. 
11, (5m = 1)(6m ~ 5) 12, (7x — yx + 9y) s4 
. (7 — 8xy(7 + 8x) 14. (c4 + *\(e4 — 0?) 5-5 
15. (x — 97° 16. (4m — 6n)* 5-6 
Decide whether each trinomial is a perfect square. If it is, factor it. If it is 
not, write not a perfect square. 
17. n° + 16k — 64 18. 16x° — 8 + 1 19. a — 9ab + 81 
Factor completely, If the polynomial is not factorable, write prime. 
20.  - 3b +2 21. —2e+4 22. a? — Gab + 8b* 57 
23. a® — 6a — 40 25. x? + 22xy — 48)" 5.8 
26. 4a*—a—5 28, 7 — 23¢ +67 59 
29. Six — y) + 2ly — 2) 30. ax t+ 2vtat2 5-10 
ee lest 32. xy —y? 5-11 
33. 9in* — 63° + LO8in 34, +at+ab+b 
Solve. 
38. 3x7 — 41 = = 60 36. Sm* = 85m 37. 9x" 5-12 


3B. 


th of a rectangle is 3. cm more than twice the width. The area of 
the rectangle is 90 cm*. Find the dimensions of the rectangle 
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uo Se eT CU 
Cumulative Review (Chapters 1-5) 


Simplify, Assume that no denominator equals zero. 
—168a 
4 
6. (3m ~ 4) — (4m — 5) 


55h (=e, Sie 
1,-3.3 + (-27.3 + 10.6) z ra ats 
4. (-4P +2+2-8 = 
24) (302i ey? — Oxy + 
7. (2a*b)\(3a%by 8. |, Zixiy* = 9xty + Sey 
per Oxy 
10. (6rs ~ 7H(6rs + 70) MW. (7a +4 12. -131 + 51 — 5) 


= 3) 0 


Evaluate if w = 


LS 15, (2x + 2° 


16, Find the prime factorizations of 90 and 756 and then find their GCF. 


Factor completely. If the polynomial cannot be factored, write prime. 

19. 1ab + 9b? 
22. —k- 42 

25. a + ab — ab? — b* 


17. 6p — 2p’? + 8p?r'st 
2. 2 + 15x + 26 
23. by? + 13y — 5 


Solve. If the equation is an identity or has no solution, say so. 


%6. 9c —3=24 27. \a\— 

29, Hex — Wy = 4x +5 30, + 

32, 3m — 2 = 1 (8m + 6) — (m + 5) 

34. xP —6x + 15 =6 (x + Te + 1) = (& + 2)? + Sx 
36. 8b? — 10b 37. 8-9 + 200 =0 


38. Marvin has 20 nickels and dimes. He has 3 as many dimes as he docs 
nickels. How many nickels and how many dimes does Marvin have? 

39, The 42 km drive from Oakdale to Ridgemont usually takes 28 min. Be- 
cause highway construction requires a reduced speed limit, the tip now 
takes 14 min longer. Find the reduced speed limit in km/h 

40. The sum of the squares of two consecutive integers is 9 greater than 8 
times the smaller integer Find the integers. 

41. The length of a rectangle is 5 greater than 3 times its width, The area of 
the rectangle is 22 cm’. Find the length and width of the rectangle 
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Review the five-step problem solving plan described on page 27. 


Sample ‘The length of a rectangle is 10 cm less than 4 times the width. If the perime- 


ter is 1.3 m, find the dimensions of the rectangle. 


Step 1 Read the problem carefully, It asks for the length and width of the rectangle 


Make a sketch. 


Step 2 Choose a variable and use it with the given facts to 
represent the unknowns described in the problem. " 


Let w 
Then 4w — 10 = the length. 
Step 4 Write an equation based on the given facts: 
‘The perimeter ish 3m 
2w + 24w—10)= 130 (1.3 m = 130 em) 
Step 4 Solve the equation and find the unknowns asked for: 


10w — 20 = 130 
LOw = 150 
w= 15; 4w — 10 = 4(15) — 10 = 50 


Step 5 Check your results with the words of the problem. Give the answer. 
~. the length is 50 cm and the width is 1S cm. Answer 


the fie-step plan to solve each problem. 


Width. The area of 
ingle 


1. The length of a rectangle is 2 em greater than twic 
the rectangle is 40 em?, Find the dimensions of the 1 
sare such that the square of the greatest is 32 less 


2, Three consecutive int 


than the sum of the squares of the other two, Find the integers, 


3. The bottom of a box is « rectangle with length 5 em more than the width, 
The height of the box is 4.¢m and its volume is 264 cm*. Find the dimen- 
sions of the bottom of the box. 


4. A painting is 6 cm longer than it is wide. The painting is to be surrounded 
by a mat that is 2.em wide and covered by a piece of glass with area 
352 cm*_ Find the dimensions of the painting. 


A ball is thrown upward with an initial speed of 19.6 m/s. When is the 
opposite a roof top that is 14.7 m high’ Use the formula 
h=rt—4.9P where h is the height. (A calculator may be helpful.) 
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the width, 4w=10 


DS Eee 
Mixed Problem Solving 


Solve each problem that has a solution. If a problem has no solution, 
explain why. 


A 1, Paul earns $4 an hour working at the library and $8 an hour mowing 
lawns. This week he worked 25 hours and earned $164. How many hours 
did he work at the library? 


2. The atomic number of nickel, 28, is 5 times the atomic number of oxy- 
gen, Find the atomic number of ox: 


Maureen jogged 3 km less than her older sister. If each of them had jogged 
4 km less, the total of their distances would have been 15 km, How far did 
each sister jog? 

4, The difference between the highest and lowest recorded temperatures in the 
Yukon is 74.6° C. If the lowest temperature is —44.4° C, find the highest 
temperature 

5. The sum of two numbers is 5. The sum of their squares is 53. Find the 
numbers. 

6. A can of house paint costs $4 more than a can of wall paint, If 7 cans of 
house paint cost the same as 9 cans of wall paint, find the cost of each 
type of pa 

7. The width of a rectangle is > the length. When each dimension is de- 

creased by 2 cm, the area is ‘decreased by 36 cm?. Find the original dimen- 

sions of the rectangle. 


8. I have 30 quarters and dimes worth $5.50, How many dimes do I have? 

9, A submarine traveling 64 m below sea level dived 37 m, dived another 
28 m, and then rose 70 m. Find its new depth 

10. During July, Ross made deposits of $837.26, wrote checks for $709.74, 
paid a service charge of $4, and received $3.70 in interest. If his new 
ance was $528.01, what was his balance at the beginning of the month? 


B11. A doubles tennis court hias the same length as a singles court but is 9 ft 
wider. The length of a singles court is 3 f€ less than three times the width 
The area of a doubles court is 2808 {7. Find the area of a singles court. (A 
calculator will help you to test possible factors.) 

12. At 3:00 P.M, Mark Jeft Pittsburgh and drove toward Cleveland, 208 km 
away. At 3:30 Carole left Cleveland and headed toward Pittsburgh, driving 
2 knv/bh slower than Mark. If their cars passed each other at 4:30, how fast 
was each driving? 

13. Phil walked to and from school. On his trip home he walked 2 km/h faster 
and the trip took 5 min less. Find the total distance he walked 

14. Find thr 
the greatest 


consecutive even integers such that half their sum is 7 less than 
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1 40900025 
Pans 


Algebraic Fractions 


ES SS 
6-1 Simplifying Fractions 


Objective To simplify 


ebraic fractions: 


When the numerator and denominator of an algebraic fraction have no common 
factor other than | and —1, the fraction is said to be in simplest form. To sim 
plify a fraction, first factor the numerator and the denominator 


Simplify aa) 
1 Simplity 3% 


3a + Ba + 2) 
Solution {2+ 6 — 7°" Factor the numerator and denominator 
(and look for common factors 


(a= —b) Answer 


Remember that you cannot divide by zero. You must restrict the variables 
in a denominator by excluding any values that make the den¢ 


zero, In Example 1, a cannot equal > 


ninator equal to 


=) 
DO +H 


+3103) v+3and3 +x 
Da? — are equal 


Answer 


jote: ‘To sce which values of the variable to exclude, look at the denomina 
tor of the original fraction, Neither 2¢ + 1 nor 3 +.x can equal zero. 
Since 2x + | #0 and 3 +x #0, x+ 


nd x + —3 


Example 3 simplity *—"— 


Solution First factor the numerator and the denominator, If you don't see any common 
factors. look for opposites 


(Solution vontinues ¢ 


Fractions 


2x — 3 _ (em IM +3) 


{Qe = 1) and (1 — x) are opposites. 
ld =» = -@-1) 


a—n2+9 


Hx + 3) 
G He +0 
21+3 
ea) 


Example 4 Solve ax — a? = bx = B for x 


Solution ax w= bx {Collect all terms with x on one side of the 


ax be =~ lequation and all other terms on the other side 


(a> bv = (a + ba — 6) {Factor both sides of the equation 


ba ~ by) 
x = CE BNEK {Divide both sides by the coefficient of x 


v=atbh (a#b) Answer 


GSES Tas eee 
Oral Exercises 


Simplify. State the restrictions on the variable. 


s. 6 ats 

9 4#5t Ce er 2, Save 
Which of the following fractions cannot be simplified? 

3 $8 mw? is 16 Sr 


ms on the variables, 
12m = 150 Sa — 10 
9 a—2 utd 


wel Av = 8 
nes . a By 
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4p? — 8p (e+ 42r+D 


10, S A 
4p Me ane 3) 
1p, SS2+7 13, @ +844 16 
@-w7rF2) ZaamitG 12h +35 
(a— 5p 
16. 
Ba 


ab + dae + 4a? 


= ay 26: “5 ac + ha 
ne 
Solve for x. 
29, ex + de = c? — 30. ar + by= @ + Jab + 
3. abe ~b =ar—1 32. 3av + 6 = a*x + 2a 
33. Skx — x = 25K? — 10k + | 34. 4x — 4 = b+ Sb — be 
35, Lex + 3dx = 4e? + Led + 9d? 36. 20 + Sk = 6h — 3k — 6 
37. aly — a) + 6x + 6) = 0 38. Qn(x — 2) =~ — Sn +2 


39. Miguel wants to evaluate =3 and y = 1. First he simpli- 


fies the fraction to x + 2y. Then he substitutes x = 3 and y = 1, getting 5 
for his answer. Miguel also uses the simplified form x + 2y to evaluate the 
given fraction when x = 4 and y getting 8 for his answer. Tell whieh 
one of these two answers is incomect and explain why 


40. Donna wants to simplify 
ay? _ 4? -4y? 
dy = — dy ay 


dy to show that her solution is incorrect. Simplify 


She gives this solution 


Choose values of 
the fraction correctly 


Simplify. Give any restrictions on the variables, 


Sx? = 36)" 
18 


8a? + Gab — Sb? 
Toa" — 356° 
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Simplify. Give any restrictions on the variables. 


ta +b) ~ Aa + bd 


45, “* 


etart- 


50. Gs tae ae 


For which value(s) of x does each fraction equal zero? 


=r = 15 


en4 wet 
i + 3x — 40 « 


voae4 dex 


Mixed Review Exercises 


Simplify. Assume that no denominator equals zero. 


1, 12(4u +4) 2. (-42n + 28p)(-+) 

pp pee 6. (=20-7)(-4)(-5) 
oO 

Solve. 

7. -y+15=9 8. 68 =—5 9. Sp +8 = —47 

10. Six +2)+2=27 1. 9 -(V+5)= 11 12. (3n ~ 6) — (5 — 3) =7 


Computer Exercises For students wiih some programming experience 


1, a, Write a BASIC program to evaluate cach algebraic fraction for x= 10, 
20, 30, 40. 50 


_* 2 3) 
ar Sie ean 9 ver 


b. As the value of x increases, what happens to the value of each of these 
algebraic fractions? Explain why 
2. a. Write a BASIC program that uses READ , . . DATA statements to 
v4 


evaluate the algebraic fraction 


7 for x 13, 22, 


50, 99) 


b. On the basis of your results in part (a), suggest a general formula that 
evaluates the given fraction for any value of x 
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a 
6-2 Multiplying Fractions 
Objective — To multiply algebraic fractions. 


The property of quotients given in Lesson 5-2 states that 
aca, 


bd b 


Example a 
10 
\Sohition? 8.3 — 8-3 2¢_ 4 You can multiply first 
9° WwW 9 10 oF 15 ‘and then simplify 
: 
"Solution 2 one {You can simplify first 
W015 land then multiply 
m & =a <2 
Example 2 Muliply: a. 55 a roe 
2 a 0) 
as ORM 


25 (ve Ae) Oe 


© 3 sa bet 3} 
(y — 4e * 5) 
(x40, #5, x 4% -3) 
Answer 
2 x 20 
Another way to write the answer to Example 2(b) is : The fac 


tored form of the answer, as shown in Example 2, is the one we'll show in. this 


book 
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In Example 2(b), the denominators of 75! - <> equal zero 
when y is 0. 5, or —3, so the product is restricted to values of x other than 0, 


5. and 3. 
From now on, assume that the domains of the yariables do not include 
values for which any denominator is zero, Therefore, it will not be necessary 10 

show the excluded values of the variables 


In Chapter 4, you learned the rule of exponents for a power of a product 
For every positive integer m, (ab)" = ab” 
The rule below is similar. 


0 TTS 
Rule of Exponents for a Power of a Quotient 


For every positive integer m, 
ay" 
(3) 


Example 3 simpiity (4) Example 4 simpiity (-S) «+. 


x 
= Answer 
7 Answe 


Oral Exercises 


Multiply. Express each product in simplest form. 


6,10 9 | 16 3,8 a,b 
wos med a -5-5 Pivig 

ees n, 16 5? laa 

ears 6°” 4 3 4 

>,4 ba [ee ee 3 f 
9, Ber 4 10, ni = 9g, 3u=2._# 
¢ Quy oh Os is x—1 septa 2-3n 

Simplify, 
13, (34) 14. (+ 
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ES SS Eee 
Written Exercises 


Multiply. Express each product in simplest form. 


a 24 B5 ite 
62. 2. (- 
eee ie es 
13% os Me Z 
Simplify. 
17. (¢) 18. (£)’ 19. (2) 
a. (24) 22, (34) 2, (5¢)' 
as. (4) +4 26. (3¢)'- z. (-+)-(-*) 


29. Find the area of a square if each side has length a in 

30. Find the volume of a cube if each edge has length in 

31. A triangle has base 3° em and height & cm. What 1s its area’? 
32. If you travel for z hours at "2" mish, how far haye you gone’? 


ay 
B 33. Find the total dollar cost of > eggs if they cost d dollars per dozen. 


34, Find the total dollar cost of m dozen pencils if cach pencil costs = cents 


Simplify. 
ae ar 3. 5 
a etree 38. SS 
39. (4b? ~ 3b) - pp Str ne 0. yy 
41. 2 ee 4, 35 ifs $+ 18 


kn 8 44, EMR eee 5 
2° 4nt8 Por 16 + Ors Id 
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Simplify. 


P-u-8  f-S1+6 ‘6. # . a = 9 
4-P of —1-12 a ~ Wa + 24 
3° — Jd 5). st — 18 25-16)? Wy + By? 
oo is. F* 
Mee tart) MB. S367 10-3 
x —9d+6 6 ~ 2d 0, <A = 8 =5_, 20+ Bc 
@. spi d 3—M "12? + 460 #40 5 = de 
2u=1)' 9 
ah oa) 
da’ PP (Qed 
5 rset Ah 
A ae é Vane el 
56, 2 4,i-n J 2 ent 
Ss ear ipraec aa 2+ an 
9 me, 2G 8 


2a — 2h +X 


59. Find all values of x for which 2 


ay 


Sen Se Se en EE aes) 
Mixed Review Exercises 


Factor complete 


1. a? + 14a + 45 Be ter 10 3. 16x* — 81 
4.204 5e +1 ad 6. 64+ lbe + ¢ 
Te xy +3y — dx — 12: 8. — 1 +4 9. 3x7 + 1x 
10. xt +1 - 8 I. + 5n- 14 Sy 


LEE EEE: AIP FA ME A LE AF LPS 
Challenge 


What is wrong with this “*proof™ that 2= 17 


(r+ sr = 8) = sir = 8) 


r+s=s 
st+s=s 
s=s 
21 
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De ee | 
6-3 Dividing Fractions 


Objective To divide algebraic fractions 


To divide by a real number, you multiply by its reciprocal, You use the same 
rule to divide algebraic fractions. 


Division Rule for Fractions 


ols 


Solution 3+) 3-4 (Multiply by the reciprocal 


(Factor and simplity 


Example 2 Divide: a. b. are F 
18 xi+5 
Solution a. "5. 2 
i 
ors) oS 
3 es 
dacay Answer 
430-10 4 e+ix-10 r-1-12 


+6 4 


(et De 27 bet Hue — 4) 
G3 WF aT 
(+ = 4) 
Answer 


To simplify an expression that involves more than one operation, follow 
we 142. as shown in Example 3. 


ions on Pp: 


the order of opera 


Fractions — 255 


sample 3 simpiity (2) = 
TL 


Oral Exercises 


Simplify. 
1,324 244 a= A= 
546 6.442 7. 6a +2 

tg Werte tt det Ce ae ae, 


Written Exercises 


Divide. Give your answers in simplest form. 


a.a 
ri 
8. 5-4 6. 
¢ d hw xy 
ae ae 9. ay * Te 
N.S say 2. “ + bab 
Oe ait 1 
19. 20. 
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Divide. Give your answers in simplest form. 


1 1 
ara 
b+ 6b 
6 
as, t20- 
46. Tax* 


Fractions 


i.) 


6 SSS 
Mixed Review Exercises 


Solve. 

1. 4k = 5k — 13, 2. 4p + 20 =48 3, (5b — 2) (3-2) =9 
4. 4x2) 5. 2’ ~8n=0 6.38 +x=4 
Give the prime factorization of each number. 

7. 256 8. 156 9, 120 10. 1350 


jive any restrictions on the variable, 


a et 
We ¢ 6a? + 13a +6 


Simplify. 


3, Ba. 4c 
6 3a 


ar 


Obj. 6-2, p. 251 


Obj. 6-3, p. 255 


‘Check your answers with those at the back of the book. 


74 Calculator Key-in 


You can use a calculator to evaluate algebraic fractions for given values of their 
Variables. First evaluate the denorr 
memory. (You may want to review the method for evaluating a polynomial 
given on page 203,) Then evaluate the numerator and divide by what is stored 
in memory (that is, the value of the denominator), 


ator and store its value in the caleulator’s 


Evaluate each fraction for the given value of the variable. 
Sn - 16 : +20 

1 en =5 te a=4 

p, Mee Fag 4, to? + Lim = 60 , 2% 
@ + Xa—10 
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EES Se eae eee 
Adding and Subtracting Fractions 


ee 
6-4 Least Common Denominators 


Objective ‘To express two or more fractions with their least common 
denominator. 


You have learned that you can write a fraction in simpler form by dividing its 
numerator and denominator by the same nonzero number 


be _ ¢ 

=£ (<0 
Wied 
You can rewrite this rule as 


_ he 
d- bd 


(b40) 


Using this form of the rule, you can write a fraction in a different form by 
multiplying its numerator and denominator by the same nonzero number. 


ot 35 


7 is multiplied by 5 to 


Therefore, multiply 3 by 5 to get 15 


~, & 
Example 2 Complete: = |, 


3a Wa" 3a is multiplied by 6a to get 18a 
8 _ 8:60 _ 48a— Therefore, multiply 8 by 6a to get 48a 
3a 3a + ba er 


TS Ww Suet Ie x — 5 is multiplied by «+ | 


, us +i) e+ I Therefore, multiply 2 by » = 4 


You can use the method shown in Examples 1, 2, and 3 to rewrite two or 
more fractions so that they have equal denominators. When you add and sub- 
tract fractions in the next lesson, you'll find that it may simplify your work if 
you use the least common denominator (LCD) of the fractions 


GRAS Sr 
Finding the Least Common Denominator 
1. Factor each denominator completely, Write any integral factor as a product 

of primes. 

Find the product of the greatest power of each factor occurring in the de- 

nominators, 


wv 


| Example 4 Find the LCD of the fractions 2, UE , ana 2 


Solution 1. Factor each denominator into prime numbers. 


atest power of 3: 3 
atest power of 5; 5 


5 = 180 
~. the LCD is 180. 


ee 
Example $ Find the LCD of <q and ge 


Solution 1. Factor each denominator completely. Factor integers into primes. 
ox — 3 64-5) =2-30-5 
9x — 45 = 9(x = 5) = 3x — 5) 


2. Form the product of the greatest power of each factor 


2+ 34x — 5), or 18 — 5) 


the LCD is I8(v—5) Answer 


6 Rewrite —* a vith their LCI 
Example 6 Rewrite gee 8M asap With their LCD 


8v + 16 = (x— 4)? First find the LCD 
Tx +12=(%—3)(r~ 4) lof the fractions 
The LCD is (x ~ 3x — 4° (Solution continues on next page.) 
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Then rewrite each fraction using the LCD. 
9x — 3) Hx — 3) 
(v= 4¥Ge = 3) (xe —3)e— 4° 


9 


eae + 16 


Sux - 4) Six — 4) 
= 304) FE He 4) Se 4 


c iy i z } 
7°39 10 i) Bete is 
7 ou peti: 
12. Sa oy re vi 
6 int Ro 
by 6 
B54? Boe ay 
o 4 
18. eile 


Complete. 
2-4 a%-4 : 
m=5 2 qe meee % 
5 a5 Isr ane da lor 
10. = ar Mh " 2 3 a- Ne +2) 
Vy 2 
f 
as 4 : y 4-y ab oS x WN : v 
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Find the LCD for each group of fractions. 


si 3 
2 Bs] 22. Ee ao 
a. 4,3 22, 23, 3,4,2 
pss dunb n-3 n+ 
2 2 
x. 379° 4 25: Py LPs =e ao AS 
= 2,2 Ay lak 
x” xy KO a ef 
7 3a 5 
a. —L, ee 
m+2 aia 3a +2 
Rewrite each group of fractions with their LCD. 
ms (i us 4 
33, 4 45.5 Eo eter 
B 33 ay © ae 3mn?* mn oxy Say 
1 BI 4 t 
36. ako” Tee 8: yg ey 
6 dy 9 
39, 2. 4, Sela 
x k= 3° = 3P vl (n+ °° n+ 
By 1 
aoyn4 be" 
9 2 4a 
43. 3 z ie 5 
ie eae” Pe? ok: | fas a +3a-—10° a + Wa+25 


C 45. The product of the first positive int 
n factorial. 
a. Find 4!, 5!, and 6!. (Hint: 3!= 1-2 


rs, denoted by n!, is called 


=6) 


b. What is the LCD of the fractions 


¢. What is the LCD of the fractions —; and 


1 
n 


Mixed Review Exercises 


Factor completely. 


1. 4n ~ 89 + 16 2.3xr-3 3. — IIx + 18 
4.37 = Sk — 24 5. 20 x= 3 + 16x + 39 
7. x7 + av — 28 8.2 + 22e + 121 9. 1 On 


Write an equation for each sentence. 


10. Seven is 4 less than twice the number p. 
11. The number n decreased by 4 is 54 


12. Two thirds of the number k is 16 
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VA Computer Keyes 


The following program will find the LCD for two integral denominators. 


10 PRINT "TO FIND THE LEAST" 

20 PRINT "COMMON DENOMINATOR.” 

30 INPUT "ENTER TWO DENOMINATORS: "; DI. D2 
40 LET M=1 

50 LET Q=(D2*M)/DI 

60 IF Q=INT(Q) THEN 90 

70 LET M=M+1 

80 GOTO 50 

90 PRINT "LCD ("; D1; ";"; D2 :” 
100 PRINT D2 ‘ 
110 END 


Exercises 


Run this program for each pair of denominators. 


1. Di = 7, D2 =21 2. DI = 21, D2=7 
3. DI = 24, D2 4. DI = 36, D2 = 24 
5. DI = 13, D2 6. DI = 15, D2= 13 
7-12. In order to see how the program works, insert 

55 PRINT D2eM; "/" ; DI : (D2eM)/DI 


and run the program again for the data in Exercises 1-6. 
13. How does each RUN where you enter the smaller denominator first (Exer 
cises 1, 3, and 5) compare with each RUN where you enter the smaller 
denominator last (Exercises 2, 4, and 6)? That is, which RUN requires 
fewer steps of computation’? 


14. Explain how to use the program above to find the least common denomina- 
tor for the three denominators 27, 36, and 30. 


AF PET AEDES 68 EEE FATE FE AS) 
Challenge 


Two horses approach each other along the same country road, one walking at 
5.5 km/h and the other at 4.5 km/h When the horses are 10 km apart, a horse 
fly leaves one horse and flies at 30 km/h to the other. No sooner does the fly 
h that horse than it turns around (iosing no time on the tum) and returns to. 
the first horse. If the fly continues to fly back and forth between the approach: 
horses. how far has the fly flown when the horses meet? 
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lar RE ER 
6-5 Adding and Subtracting Fractions 


Objective To add and subtract algebraic fractions. 


In Lesson 2-9 you learned that 


and “ chins 


You can rewrite these results to get the following rules. 


em 8 
Addition Rule for Fractions 


=ath 


Examp! 


Subtraction Rule for Fractions 


a 


; Example: 


‘To add or subtract fractions with the same denominator, you add or subtract 
their numerators and write the fesult over the common denominator. 


To simplify an expression involving fractions, you write it asa single frae- 
tion in simplest form 


Example 1 simplify; a. 22456 p, #44 Ae 8 


16 | 16 


de, Se _ 3e+Se _ Be 
16 16 16 16 


Su+4_ 3y-8 _ Su+4~(v=8) 
10 10 io 


y Answer 
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Lr re te=3) {Since 3— x = —(x— 3), 
\the LED is. ~ 3 


Answer 


2 a 5+ 12d 
Example 3. simplify $ - °7°* 


Solution — Since the denominators are different, rewrite the fractions using their least 
common denominator, 36 


Answer 


Example 4 Find the perimeter of the rectangle shown at the right. 


Perimeter of _ (5 5 jength) + (2 * width) 
a rectangle ‘3 i 
Solution 2 iF) 
9, 8-14 
oe 
_a-lya 
6 
va 
= 7 + ra 
3a—3+a 
E 6 
ls — 3 
= 4 a Answer 
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Example 6 Simplity - = 


= 4-3 a=4 
wm wv 4 ae 2Ma +2) 
_ la _ aa = 4) 
ala ~ 2Ko aa 24a +2) 
ea 6 day 


‘aja — 2a > 2) 
~u-b-w+4e 
alu — 24a + 2) 

3a — 6 

Da +2) 


3a—25 


aa—Ma +7 


3 
ao Answer 
ala + 


aa 


nea 


nz4 


pat 4 1 
101 =1 M.T=5 * ha 
y_y 
13. Ma - = 15 
m= 4 
17. ree 19, 
266 = Chapler 6 


ES) ee ee tS ee EE 
Written Exercises 


Simplify. 


Find the perimeter of each figure. 


B 31. 


3(a ~ b) 


4a 


S(a + 6) 


29, 
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Find the perimeter of the figure. 


aM x 
4 
Simplity. 
1s w, 3-1 37 
a1 te y~6 
.— +1 : 40. — 
Diese tae 7 Ca + ty : 
41. 1 a. * 4 
eI xt 23 5 1 Ta 
re om Pome ee 3 PAS akc 2 
a ms @W+2 Sm e+ Sn 
1 ! : 1 1 ‘ 
Po abea Maar Oe = in nta 
50. - {aod #1, 211 7 2 2 
t4as4 a4 fa9 ead See Se 
Bete, ies 0 54s te ee Tee 
aorta Soi ee oe at { w= 
a+2 dia 2 we, $2 243 _ 
Satin ae a 6 6 aco ee 
ro Shee eel 1 x 4 1 2 
57 : ‘ 
@-1¥ @-1P  b-1 ah ded cd 4d? ch 


1, -8°-3 6 3. (40°) 
4. 4 1) 5. in +8) 6m 6. (Sr yBx'y2(6y5) 
a 10x 1 
3 8. —1(-42x + 12y) 9, (3n ~ Sp + 2)—(-n + op + 1) 
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Self-Test 2 


Vocabulary least common denominator (LCD) 


(p. 260) 


Find the missing numerators. 


ea 2 = Obj. 6-4, p. 250 
Me 50 l-a a-@ sas 


Find the LCD for each group of fractions. 


3 -I2 
3 A= 4 
4dr 87 aves ‘s a’ b'a-b 


4 8 Py . 
i 5, 2 
S CoE | Tat Obj. 6-5, p. 264 


x i n 
nt Sa—1) 


Srinivasa Ramanujan (1887-1920) was a 
self-taught mathematician. At 16 he was 
awarded a scholarship to Government Col- 
lege in India for his proficiency in mathe- 
matics. However, he became so absorbed 
| in his mathematical studies that he neglect- 
ed to study English and lost his scholar 
ship. He continued to study mathematics 
on his own, discovering over 100 theorems 
Friends convinced Ramanujan to write 
to G. H. Hardy. one of the leading number 
theorists at Cambridge University in Eng 
land. Ramanujan sent about 120 of the 
theorems he had discovered. Convinced of 
Ramanujan’s exceptional ability, Hardy 
brought him to England, where he was ad- 
mitted to Trinity College. Hardy was not al 
Ways sure how to teach a student with such | 
profound mathematical insight but so little 
formal training: nevertheless Ramanujan In 1918 Ramanujan was elected 
| progressed rapidly. While in England he of the Royal Society and of Trinity 
did a great deal of work in number theory College: 


fellow 
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Polynomial Division 


6-6 Mixed Expressions 
Objective 


To write mixed expressions as fractions in simplest form 


A mixed number like 2} represents the sum of an integer and a fraction. You 
can write a mixed number as a single fraction in simplest form 


3 
Example 1 Write 2 as a fraction in simplest form. 


“4 
Solution 2+ 
| 
| =7+i {write 2as 2 
= ig akco=4 
i 


7 Answer 


The sum or difference of « polynomial and a fraction is called a 
expression. 


| Example 2 Write each expression as a fraction in simplest form. 


{Write © as 1 


ant 5 {LeD = ¢ 
"5 Answer 
=3) 5 2 5 
bs Seta Si? vite 5a 3 
Six + m3, 
ie at ECD 2ert 
Set 10 
4u +13 


Answer 
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Example 3 write as a traction in simplest form: 


_ Nir + 5) 
et 
r+ 
1 


x+5 


x4 


Answer 


Oral Exercises 


State each expression as a fraction in simplest form. 


1,24 2. 52 
s.1+4 6. 2+ 
92-4 10. 3 
13. 2+ 37 14.4 


Write each expr: 


A ua 2. 
5. 3a-2 6. 
9.5-~45 10. 

14. 
18. 


3. 
4 7. 
4 i. 
y+ Is 


ion in simplest form. 


8+ 


43+ 
B= 
12, 443-3 


Fractions 


ch expression as a fraction in simplest form. 


egies 4+) 4 a a 3 
B 2.x T al 29-52 yo pn eae 
54 eI Pr 2 angi a \ 
ie To at a eT rat cae a 
m.a-\-Cta-s 28. 2a + 3b 2 
a+ 
30. x + (4-1) at. (a+ 2)(a 3 2 
a+b a 2 i 
33. ( Teer) 34. (y vt a) 
as, (™- 2) + (141) 36. (9- 4) + @v- 
a7. (1-2) + (1 - 4) 38 1+ br 
a a 1 ae=1 
9. 
n Re 2: 
e-x I-x 


Amy used a common denominator of vor — 1) — 4). Don used x(x ~ 1) 
and Julig used x — 1, Explain why any of these the 
be used 

40. It took Jan y hours to drive 200 km. If she 
had increased her speed by 10 km/h and driven 


denominators could 


for 2 h less, how far could she have gone? 
(Hint: Make a chart, Answer in terms of y.) 

41. Ted bought 1 rolls of film for a total of $40. 
He then sold all but 2 of them for $1 more per 
roll than he paid, How much did he receive for 
the rolls of film that he sold? 


je each expression as a fraction in simplest form. 


og, ere 2) yee) 


2h ab 
43, (2——2_ 8 ( \ 
Ten Tom Ge T nti 
44. Find the values of A and B if 4. 4 —& & 
ee? 2 eee. | 
45. Find the values of C and D if —£ uv Ss 
1 rf Paa—2 
46. Simplify: (1 - 4)(1-4)(,—4)(4 - 4) es) 
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Computer Exercises For students with some programming experience 
In the Computer Exercises on page 145, you wrote a BASIC program to evalu- 
ate n! for a value of » entered with an INPUT statement 


1, Write a BASIC program to find the value of each of the following 


id iran 
1 tar 
1 1 
tata 
pets met 
Lt al 4 
rg eet 
(i nae GST 
ot 1 pl eat 
btart a nts tar 
potty ty ty 
i to aise 


2. Based upon your results from Exercise 1, what do you think happens to the 


1 ; 
sum 1+ hb fet de boos + Gf asm becomes larger 


AM MT A LP LTE EP. PLD PLP LF EPI EEN 
Challenge 


Find at Jeast three numbers that satisfy all three conditions: 


when the number is divided by 2 
when the number is divided by 3 
when the number is divided by 4 


(1) there is a remainder of 1 
(2) there is a remainder of 2 
(3) there is a remainder of 3 
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(Reng ca a 
6-7 Polynomial Long Division 
Objective To divide polynomials 


Dividing polynomials is very much like dividing real numbers. Compare the 
polynomial division to the numerical long division shown below 


Long Division Polynomial Divis 
4 2x 
Step 1 23)949 Step 1 4x + U8 + Gx + 3 
92 Sat + x — Subtract, 
2» hy + 
4 2x b 
Step 2. 23)949 Step 2 4x + V8 + Ox + 3 
92 ae +2 


29 
2 4x4 — Subtract 
6 2 
Check: 940 2 41-2346 Check: 82+ 6x +3 2 Qe+ Idx 4 
8° + 6x + 3 
Br + Or + 3 = 8x + G+ 3 
949 _ 4) 6 RA eS) pe 


23 23 STA ax +1 


In both divisions above, the answer was written in the following form: 


Dividend 
Divisor 


Remainder 


= Quotient + “Seer 


The following formula was used to check both divisions: 


WES SE 
Dividend = Quotient * Divisor + Remainder 


When you divide polynomials, always arrange the terms in each polyno- 
mial in order of decreasing degree of the variable 
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Example 1 divide 


Check: 


Solution — First rewrite 34x 


I5x° + 34x — 16 


34x = 1641 
5x 


16 + 15x? in order of decreasing degree of x as 


jou eee. 
+ Mx 16 
40x ~ 16 
40x = 16 
0 
15.7 + 34x — 16 2 (3x + 85x — 2) +0 
15x7 + 34v — 16 = 15.7 + 34x — 16 


3xy+8 Answer 


In Example | the remainder is 0. Thus, both 3v + 8 and Sx — 2 are factors ot 


15x? + 34y — 16 


2a — 5. 
2, 
a-3)2a 
2a 


Using zero ec 


Tier 
=>. Write the answer ay a mixed expression 


fficients, insert missing terms in decreasing degree of a in 
Then divide 


+ 6a_+ 18 
+ 0a" + Oa + 
we - 6a? 
6a2+ Oa 
6a* = 18a 
18a + 5 { Division ends when the remainder is 
Isa — 54 | either O or of lesser degree than the 
59 | divisor 


2 (2a? + 6a + 18)(a — 3) + 59 


2a’ + 6a? + 18a — 6a" — 18a — $4 + 59 


a’ + (6a? — 6a?) + (18a — 18a) — 54 + 59 


2a +5 


2a" 


59 


Uses 3 


+ 6a + Answer 
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s) ) SL TS Se ee 
Oral Exercises 


How would you rewrite the terms of the divisor and the dividend before 
doing the long division? Do not divide. 


e+ 3 + Sx—2 = 2 
vl x¥2 3+ 


Use the given information to find the dividend, 


5. divisor = + 1 6. divisor = 
I quotient 
Temainder = 7x + 5 


4. divisor 
quotient = 11 quotient 
remainder = 2 remainder 

7. When x — x — 6 is divided by x — 2, the quotient is x7 + 2v + 3 and the 
remainder is 0. This means that? and _ are factors of 


[5 SS I EES 
Written Exercises 


ivide, Write the answer as a polynomial or a mixed expression. 
=12 3, w= 3n=5 


9, 4+ =2n 
n-6 


3x? + 10, — 9 
3x-2 


P= 2 tn +2 
17, Patt? 


1-9 22, Sm = Gn? + 10m + 15 


20, 
dn +1 


5. 2a — 2a + 1 

ok 2-1 

a7, 2 +16 

29, tan! + 30? = an +2 
¥ w+ 
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31. The yolume of a rectangular solid is 12n* + 8x? — 3 — 2. The length of 
the solid is 2n + 1 and the width is 2n — 1, Find the height 

32. Divide a‘ + a* — 20 by a — 2 
a. Use long division 
b. Factor a* + a* — 20 first. Then divide by a — 2 


¢. Show that your answers to parts (a) and (b) are the same 


33. Factor 21’ — 14n + 12 completely given that 7 + 3 is a factor. 


34. Factor 4° — 12° — 37% — 15 complet 


ly given that 2v + 1 is a factor, 


C 35. Find the value of & if x — 3 is a factor of 4° — 15x +k 
36. Find the value of k if 2x — 1 is a factor of 4x° — 6° ~ 4a +k 
37. Find the value of k if y + 3 is a factor of y? + 7 + ky + 3. 


38. When 4x° + x° — 7x? + 3x + & is divided by x — 1, the remainder is 5 
Find the value of k. 


(Dianne os a) Hh ns te ee pn ad 
Mixed Review Exercises 


Simplify. 


Self-Test 3 


Vocabulary mixed expression (p. 270) 


on as a fraction in s 


Write each express mplest form, 


Obj. 6-6, p. 270 


Divide. Write the answer as a polynomial or a mixed expression. 


2+3y+y 
yet 


Shi +h? + b+ 16 
bar? 


4. Obj. 6-7, p. 274 


Check your answers with those at the back of the book 


Fractions 277 
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Extra / Complex Fractions 


A complex fraction is a fraction whose numerator or denominator contains one 
or more fractions. To express a complex fraction as 4 simple fraction, use one 


of the methods below 
Method 1: Simplify the numerator and denominator, Express the fraction as a 
quotient using the = sign, Multiply by the reciprocal of the divisor 

Method 2: Find the LCD of all the simple fractions, Multiply the numerator 


and the denominator of the complex fraction by the LCD. 


Example — simpiity —4—*-. 


Solution — Method 1 Method 2 


teed The LCD of all the simple 
ab fractions is ab. 
ba 
| a 2b 
b+a, ba 
ab 
be, 2» 
ab tbeanh — a) res 
b 
= ben 
hab — a) 
~b-a 
Exercises 
Simplify. Use either Method 1 or Method 2. 
m 3a te 
4 6. 
Al 2. =e 4, 
12 Te 
6. aon 
6 ge 
oy W235 eer 
9, 3 10; —2 iit 
Ta ns qi 
1ode ! x 
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Reet 
21. Ix = "+> and y 


i express x in terms of = 


Te 
‘ e7> find @ in terms of z 


23. Sam drives d km at 50 km/h and returns the same distance at 30 km/h 
Show that the average speed is 37.5 km/h. (Hint: Average speed = total 
distance divided by total time.) 

24, A cyclist travels 12 km on a level road atx km/h and then goes 9 km on a 
downhill road at 2c km/h. Find her average speed in terms of x. (See Hint 
for Exercise 23.) 


25. If m items can be purchased for 50 cents, how many items can be pur- 
chased for 50 cents after the price per item is decreased by 10 cents? 


l+b = 
pe show that a + b= 0. 


5) zal 
1 1 40° 
eet ea } 
e- 96) uty) 
“ 1 ’ 
Se eee (4) = eee) Brae 
a 36. 2+ = 
ee dat eet 
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Se 2 
Chapter Summary 


and its denominator 


1. A fraction can be simplified by factoring its numerat. 
and dividing each by their common factors. . 


The rule of exponents Jor a power of a quotient (page 252) is sometimes 
used when simplifying fractions. 
3, The following rules are used with fractions 


Maltiplication Rule Division Rule 
a, a Cee eae er | 
bod bd b d ioe 

Addition Rule Subtraction Rule 
a,b_atb a_b 


4. When adding or subtracting fractions with different denominators. rewrite 
the fractions using their least common denominator (LCD), Then apply the 
appropriate rule. (See page 264.) 

5. The sum or difference of a polynomial and a fraction is called a mired ex- 
pression. A mixed expression can be expressed as a fraction in simplest 
form. 

6 When dividing polynomials, arrange the terms of the divisor and dividend in 
order of decreasing degree of a variable, Wherever the dividend is missing 
term, insert one with a zero coefficient 


(OO eT 
Chapter Review 
Give the letter of the correct answer. 


or = 9 
1. Express 7 ? in simplest form. 6-1 


9x 1) 9x + INE =D, 
a0 b. -9 c da. 5 
r+ e+ 
1Sxy 


lory 


Express 


= in simplest form 
ve 


Is 5 5 
10n = y WwW a. uy 
3. Express (~ 2) (~ 23) in simplest form. 6-2 
b, -4 -2 a. > 
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10, 


i. 


12. 


3, 


M4. 


25 in simplest form, 


Bab 
10 10 10 
. 101 hi , 10. 0 
ae ND, ob + ob a. 3b 
1a 
Be it simplest form 
ae 2 : sou ay 
2 — 36 
Express 32 (6 — x) in simplest form 
a bi 6 1 ace 
6 ; 6 - 
Complete 
c. 29) d. 2ix— 3) 
Find the LOD for 54" = and <2" > 
on 5ian — 3) 
a. 1502) b. 45(3n — 2) fe. 15030 = 2) d. 5(30 — 2) 
Simplity 
a. 36 Be =3 «3 a, #8 
n-9 0-35 
Simplify “35 108 
rea n=31 
a. b. 4 4. 4S 
Write 7 + : == as a fraction in simplest form. 
se ax 
a. b. = (he 
: 1 
Simplify y +3 +1, 
y —8 y+4 y 8 y 10 
a ie ef a 
When v! = 3x7 + 3x +4 is divided by x ~ 2, what is the remainder? 
a2 b.4 ©. 6 4.8 
Divide 72° Write the answer as a polynomial or a mixed expression 
> 2 16. 
ot 4 b. Ox + Or + 4 + i 
9 + Ox +4 d. 92 — 6x +4 
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6-4 


6-6 
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Chapter Test 


. Give the restrictions on the variable, 


cn 
2. > 
1. Bs gia geeta 6-4 
15)? — 30y—45 
3, Anne 4. = 
3¢ + 2y—8 Sy + 10y — 15 


rs ea A = 62 
$24 4 6-3 
12. os be 6 

Complete. 

4. oe = ata IB. e-FB so 

Rewrite each group of fractions with their LCD. 

16: = 1 re Ii acat aie 

Simplify. 

6. 5 +-,-43 9, 451435 65 

3 

Write each expression as a fraction in simplest form. 

22. 12-2 23, 2+ —& 6-6 

wa. ax — 224 25, 5 +2541 

26, 48 yy Wap a? 6-7 
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ESS see ETE = STEED) 
Cumulative Review (Chapters 1-6) 


Perform the indicated operations. Express the answers in simplest form. 
Assume that no denominator is zero. 


1. 0.3(-0.5)? + 0.7(-0.5) 2. = 3. rye 

= 3009 
4. (8a — 9b) + (Sa + 6b) 5. (Sx —3)(4x + 3) 6. —Sy2y? = Ty? + 
7. (—13t + 65) — (4t + 95) 8. (-2b + TeP 9, (4s — 9(4Ps + 9) 


Evaluate if a= —1, 6=1, ¢ = -2, and d= 3. 


10. od IL. (a — bY +(e + dP 12. +P)+e +d 


Factor completely. If the polynomial cannot be factored, write prime, 


13. 6u'b + Sa‘b* — 3a°b* 14. 490 + 14 + 1 15. 87 — 56r + 98r 
16. n' + 8n5 + 15 17. m* + 12m + 30 48. 2 — 13¢ + 22 
19. 9° + dy? — 32y 20. Se* + Bc = 4 AAs = 
Solve. If the equation is an identity or if it has no solution, write identity or 
no solution. 
22. 6y—3=27 23, fa-3=9 44. 6-40=-3 
25. (n+ 2)? =(n + 4)(n — 2) 26. 10m? — m* = 25m 27. 167-9 =0 
28. P + 12+ 15 = —5 2. x — Gx =7 3. by? + 13)? — Sy =0 
Perform the indicated operations. Express the answers in simplest form, 
e+Sue4 . to, x 33, @ = Lath 
ah cea 16 4-8 x —3r4+2 > Tes ed 
Oy’ + Ty? — S2y + 44 + 
4. = att gs, YY 36, 4-24! 
@toto «9 = ee 


37. Jan worked 38 bh last week. She worked four times as many 8-hour shifts 
as 6-hour shifts, How many 8-hour shifts did she work? 

38, Jeremy has 24 quarters and balf dollars. If he had twice as many half dol 
lars and half as many quarters. he would have $2 more. How much money 
does he have? 

39. It took Emily 25 min to ride her bicycle to the re shop and | h 15 min 
to walk back home, If Emily can ride her bicycle 8 km/h faster than she 


can walk, how far is the repair shop from her house 


40. Find two numbers whose difference is 3 and whose squares total 65 
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Maintaining Skills 


Express each fraction as a decimal to the nearest hundredth, 


Sample 1 Solution ne th = 0.85 
se we as 
1. 3h i 9 wo. 3 8 12, 2 
Express each percent as a fraction in simplest form. 
Sample 2 4.8% Solution oy = tooo = 135 
13. 62% 14, 12% 15, 85% 16. 0.5% 17. 0.03% 18. 9.2% 


Express each decimal as a percent. 


Sample 


19. 0.91 20. 0.07 21. 0.8 


Find each number. 


Sample 4 24% of 35 


2% of 85. 26. 
28. 15.6% of 50 29, 


Find the value of each variable. 


0.73 Solution 


Solution 


12% of 80 
130% of 40 


B 


(1) 0.73 = 469 


= 73% (2) 0.73 = 73% 


22. 12 


. 0.032 24, 1.23 


0.24 x 35 =8.4 


27. 0.2% of 40 
30. 312% of 20 


Sample § 35% of x=7 Solution 0.35r=7: v= ~3-= MW = 10 
n% of 75 = 33 ie B75 = 4. 33. y= 
Sample 6 n% of Solution |) - 75 = 33: i = Gg2n = 4 
31. 30% of z= 21 32. 15% of m= 6 33. 5% of y=0.6 
. 24% of 6 = 108 35. p% of 50 = 30 3. a% of 45 = 18 


Se 


1 of 105 = 21 


n% of 112 


39. 51 = x% of 150 
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eS 
Preparing for College Entrance Exams 


Strategy for Success 

In some problems, especially those involving length, width, area, perimeter 
relative position, it may help to draw a sketch. Use any available space in the 
test booklet, Be careful to make no assumptions in drawing the figure. Use 
only the information specifically given in the problem. 


Decide which is the best of the choices given and write the corresponding 
letter on your answer sheet. 


1. How many integral values of & are there for which x? + kx + 24 is 
factorable? 


(a) 0 (B) 2 (C4 (D) 6 (E) 8 
2. Which of the polynomials is prime? 
(A) 35x? + 76x + 33 (B) 4x7 — 26x + 13 
(C) 121)? + 176 (D) 21° + 40x — 21 
3. What solutions does the equation 10° — 7x7 — 12x = 0 have? 
5 2 5 Fe ~ 4+ 3 43 
One ies (liga DOF eas 


4. A rectangular garden 9 ft by 12 ft includes a uniform border of 
woodchips around a rectangular bed of flowers. If the flowers take up 
half the area of the garden, find the perimeter of the flower bed, 
(A) 27 ft (B) 30 ft (C) 33 ft (D) 54 ft (E) 51 ft 


5. Express 2 in simplest form, Assume that no denominator is zero. 
Are 


2 5 
oa (py Ste (eke oe 
Pay wor Py v-2 
6. Which of the following are factors of 64° + 29x? — Ix 10? 
I. 3x | WT. ‘2x+2 Me «+5 


(A) Lonly (B) I only (C) Htonly —— (D) Land Ht only 
(E) Hand Il only 
Gn —5y* (5 — 3n¥* 


7. Express ~ in simplest form 


Qnt+1y 20° +70 
ay St sy'n 3) 


(5 = 3ny'2n + 1) 
Gn SFQn4 


(5 — anyin + 3) 
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This ratio tells how many times 

the wheels spin for each turn of 

the pedals: 
Teeth in front gear 
Teeth in rear gear 


ES 
Ratio and Proportion 


ESS ee 
7-1 Ratios 


Objective ‘To solve problems involving ratios. 


‘The distance from Earth to the moon is about 240,000 mi. The distance from 
Jupiter to one of its moons, Io, is about 260,000 mi, One way to compare 
these distances is to write their quotient, or ratio: 


240,000 _ 12 
260,000 1 


The simplest form of this ratio is 45 
The ratio of one number to another is the quotient when the first number 
is divided by the second number and the second number is not zero. You can 


write a ratio in three ways: 


aS a quotient using a division sign 


1, 
2. as a fraction 
3. 


. as a ratio using a colon 


| Example 1 the ratio of 7 to 4 can be writen as 7-4, 7, or 7:4 


You may find it easier to simplify a ratio if you first rewrite it as a fraction, 


Example 2 Write cach ratio in simplest form 


b, 2: 


oy 
c. 


a. 3. 


xy 


‘Solution — a. First rewrite the ratio as a fraction. Then simplify 
sd 
2 75 


b. First rewrite the ratio as a fraction, Then simplify 
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You can use ratios to compare two quantities of the same kind, such as 
two heights, two masses, or two lime periods, as shown below 


‘To write the ratio of two quantities of the same kind: . 


1. First express the measures in the same unit, » > 
2. Then write their ratio 


Example 3 Write cach ratio in simplest form, a. 3h: 1S min b. 9 in.25 ft 
Solution a. 3h:15 min = 


94 
b. 9in.:5 fl =-> 


bh _ 180 min _ 12 


or 1221 
iSmin- 15min 1 


= sh. or 3:20 


| Write the ratio of the height of a tree 4 m tall to the height of a sapling 
8 ig ping 
50 cm tall in simplest form 


Solution 1 1. Express both heights in centimeters 
tree: 4m = 400 cm 


sapling: 50cm 
2. The ratio is the quotient 
400cm — 400 8 or 8:1. Answer 
Solution 2 1. Express both heights in meters. 
tree: 4m 


sapling: 50cm = 0.5 m 


2. The ratio is the quotient 
4 


05m — 


8 
=F. or 8:1, Answer 

When you solve a word problem, you may need to express a ratio ina dif- 
ferent form. If two numbers are in the ratio 3:5, you can use 3x and Sx to rep- 


3x 
resent them, because =~ = 2 
Su 


Example § sens plants alfalfa and wheat on 160 acres on her farm, If the ratio of acres 
of alfalfa to acres of wheat is 3:5, how many acres of each crop are planted? 


| Step 1 The problem asks for the number of acres of alfalfa and the number of acres 
of wheat. 


Step 2 Let 3x = the number of acres of alfalfa. Let Sx = the number of acres of 
wheat 


Step 3 3x + Sx = 160 
Step 4 Sv 


Number of acres of alfalfa 20 = 60 
Number of acres of wheat = Sx = 20 = 100 
Step 5 Check: Are the numbers of acres of alfalfa to acres of wheat in the ratio 3:5? 
0 3 
100 5 


©. there are 60 acres of ulfalfa and 100 acres of wheat. Answer 


If three numbers are in the ratio 3:7: 11. then the ratio of the first to the 
second is 3:7 and the ratio of the second to the third is 7:11. Therefore, you 
can use 3x, 7x, and 11x to represent the numbers 


Example 6 The lengths of the sides of a triangle are in the ratio 3:4:5, The perimeter of 
the triangle is 24 in. Find the lengths of each side 


Solution Let the lengths of the sides be 3x, 4x, and Sx 
Then 3x + 4x + 5 


*. the lengths of the sides are 6 in., 8 in., and 10 in. Answer 


nn SS eee eee 
Oral Exercises 


State each ratio in simplest form. 


1. 5:15 2. 18:24 3. 49:35 4. 9:48 

7 (3ry (28)" 
5. 4x:6x 6. 201/351 “ay — 8. = 
9. 4h to 20 min 10. 5m to 25 cm IL. 1 ke 10 50g 


12. Two numbers are in the ratio 10:3, Represent the numbers using a variable. 


Write each ratio in simplest form. 


A it. 14:21 2 3. 24x: 8r 4. Oy:9y 


re 


Gs 


Applving Fractions 


Write each ratio in simplest form. 


9, 20 min:2 h 10. 4 h:45 min IL. 6 m=120 em 12, 18 cm: 1.8 m 
13. 6 wk:3 days: 14, 9 days:3 wk 15. 5 km:450 cm 16. 200 em:8 km 
17. 1 1b:7 oz 18. 13 07:2 Ib 19. 150 g:3 kg 20. 2kg:90 2 


21. The ratio of school days to nonschool days th a Year’ with 365 days and 
180 days of school 

22, The student- 

23, The ratio of new airplanes to old airplanes in a fleet of 720 planes of 
which 240 are old. 


24, The ratio of raisins to nuts in a mixture containing 3 ¢ raisins and 1 ¢ nuts, 
2 


her ratio in a school with 2592 students and 144 teachers. 


5. a. ‘The ratio of seniors taking a math course to seniors enrolled in a school 
if 105 out of 270 seniors enrolled are taking a math course 
b. The ratio of seniors taking a math course to seniors not taking a math 
course in the school in part (a) 
26. a. The ratio of fiction books 10 nonfiction books in a library containing 
1050 fiction books and 1890 nonfiction books 
b. The ratio of nonfiction to fiction books in the library in part (a). 


Find the ratio of (a) the perimeters and (b) the areas of each pair of 

figures. 

27, A rectangle with sides 8 em and 6 cm and one with sides 10 em and 9 em. 

28, A rectangle with length 12 cm and perimeter 30 cm and one with length 
10 cm and perimeter 30 em. 

29. A square with sides 60 cm and one with sides 1m 

30. A square with sides 24 in, and one with sides 2 yd 


Find the ratio of x to y determined by each equation. (Hint: In Exercises 
37-45, collect x-terms on one side and y-terms on the other. Then factor.) 


3x = Ty ‘Solution 3x =7y Divide both sides by 3 


y Divide both sides by y 


Zor 7:3 Answer 


Bx = Sy 32. 7x = 4y 33. 14x = 12y 
34. 10y = 26y 35. kx = 2y 36. x= hy 
37. Mx + y) = Biv — y) 38. 8(2r ~ 3y) = 6(x + y) 39. ax + by = ay + bx 
40. cx ~ ay = aby ~ bex 41. ax ~ a*y = bx — by 42. Px = sy ty + sx 
Cc a..c+ +y 44, 20? + 92) = Sey 45, = +1 = 
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Se eS SST SSS 
Problems 


Solve. 
A 1. Find two numbers in the ratio 4:5 whose sum is 45. 
2. Find two numbers in the ratio 3:7 whose sum is 50, 


3. Together there are 180 players and coaches in the town soccer league. If 
the player-coach ratio is 9:1, how many players are there’? 


4. In a survey of 700 voters, the ratio of men to women taking part was 


17:18. How many women took part in the surve; 


‘The perimeter of a rectangle is 96 cm. Find the dimensions of the rectangle 
if the ratio of the length to the width is 7:5 


6. The perimeter of a rectangle is 68 ft. Find the dimensions of the rectangle 
if the ratio of the length to the width is 9:8. 

7. The lengths of the three sides of a triangle are in the ratio 3:5:6. The pe 
rimeter of the triangle is 21 cm, Find the length of each side of the 
triar 


8. The measures of the angles of a triangle 
are in the ratio 1:2:3. Find the meas 
ures, (Hint: The sum of the measures 
of the angles of a triangle is 180°.) 

9. Concrete can be made by mixing 

wel in the ratio 

avel is needed 


cement, sand, and gi 
3:6:8. How much. 
to make 850 m’ of concrete? 


10. A new alloy is made by mixing 8 purts 
of iron, 3 parts of zinc, and 1 part of 
tungsten. How much of each metal is 


needed to make 420 m> of the alloy? 


B 11. Ling drives her car 18 mish faster than Eddie rides his bike. The ratio of 
the distances they can travel in 1h 30 min is 5:2, Find their r 
speed. (Hint: Make a rate-time-distance chart, ) 


les of 


The ratio of Aldo’s cycling speed to José’s cycling speed is 6:5, José 
eaves school at 3 p.m. and Aldo leaves at 3:10 P.M. By 3:30, Aldo is only 
2 km behind José, How fast is each cycling? (Hint: Make a rate-time: 
distance chart.) 

13. A collection of dimes and nickels is worth $5.60. The ratio of the number 
of dimes to nickels is 3:2. Find the number of each type of coin. (Hint 
Make @ coin value chart.) 

14. Ina collection of nickels, dimes, and quarters worth $6.90, the ratio of the 

number of nickels to dimes is 3:8. The ratio of the number of dimes to 

quarters is 4:5. Find the number of each type of coin. (Hint: Make a coin 
value chart.) 
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15. The Office Mart purchased a supply of 
hanical pencils and hall-point pens. 


The ratio of pencils w pens was 5:9. 
The pencils cost $1 each, the pens cost 
25¢ each, and the total bill was $200 
How many pencils were purchased’? 
(Hint: Make a number-price-cost chart.) 

16. The Beach Hut purchased a supply of 


sunglasses and visors, The ratio of 


sses to visors was 7:4. Each 


sun 
pair of sunglasses cost $6.00, each visor 
cost $4.50, and the total bill was $720 
How many pairs of sur 
purchased? (Hint: Make a number-price- 
cost chart.) 


sees Were 


C 17. The ratio of the sum of two positive integers to their difference is 7:5. If 
values for the 


the sum of the two numbers is at most 25, find all possib! 
pair of numbers. 

18. There are 2820 cars in Farmington, The ratio of medium-size cars to com: 
pacts is 7:5, and the ratio of compacts to full-size cars is 8:9. How many 
full-size cars are there? 

19. Find (wo numbers such that their sum, their difference, and their product 
haye the ratio 3:2:5 


Solve. 
1. 4x 3. 54 +n) 
z+4 ‘ 
4,24 n 6.-f=4 
1. (r+ yr - $) =0 9. 3x ) 


Simplify. 


WMP LE LED LPT LE PEE I SIE A, 
Challenge 


To conduct an experiment, a scientist needed exactly 2 L of a solution. After 
searching the storeroom, she could find only 5-liter containers and §-liter con 


tainers, How could the scientist measure exactly 2 L of the soluti 
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7-2 Proportions 


Objective ‘To solve problems using proportions. 


An equation that states that two ratios are equal is called a proportion. Usually 
you write a proportion in one of two ways: 


2:3 = 4:6 or 


Both can be read as **2 is (0 3 as 4 iy to 6." 

In the proportion a:/ = e:d, a and d are called the extremes, and b and ¢ 
are called the means. You can use the multiplication property of equality to 
show that in any proportion the product of the extremes equals the product of 
the means (see Oral Exercise 9). That is: 


yea 7 then ad = he. 


You can use this fact to solve proportions. 


Bas 4_—2 an 
Example 1 Solve: a =f be ai alse Ce pa 


b. 4(15a) 


2. the solution is a 


12 


or 2. 2. the so 

or 2. Spe solutiona S solution is 

Answ =. or 0.375. 

Answer 2. or 07. ge oF 0.375. 
Answer nner 


faa, 2 In=3 _n+2 
“Example 2 sone a 4-3 b, BES ae 
Solution — a. 150 — 4) = b, 6(2n — 3) = S(n + 2) 


15x — 60 sn +10 
15x = 66 Tn — 18 = 10 
66 Jn = 28 


x 


ii 
re 


©. the solution is 4. 
Answer 


the solution is =, 


or 4.4. Answer 
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“Example 3 With «5 tb bag of flour the cooking class can make 120 date-nut_ muffins 


How many muffins can they make with a 2 Ib bag of flour? 


Step 1 The problem asks for the number of muffins made with 2 Ib of flour 


Step 2 Let x =the number of muffins made with 2 1b of four 


Step 3.5 1b makes 120 muffins 
2 Ib makes » muffins Note that since 2 Ib is less than half of 5 Ib, you can 

| See estimate that the answer is less than 60 muffins 

120 ~ x 


Step 


Solve, Sx = 240 
v= 48 


Step 5 Since 48 < 60, the answer is reasonable. The check is left to you 


48 muffins can be made with 2 Ib of flour, Answer 


after Greg drove 224 mi, How many 
miles can he expect to drive on a full 
tank of about 13 gal? 


| Example @ About 8 gal of gas filled the tank 


Step | The problem asks for the number 
of miles he can drive on 13 gal 


2 Let x= the number of miles. 


Step 3 224 mi on 8 


x mi on 13 gal 


ae 
8 13 
Step 4 Solve 13 = Be 
2912 = By 
364 = 
Step § The check is left to you He can drive 364 mi on a full tank. Answer 


Oral Exercises 


For each proportion give the equation that states that the product of the 
extremes equals the product of the means. Do not solve. 
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9. If you multiply both sides of the proportion 


= & by bi, what equation 
do you get? 


8. 


12. 


Six — 3) 442 
32,232 Ti 5 
a 
= +31 3 


Or — Ry _ Tx — by 
Sample Find the ratio of 4 t0 y = — 
Solution — (9x — 8y) = 27x — by) 


14x — 12y { Collect terms on one 
lay = 12y side and y-terms on 
the other 


s 
= 
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Find the ratio of x to y. See the sample on page 2! 


48. Set 3y: Sey 3. yas 
q 5 xy 2 
4 omy d += a 
3 aty We cic i 
ey dy boa 
“ge oe Laie 
P ea , 
45. Solve 7 for P. Then solve for 7, 
46. f=, which of the following must also be wue? Explain 
y y we 
a) Ope Ol =- 
When the means of a proportion are equal, each mean is called the mean 
proportional between the two extremes. Find the positive mean proportion: 
between the following extremes. 
© 47. 5 and 125 48. 4 and 64 49. 3 and 2 30. # and > 


Problems 


Solve. Use estimation to check the reasonableness of your answer. 
A 1, Six oranges cost $.99. How much do ten oranges cost? 
2. Three cans of cat food cost $.87. How much do eight cans cost? 
3. Mana drove 1/1 mi in 3h, About how far could she drive in 5 h? 


4. A tuck uses 8 L of gasoline to go 120 km. How much gasoline will it use 
to go 300 km? 


5. A car that sold for $11,800 has a sales tax of $767. How much does a car 
cost if its sales tax is $637? 


6. A recipe for 24 dozen whole-wheat muffins requires 600 ¢ of four. How 
many muffins can be made with 900 g of flour? 


7. Ata fixed interest rate, an investment of $4000 earns $210, How much do. 


you need to invest at the same rate to earn $336? 


8. An ad claims that in a recent poll, three out of four dentists recommended 
brushing with 4 certain brand of toothpaste. If there were 92 dentists 
polled, how many favored this brand? 


A consumer survey was taken in a town with 18,000 homes. Of the 360 
homes surveyed, 48 had computers. On the basis of this survey, estimate 
the number of homes in the town that have computers 
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10, 

acres should be planted so that the yearly yield will be 660 bushels? 

a. A photograph that measures 20 em by 15 cm is enlarged so that its 
length becomes 28 em. What does the widih become? 


rind these ratios: ME eneth new perimeter 
By Rice ese TSS a engi aul penne eee 


new area 
old area 


A 25-acre field yields 550 bushels of wheat each year, How many more 


12. Ona map, | cm represents 10 km, and Wyoming is a rectangle 44.5 em by 
59.1 cm. Find the area of Wyoming in km? 
13. Mahogany weighs 33.94 Ib per ft". whereas pine weighs 23.45 Ib per ft" 


Which weighs more: « mahogany board that is 54 in. by 1 
pine board that is 34 in. by Hb in. by 8 ft? 


n. by 6 flor a 


Mixed Review Exercises 


Find the LCD for each group of fractions. 


aon 6. 
Simplify. 
coat Cc rest 9. 
mH eee 
10. | — 7.4| — |2.6) MM. =3.2 + 11 12. 


Self-Test 1 


Vocabulary ratio (p. 287) 
proportion (p. 


293) 


extremes (p. 293) 


1 


‘ans (p. 
293) 


st form. 


Write each ratio in simp 


1. 48 miny th 
The ratio of trucks to vans at a rental lot was 9:11. If the lot had 
a total of 80 trucks and vans, how many trucks were on the lot? 


Solve. 
17 


m 


a 150 


Check your answers with those at the back of the book. 
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293 
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Fractions 


Fractional Equations 


SSeS 
7-3 Equations with Fractional Coefficients 


Objective 


You can solve an equation with fractional coefficients by using the least com: 
jon. Multiply both sides of the 
equation by this LCD and then solve the resulting equation. 


mon denominator of all the fractions in the equa 


Example 1 Solve: 


x 
t= 10 
z= Kt 


Solution a. 


The LCD of the fractions is 21 


21(5 +4) = 2100) 


the solution set is (21) 
Answer 


Example 2 Solve: a. *-**2=2 


Solution The LCD of the 


xx 
is(4 

30) 

= 30 

30 

= 36 

r= 18 

the solution set is {18} 

| Answer 


To solve equations with fractional coefficients. 


b. 


bint tates 
b. The LCD of the fractions is 12 


2° 20 


The LCD of the fractions is 20) 


20(44 - 4) = 20(4) 


4@a) — 10a = 1 


12a — 10a = 1 
=I 
a=t 
. the solution set is {1} 
Answer 


12( In 4 A) = 12( 5) 


122m) + 1215) = 12(4) + 12(9) 
24n + 4n = 3a + 60 
28n = 3n + 60 


* the 
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Oral Exercises 
State the least common denominator of the fractions in each equation. 


Then state the equation with integral coefficients that results when both 
sides are multiplied by the LCD. 


Written Exercises 


A 1-4. Solve the equations in Oral Exercises 14. 


Solve, 


18, 


+2)= 


The LCD is 12. 


{n — 2) 


3(n + 2) — 2n ~ 2) = 6(3) 
3n+6-In+4=18 
n+ 10=18 


Answer 


<. the solution set is {8} 
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Solve. See the sample on page 299. 


19, t+ 4-2-1) =3 20. 2, - 1) - Fav—3)=1 
J 1 
21. 0= Sint 3) fin +4) 22. 1 = 1+ 6) - 10 —» 


28, 3(x+3)-20ax+1)= 
<1 
30. ris 


Solve for x in terms of the other variable. 


xt+fa_ x 


ia Zz 


33, 2b 10m + 2 


Problems 


Solve. 
A 1. One fourth of a number is two more than one filth of the number. Find 
the number. 

2. One eighth of a number is ten less than one third of the number. Find 
the number, 

3. Two numbers are in the ratio $:2, One half of their sum is 10}. Find 
the numbers 

4. Three numbers are in the ratio 35:6. One fourth of their sum is 1} more 
than the smallest number. Find the numbers. 

§. The width of a poster is 4 of its length. It takes 36 ft of metal framing to 
frame the poster, Find the dimensions of the poster. 

6, The length of a rectangular garden is 4 of its width. It takes 50 m of edg- 
ing to create a border. Find the dimensions of the garden. 

7. Scott spent one ninth of his allowance on a newspaper, and two fifths of 
his allowance on a snack. If he has $2,20 left, how much does he get for 
an allowance? 

8. Terri spent three eighths of her monthly salary on rent. and one third of ber 
monthly salary on food. If she has $294 left, what is her monthly salary? 
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9. A rectangle 
perimeter, Fi 


9 cm longer than it is wide. The width is one seventh of the 

\d the length and the width. 

10, The lengths of the sides of a triangle are consecutive integers. Half of the 
perimeter is |4 more than the length of the longest side. Find the 
perimeter. 


B 11. Erica hiked up a mountain trail at 3 km/h and retumed at 4 km/h. The en- 
tire trip tok 5h 10 min, including the half hour she spent at the top. How 
long was the trail? 

12. Consuela walked from her home to the fitness center at 6 km/h, She stayed 
45 min, and then got a ride back at 48 ki/h. If she returned 1.5 h after 
starting out, find the distance from home to the fitness center, 

13. One eighth of AI’s coins are quarters and the rest are nickels. If the total 
value of the coins is $3.60, how many of each type of coin does he have? 

14, Two thirds of a pile of coins are nickels, one fourth are dimes, and the rest 
are quarters. If the total value of the coins is $4.75, how many of each 
type of coin are there? 


C 15. Hannah bought some apples at the price of 3 apples for 95¢. She sold three 
fourths of them at 45¢ each, making a profit of 75¢. How many apples did 
Hannah keep? 
16. Diophantus was a famous Greek mathematician who lived and worked in 
Alexandria. Egypt, probably in the third century a.p. After he died, some- 
one described his life in this puzzle 


He was a boy for | of his life. 

After yy more, he acquired a beard. 

After another }, he married. 

In the fifth year after his marriage his son was born. 
The son lived half as many years as his father 
Diophantus died 4 years after his son 


How old was Diophantus when he died? 


inet ees SS Se en 
Mixed Review Exercises 


Write each ratio in simplest form. 


1, 8 days:4 wk 2. 151290x 3. 16:12 
ri 36r'y 6 SF 
Solve. 
10, 3x -2= 14 MW. |x } 12, &e +3 =Or+1 
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Application / Units of Measurement in Problem Solving 


A rate is a ratio that compares the amounts of wo different kinds of measure- 
ments, For example, suppose a greenhouse is selling foyr begonia plants for $1 
4 plants 
Then the rate “FO tells how many plants you get for a certain amount of 
St 
plants 
plants. The unit price is the price of one unit, In this case the unit price is 
s 
7 plant 
When you solve a problem involving rates, you can think of multiplying 
and dividing the units just as you do the numbers to determine the appropriate 
unit for your answer to the problem 


Example 1 Rosario spent $8.28 for two bag 


bag, find the unit cost per biscuit. 


money, The rate tells how much you pay for a certain number of 


which can be written $.25/plant and read as $.25 per plant. 


of dog biscuits. If there are 36 biscuits per 


Sokation To find the unit cost per biscuit, you divide the total cost by the total number 
of biscuits 


Total cost: $8.28 
36 biscuits 


V ber 


or LI Se/biscuit. Answer 


Total number of biscuits: 2 bags = 72 biscuits 


Unit cost: = 


72 biscuits — 1 biscuit 


Example 2) What does it cost wo carpet a room 10 ft by 12 


at $12 per square foot? 
Area: 10 ft 12 ft = 120 f 


* 12040 = $1440 Answer 


Carrying units throughout your computation is also helpful when you want 
to express a measurement in terms of @ larger or smaller unit 


Example 3 A» interplanctary probe travels 40.200 km/h. Express this speed in meters per 
second 


Solution Sct up units w “cancel out." Notice that w divide by 60 min/h you multiply 


Th 
> 6) min 
40,2004m- 1000m Lr Lanier 
TH eae > der se 11167 mis Answer 
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Exercises 
Write the appropriate unit. 


oe aged Bh ot erenes 
Ras eet a, ha 
3. 9 ft x 12 ft= 1082 4, Dai , OO min 


Th Th 


mi y, S280 ft . 60 
Th Ti Th 


= 4840 2 


6. The gas tank in an XR-5 car holds up to 15 gal 
a. If the car averages 36 mi/gal in highway driving 
driven on one tank of gas? 
b. If the car is driven at an average speed of 48 mi/h, how many hours 
can the car be driven on one tank of gas? 
bought a new refrigerator that uses 102 kW +h (kilowatt- 
ectricity per month. If electricity cost $0.125 per kW +h, f 
the operating cost of the refrigerator for one day in June 


how far can the car be 


7. The Truong 
hours) of el 


ind 


8. This week the Super-Buy store is selling two 2,5-ounce packages of sliced 


salami for $1. What is the cost per pound? 


GY Historical Note / Broken Numbers 


The word “‘fraction”’ comes from the Latin verb frangere, meaning “to 
break.”” A fraction is thus a “broken number.”” or a part of a number. 

‘The Babylonians used special symbols to represent commonly used frac- 
tions such as 4, 4, and §. However. fractions having denominators of base 
sixty, called sexagesimals, were used in astronomical calculations and in mathe: 


matical texts. Because the denominators of the fractions were restricted to a 
certain base, a positional notation was used to represent these fractions, Thus, 
@} intended as a fraction meant jf. The many integer divisors of sixty made it 
easier to simplify fractional computations, Sexagesimal fractions were also used 
in ancient Greece and then in Europe until the sixteenth century, when they 
were replaced by decimals 

Like the Babylonians, the Egyptians had special 
symbols for commonly used fractions. In hieroglyphics 
the symbol © was placed over the symbol for a 
whole number to express its reciprocal. This symbol 
was replaced by a dot in cursive writing and was later 
adopted by the English, who wrote 3 for 1 

‘The Egyptians attempted to avoid computational 
difficulties by expressing fractions as sums of unit 
fractions, that is, fractions having a numerator of one 
There were numerous rules for forming unit fractions 
For example, # might have been expressed as 

Bee at 1 Lec eed 


+ ' on 
34 + as * Tos? % 30 7 86 645 
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7-4 Fractional Equations 


Objective To solve fractional equations. 


‘or more terms is called 


‘An equation with a variable in the denominator of ori 
a fractional equation, To solve a fractional equation you can multiply both 
sides of the equation by the LCD. You can also solve a fractional equation as 
you would solye a proportion when the equation consists of one fraction equal 


to another (see Solution 2 of Example 2). 


12x(-£) | Muntiply both sides of the 
2" | equation by the LCD, 12 


2 (Notice that x cannot equal 0 
3 

x because ; has no meaning.) 

ay 

x 


Cheek: 


| ©, the solution set is {9}. Answer 


Example 2 soive 
Solution 1 Multiply both sides by the “Solution 2 Solve as a proportion 


LCD, 93 — x). (Notice that x 2 
cannot equal 3.) 


2-x 4) a2 x) = 43 x 
93 —1(2=+) = 90 
13 — 9 (F=*) = 98 - (3 18 —9x = 12 —4y 
92 — x) = (3 — x4) 6=Sx 
18 — = 12 — dy 6 
fay 
6=5x 5 
G_ the solution set is { 
3 5 
An 
*. the solution set is {$| Answer ewer 
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Example 3. sive: 


b-1 
Solution bib ~ p27) = Pb — LC) [Multiply both sides of 
the equation by the LCD, 
bb py) 7 b= HGF) =H = 1) | Kd = 1), (Notice that 6 

im sheet —b cannot equal 0 or 1.) 
O=F +b-2 
0=(b- 1b +2) 
b=lorb=- 


Check: Since b cannot equal 1 in the original equation, you need to check 
only ~2 in the equation 


*, the solution set is {~2}, Answer 


Multiplying both sides of an equation by a variable expression some- 
times results in an equation that has an extra root. You must check 
each root of the transformed equation to see if it satisfies the original 


Caution 


equation. 


Oral Exercises 


State the LCD of the fractions in each equation. Then state the equation 
that results when both sides are multiplied by the LCD. 


A 1-6. Solve the equations in Oral Exercises 1-6 


Solve and check. If the equation has no solution, write No solution. 


Brac Sg 5 oe 6-003 
a 4 8.20 6 3a cries ne 
oe 5 5 14 
5S=m _ 2 u.1=4 

MG ar 1-2 y-2 
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ni, Write Ne solution, 


Solve and check. If the equation has no solu 


y-6 m4 1 3—2m 1 _ wed 
a 2 pile 
a tas 2s 15. 2 ~ Gm —6 16. ~ Qwad 
sy 6 1 2te 4 rEsitay! 
=3 - > 
Mn tym 4 a: eee Ca a ae oor 


Find the number 


Sample — The sum of a number and its reciprocal is 3 


Solution 1.t x be the number. Then + is its reciprocal 


= or 5. Answer 


Solve. 


1, The sum of a number and its reciprocal is 73. Find the number. 


Find the number. 


2. ‘The sum of a number and its reciprocal is 
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3. 


4 


10. 


12. 


The sui of the reciprocals of two consecutive odd integers is 


integers. 


id the 


The sum of the reciprocals of two consecutive even integers is ff. Find the 


integers. 


‘The numerator of a fraction is 1 more than the denominator. If the numera- 
tor and the denominator are both increased by 2. the new fraction will be | 
less than the original fraction. Find the original fraction. 


‘The numerator of a fraction is 1 less than the denominator. If the aumers 
tor and the denominator are both increased by 4, the new fraction will be 4 
more than the original fraction. Find the original fraction. 


‘The sum of two numbers is 10 and the sum of their reciprocals is 7%, Find 


the numbers. 


Two numbers differ by 11. When the larger number is divided by the 
smaller. the quotient is 2 and the remainder is 4. Find the numbers 


Vina hiked 15 km up a mountain 
wail. Her return trip along the 
same trail took 30 min less 
because she was able to increase 
her speed by 1 km/h. How long 
did it take her to climb up and 
down the mountain’ 


Jacqui commutes 30 mi to her job 
euch day. She finds that if she 
drives 10 mi/h faster, it takes her 
to work. Find 


6 min less to gs 
her new speed. 


The cost of a bus trip was $180. 
The people who signed up for the 
trip agreed to split the cost 
equally, However, six people did 
not show up, so that these who 
did go cach had w pay $1.50 
more. How many people actually 
went on the trip? 


‘The $75 cost for a party was to be 
shared equally by all those attendin 
Since five more people attended than 
was expected, the price per person 
dropped by 50¢. How many people 
attended the party? 


Rate * Time = Distance 


zi} 
As 

Up x L 15 

Down 2 2 2 


Slower x 2% 


Faster 


Number x Price = Cost 
Planned | 2 “ 2 
Actual ? ss ? 
Number * Price = Cost 
Planned Ys fh t 
Actual ? t 2 
~ Applying Fractions — 307 


solve. 

13. Cindy and Dave left the dock to canoe downstream, Fifteen minutes later 
Tammy’ left by motorboat with the supplies. Since the motorboat traveled 
twice as fast as the canoe, it caught up with the canoe 3 km from the 
dock. What was the speed of the motorboat? 

14. An experienced plumber made $600 for working on a certain job. His ap 

prentice. who makes $3 per hour less, also made $600, However, the ap- 

prentice worked 10 h more than the plumber. How much does the plumber 
make per hour? 


SSS Se eS ee eee 
Mixed Review Exercises 


Solve. 
2a , 3a ees 
1+ ag = 14 1. Z-3=4 3 


8. 472" — 7 + 34) % 
10, (4? =n) HOF) UM, (Sz*)(2y 


12. (3pq?)? 


i eee 
Self-Test 2 


Vocabulary fractional equation (p. 304) 


Solve. 
17 me e-2 
if 2 20= 6+ p. 298 
v-3 m+6_m_2 
z 4. 10 1S 5 
Solve and check. If the equation has no solution, write Vo solution, 
g Seay Z 1 4 
rr: Ces 0 Obj. 7-4, p. 304 


7. The sum of the reciprocals of two consecutive integers is 
Find the integers, 


Check your answers with those at the back of the book: 
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Percent Problems 


7-5 Percents 


Objective To work with percents and decimals. 


The word percent me “hundredths” or ‘‘divided by 100."* The symbol % 
is used to represent percent 


Example 1 a. 29 percent = 29% ai 0.29 


2.6 _ 26 


b. 2.6 percent = 2.69% = 26 = 28 = 0.076 
637 percent = 637% = $97 = 637 = 6.37 

4. 0.02 pervent = 0.02% = 902 = 2 = 0.0002 

e. | percent = b% = 0.25% = 925 = 35 = 0.0025 

f. 33+ percent = 334% = Wm = 1 » 100=+4 


Sshition ae x 
Bos, 100. b. 100 
Sr = 300 3x 100 
agl 
= 60 r= 331 - 
eel 
4 ov 3 4 470 
5 100 3 100, i 100, 
60% 334% 410% 
swe Answer 
Answer Answe e 


Most calculators have a key with the % symbol that will help you solve or 
check percent problems. You can also enter & percent as a decimal or use your 


calculator and division by 100 to find the decimal form of a percent 


Tn percent problems the word “of"* means “‘multiply’” and the word “is 


me: 


ns “equals 
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Example 215% of 180 


i, 20 


2700 _ 
oo * 


2 


what number? 


=x 


15% of 180 is 27, Answer 


23 is 25% of what number? 


100 
2300 = 25x 


25% of 92. 


: Solution 2 0.15 - 180 =x 
27 


Answer 


x 


*. 15% of 180 is 27. Answer 


Example § What pervem of 64 is 48° 
Solution : 


2. 15% of 64 is 48, 


Answer 


When you solve an equation with decimal coefficients. you can multiply 
both sides of the equation by a power of 10 (10, 100, and so on) to get an 


equivalent equation with integral coefficients. 


Example 6 Solve 1.2. = 36 + 0.4%. 


‘Solution 101.24) = 10(36 + 0.42) 
12x = 360 + 4x 
Rr 


x= 45 


~. the solution set is {45} 


{Multiply both sides by 10 when 
\the coefficients are tenths 


Answer 


Example 7 solve 94 


Solution §—_1((94) = 100{0.15x + 0.08(1000 
9400 = 15x + 8(L000 — x) 
9400 = 15x + 8000 — 8x 
1400 = 7x 
200 =x the solution set is 


0.15x + 0.081000 — x), 


x) 


200} 


Multiply both sides by 100 
when the coefficients are 
hundredths 


Answer 
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Example 8 During a sale, a sporti 


goods store gave a 40¢ 


discount on sleeping bags 
How much did Ross pay 
for a sleeping bag with an 
original price of $75° 


Solution 1 1. Find 40% of $75: 0.40 +75 = 30 
2. Subtract the amount 
of discount from the 

original price 45 


Answer 


Solution 2 1. 1 the slecping bag was discounted 40%, it then cost 100% — 40% = 60% 


of its original price 


Ross paid $45 for the sleeping bi 


Find 60% of $75: 0.60 + 
Ross paid $45, Answer 


Oral Exercises 


Express each 


umber as 2p 


1. 0.833 2. 0.07 3.2.3 4. 0.015 5. 0.003 


6.5 9 8. 10 9. 10. 


Express as a fraction in simplest form. 


11. 12% 12. 70° 13. 6% 14, 46 15. 102% 
Express as a fraction and then as a mixed number. 

16. 105% 18. 175% 19, 420 20. 375 
21. 35% 22. 4% 23. 0.5% 2A. 125 25. 9! 
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‘Tell whether you would multiply by 10, 100, or 1000 to eliminate the 
decimal coet is in each equation. Then state the equation that would 
result if you did the multiplication. 


26, 0.3x = 1,2 + 2.3" 27. 0.240 = 3.2010 — x) 
28. 1.2x + 0.95 = 0.0203 — x) 29, 15,2(1000 — x) = 2.8 
30. O.1x — 0.01 = .001 3. 3.2x = 0.32 
32. 4.06x = 100 33. 0.03 + 10x 


RS EEE SSE Ss Sas, 
Written Exercises 


Write as a fraction in simplest form. 


A 1. 25% 2, 40% 3. 374% 4. 85% 
5. 60% 6. 662% 7. 12% 8. 16% 
9, 4% 10. 24% 11, 360% 12. 150% 
13. 32% of 300 is what number? 14. 6% of 145 is what number? 
15. 1% of 3200 is what number? 16, 6-4% of 500 is what number? 
17, 406 of 12 is what number? 18. 9.2% of 180 is what number? 
19, 8.1% of 250 is what number? 20. 110% of 30 is what number? 
21. 8 is 20% of what number? 22. 15 is 25% of what number? 
23. 21 is 6% of what number? 24. 99 is 180% of what number? 
28. 4.2 is 75% of what number? 26. 32.4 is 45% of what number? 
27. What percent of 45 is 7.22 28. What percent of 7.2 is 45? 
29, What percent of 150 is 3? 30. What percent of 3 is 150? 
31. What percent of 250 is 50? 32. What percent of 50 is 250? 


Complete the tables. 


Original price | % Discount | Price decrease | New price 
33. si2 25% | ? 2 
M. sis 20% | ? ? 
35. 875 10% ? ; 
36. $240 1s | , ? 
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Original price | % Markup | Price increase | New price 
B 3. S44 25% ? 2 
38. $85 20% ? 2 
3. $160, 3% of eS 
40. $25 6% Le ? 
Solve, 
41. 18x = 36 42. 0.06% = 120 43. 0.051 = 2.31 — 6.75 
44. O.2ly = 1.2- 0.156 45. 41 = 0.75y + 1.3y 46. 0.05a + 0.5a = 4.4 
47, 2+ 0.08% = 0,2" + 8 48. 0.47x — 20 = 0,09 + 3.25 
49. 90 = » + 0.040180 = x) 50. 04x + 0.24(4 — $) 08 
Si. 0.02 = 3.685x — 0.075(100 — x) 52. 0.05x + 0,065(5000 — x) = 295 
53. $4. 0.1x — 0.01110 — x) + 0.011100 — x) = 19 


55. $6. 5x — 0.4) = 


Solve. You may wish (o use a calculator. 


A 1. The Chess Club has a goal of 36 new members. So far, they have 30. 
What percent of the club's goal have they achieved? 
2. Laura makes @ 10.5% commission on each of her sales. How much does: 
she make when she sells a house for $85.00? 
3. A health research fund drive has raised $18,700. That is 22% of the goal 
What is the goal? 
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4. Because an item is slightly damaged, a stock clerk reduces the price by $6 


This represents a 15% reduction, What was the original price? 
5. Carl makes a 2% commission on each of his sales, When he sold a new 


car, he made $190. How much did the car cost? 


6. Last year Molly was given a 3% bonus 


bonus amounted to 


n her re 


ular yearly salary. The 
What is her regular yearly salary? 


7. Where Sondra lives, there is a 3% state sales tax, a 14% county sales tax, 
and a 1% municipal sales tax. How much tax will Sondra pay if she buys 
a $340 bicycle? 

8. Mario invests $4000 in bonds paying 115% interest and $5000 in bank ac 
counts paying 91% interest. Which investment yields more interest in one 
year? How much more? 


B_ 9, A $120 coat goes on sale for $96. By what percent was the coat 

discounted? 

10. A sporting goods dealer estimates that an $85 tennis racket will cost 6% 
more next year. What will be the new price? 

11. A dealer buys « new car for $8400, How much do you have to pay for the 
car if the dealer makes a 20% profit and there is a 5% sales x? 

12. Ina nation of 221 million people, the urban population is 2.25 times the 
rural population, Find the rural and urban populations 

13. A fertilizer is to be diluted with 
water so that the fertilizer is just 
1% of the solution. How much 
water should be mixed with 5 cm 
of fertilizer? 


14. Lucinda bought two record albums 
anda compact dise for 
$28.00, The price of each record 
album was 664% of the price of 
the compact dise. How much did 
Lucinda pay for 4 record album? 


total of 


The price of a share of stock rose 10% on Monday, The price then fell 
10% on Tuesday to $59.40 per share. What was the price of a share of 
stock before trading began on Monday? 

Mixed Review Exercises 


Factor completely. 


1. 3a°h + 6a 2. 3° + Gy? + 3y 


6 
4. 2-97 5. Sp'q? + 10p?q — 15pq? 3 
7. ala + by + Ha + b) Bet Or to 15 
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7-6 Percent Problems 


Objective To solve problems involving percents. 


Whenever a price is changed, you can find the percent of increase or the per- 
cent of decrease by using the following formula: 


percent of change _ change in prive 
100 original price 


To find the change in price, you calculate the difference between the original 
price and the new price 


Example 1 Find the change in price 


| a. The original price of the carb. Jerry originally paid $600 per 

| Jasmine wants was $10,000. month to rent his apartment 

| It is now on sale for $8,999, It now costs him $650. 
Solution The price decreased by b. The price increased by 


| $10,000 — $8999, or $1001 $650 — $600, or $50. 


Example 2 To auract business, the mana- 
| 


ger of a musical instruments 
store decreased the price of an 
alto saxophone from $500 to 
$440. What was the percent 


‘of decrease? 


Step 1 The problem asks for the percent 


of decrease: 


Step 2 Let x = the percent of decrease 


|. percent of change _ change in price 
—s Too original price 
x _ 60 
Step 4 100 500 
500x = 6000 
r=12 


Step § The check is left to you 
- there was a 12% decrease 
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Example 3 Ricardo paid $27 for membership in the Video Club, This was an increase of 
8% from last year, What was the price of membership last year? 


Step 1 The problem asks for the original prive 


Swp 2 Let x = the original price. Then 27 ~ x = the change in price. 


_., percent of change __ change in price 
Stop ¢ 100 original price 
4g ofox 
100 x 
Step 4 8x = 2700 — 1006 
108. = 2700 
1225 


Step § The check is left to you. 


<, the membership cost $25 last year. Answer 


Amount invested x Annual interest rate = Annual simple interest 


Example 4 Sheila invests part of $6000 at 6% interest and the rest at 11% interest. Her 
total annual income from these investments is $460. How much is invested at 
6% and how much at 11%? 


Step | The problem asks for the amounts invested at 6% and at 11%. 


Stop 2 Let x = the amount invested at 6% 
Then 6000 — x = the amount invested at 11% 


Amount invested * Rate= Interest 
At 6% x 0.06 0.060 
At 11% 6000 — x 0.11 | 0.11(6000 — x) 
Step 3 0.06x + 0.11(6000 — x) = 460 — Total interest 
Stop 4 100[0,06x + 0.11(6000 ~ x] = 100/460) Multiply both sides by 100, 
6x + 11(6000 — x) = 46,000 
6x + 66,000 — 11x = 46,000 
—Sx = —20,000 
x = 4000 


Step § The check is left to you 
$4000 is invested at 6%; $2000 at 11%. Answer 


Chapter 7 


Oral Exercises 


Complete each table. 


wp yp 


Item Original price | New price | Price increase | % of increase 
Jeans $25.00 $30.00 z a 
School lunch $1.60 $2.00 a is 
Haircut $10,00 $14.00 2 ih 
Record $6.00 $7.50 ih 2 

Item Original price | New price | Price decrease | % of decrease 
Sweater $60.00 $45.00 2 2 
Fly rod $20.00 $15.00 2 i 
Skis $240.00 $160.00 2 q' 
Radio $45.00 $36.00 . 2 


the equation you would use to find x. 


Original price | New price | __ % of change 
x $88 | 10% price increase 
x $75 _| 25% price increase 
r $21 | 159% price decrease 
x 348} 30% price decrease 
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Complete the tables. 


Solve. You may wish to use a caleulat 


. The Golds’ home 


ltem | Original price | New price | % of increase 
Skis $220.00 | $253.00 2 
Video wpe 36.00 8? "5% 
Phone call $2.80 8? 20% 
Hammer $? $8.00 25% 
Saw 9 $22.00 10% 
Backpack 3? $72.80 12% 
Stereo 2 $566.50 3% 

Item Original price | New price | % of decrease 
Shirt $25.00 $20.00 2 
Pants $36.00 $27.00 ca 
Notebook $2.00 $1.65 2 
Hiking boots $120.00 | $108.00 2 
Soccer ball $32.00 $? 20% 
Spaghetti sauce $2.20 3? 15% 
Shoes $2 $08.25 12.54% 
Shampoo 2 $2.09 S% 
Skates 3 $59.50 15% 


The population at Dos Pueblos High increased from 1800 students ten years 
ago to 1926 students last year. What was the percent of increase? 


as assessed this yeur at a value of $162,000. Last year 
it had been assessed at $150,000, What was the percent of increase’? 


. A $200 coat is on sale for $166. What is the percent of discount? 


Elena bought some shares of stock at $28 per share and sold them all at 
$24.50 per share, What was the percent of her los 


. While on vacation, Allison noted that 4 $5.50 breakfast actually cost $5.83 


because of the sales tax, What is the sales tax rate? 
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The number of paid subscribers to The Wildlife Monihly has declined from 
3340 people to 2430 people. What is the percent of decrease? 

7. Yvonne paid $11,448 for a new automobile. This amount included the 6% 
sales tax, What was the price of the automobile without the tax? 


8. Emily Ling is a real estate broker who cars a 12% commission on each 
house she sells. If she earned $21,600 on the sale of a house, what was 
the selling price of the house? 

9, At the Runners’ Shop anniversary sale, running shoes were on sale at a 
15% discount. If Alonzo paid $35.70 for a pair of Tunning shoes, what was 
the original price? 

10. ‘The number of students at Westwood High School with a driver's license is 
now 558, This is 24% more than last year. How many students had « driv- 
er’s license last year? 


B11. Yolanda invests $6000, Some of the money is invested in stocks paying 
6% a year and some in bonds paying 11% year. She receives # total of 
$580 each year from these investments. How much money is invested in 
stocks and how much money in bonds? 

12. Craig invested $4000 in bank certificates and bonds. The certificates pay 
5.5% interest and the bonds pay 11% interest. His interest income is $352 
this year. How much money was invested in bank certificates? 

13. The Creative Arts Fund must raise $2500 next year by investing $30,000 in 
federal notes paying 9% and in municipal bonds paying 8%. The treasurer 
wants to invest as much as possible in the bonds, even though they pay 
less, because the bonds are for projects in the local area. How much should 
the treasurer invest in bonds’? 


14, Bruce invested in stock paying a 10$% dividend. Maya invested $4000 
more than Bruce in tax-free bonds paying 74% annual simple interest. If 
Maya's income from investment is $75 more than Bruce’s, find how much 
money each invested. 

15. Jesse invested $2000 more in stocks than in bonds. The bonds paid 7.2% 
interest and stocks paid 6%. The income from each investment was the 
sume. How much interest did he receive in all? 

16. Half of Roberta’s money is invested at 12% interest, one third at 11%, and 
the rest at 9%. Her total annual income from investments is $1340. How 
much money has Roberta invested? 


Computer Exercises For students with some programming experience. 


1. Suppose that you deposit $100 in a bank account that pays 6%% interest per 
year. At the end of one year, you will have 100 + 100(0,06) = $106, At 
the end of the second year, you will have 106 + 106(0.06) = $112 36 
Write a BASIC program to display in chart form how much money you 
will have at the end of 1. 2, 3. 4. 


Applying Fractions 319 


2. Write a BASIC program using an array to store data entered with INPUT 
statements. The program should calculate and print the percent of increase 
or decrease between each consecutive pair of data, If the percent of ¢ 
is the same for each consecutive pair, the data are increasing (or decreas: 

ly. RUN the program for the following sets of data. 


ee 


ing) expom 


a. Years after | Population of} b. Hours after start | Number of 

1989 Muddville of experiment | bacteria 

\ 207 1 500 

2 200 2 705 

3 193 3 994 

4 186 4 1402 

5 179 iB 1977 
Is the population of Muddville Is the number of bacteria 
decreasing exponentially? increasing exponentially? 


SS aS aS 
Mixed Review Exercises 


Solve, 
Ce fea | i 13 
2 : oa": 3 ” on 
4. lide = 28 5. + 3m +2=0 6, 0.5" + 5.6 = 1.2% 
Simplify. 
1 + 3/9 8. —4(x — 3y) 
10. 16(~+4) IL. (-5b\(—6c) 


Self-Test 3 


Vocabulary percent (p. 309) 


Express as a fraction in simplest form. 


1. 65% 2.724, 3. 510% Obj. 7-5, p. 309 
4. Find 16% of 85 5. 3.75 is 60% of what number? 
6. What percent of 70 is 2457 7. What percent of 300 is 2257 


8. Last year an accountant earned $28,000. This year she received a 
6% raise. How much was the raise? 


9. A $162 suit is on sale for $108, What is the percent of discount? Obj. 7-6, p. 315 


Check your answers with those at the back of the book 
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Mixture and Work Problems 


7-7 Mixture Problems 


Objective — To solve mixture problems 


Supermarkets sometimes sell 
a mixture of two or more items. 
Similarly. a chemist can make 
a solution of a certain strei 
by mixing solutions of different 
strengths, When you solve a 
mixture problem, it is helpful 
to make a chart 


Example 1 A health food store sells a mixture of raisins and roasted nuts, Raisins sell for 


$3.50/kg and nuts sell for $4.7Sikg, How many kilograms of each should be 
mixed to make 20 ky of this snack worth $4.00/kg? 


Solution 


Step 1 The problem asks for the number of kilograms of raisins and the number o| 


f 
kilograms of nuts 


Step 2 Let x = the number of kilograms of raisins 
Then 20 — x = the number of kilograms of nuts 


‘Number of kg Price per kg = Cost 
Raisins x 3.50 3.Sx 
Nuts 20 -x 4.75 | 4.75(20 — x) 
Mixture 20 4,00 80 


Step 3 Cost of raisins + cost of nuts = total cost of mixture 
3.5x + 4.75(20 — x) = 80 


5 $75(20 — x) = 8000 Multiply both sides by 100. 


¥ + 9500 


20-x=8 


Sep 5 The check is left to you 
of nuts are needed. Answer 


12 kg of raisins and 8 
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Example 2 An auto mechanic has 300 mL of battery acid solution that is 60% acid. He 
must acid water to this solution to dilute it so that it is only 45% acid, How 
much water should he add? 


Step 1 The problem asks for the number of milliliters of water to be added. 


Step 2 Let x = the number of milliliters of water to be added 


‘Total amount * %% acid = Amount of acid 
Original solution 300 60% 0.60(300) 
Water x 0% 0 
New solution. 300 + x 45% 0.45300 + x) 


Step 2 Original amount of acid + added acid = new amount of acid 


0.60(300) + 0 = 0.450300 + x) 
Step 4 60(300) = 45(300 + x) 
18,000 = 13,500 + 45x 
4500 = 45x 
100 = « 


Step 5 The check is left wo you 
100 mL of er should be added. Answer 


Examples 1 and 2 are really very much alike, You can see this in the 
charts and in Step 3 of each solution. In fact, mixture problems are similar to 
investment problems, coin problems, and certain distance problems. 


Oral Exercises 


Read cach problem and complete the chart, Use the chart to give an 
equation to solve the problem. Do not solve. 


1. The owner of the Fancy Food Shoppe wants to mix cashews selling at 
$8,00/kg and pecans selling at $7.00/kg. How many kilograms of cach 
kind of nut should be mixed to get 8 kg worth $7.2 


Number of kg * Price per kg = Total cost 
Cashews x ed E 
Pecans ip if 


Mixture ® 
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2. A chemist has 40 mL of a solution that is 50% acid. How much water 
should he add to make a solution that is 10% acid? 


Total amount x % acid = _ Amount of acid 
Original solution 2 2 2 
Water added x ? 2 
New solution 2 2 2 


3. If 800 mL of a juice drink is 15% grape juice, how much grape juice 
should be added to make a drink that is 20% grape juice? 


Total amount < _% juice = Amount of juice 
Original drink 2 2 ? 
Juice added x 2 ? 
New drink 2 2 2 


4. A chemist mixes 12 L of a solution that is 45% acid with & L of 
that iy 70% acid. What is the percent of acid of the mixture? 


solution 


Total amount X = % acid == Amount of acid 
Ist Solution ig 2 2 
2nd Solution 2 2 ? 
Mixture ? x 2 


5. A grocer mixes 5 Ib of egg noodles costing 80¢/b with 2 Ib of spinach 
noodles costing $1,50/Ib. What will the cost per pound of the mixture be? 


Number of tb < Cost per Ib = Total cost 
Egg noodles a 2 2 
Spinach noodles 2 2 


Mixture i x 2 


for 3h more at 95 km/h. What 


6. Susan drove for 2 h at 83 km/h and thes 
was her average speed for the entire tri 


Rate x Time = Distance 
|__Ist part of tp 2 2 2 
|_ 2nd part of trip 2 2 Z 
Entire trip u i 
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7. Sam invested $2000 at 54% annual interest and $3000 at 83% annual inter- 
est, What percent interest is he earning on his total investment? 


Amount invested * Rate = Interest 


Investment A. 2 
Investment B ? ? ? 
Total Investments ? x ? 


8. Gina has a pile of 50 dimes and nickels worth $4.30. How many coins of 
each type does she have? 


Number of coins * Value per coin = Total value 


Dimes r 2 ? 
Nickels ? t ? 
Collection — ? 


SS SS a 
Problems 


A 1-8. Solve the problems in Oral Exercises 1-8. 


Solve. 


9, How many liters of water must be added to 50 L of a 30% acid solution in 
order to produce a 20% acid solution? 


10. How many milliliters of water must be added to 60 mL of a 15% iodine 
solution in order to dilute it to a 10% iodine solution’ 


11. A spice mixture is 25% thyme. How many grams of thyme must be added 
to 12 g of the mixture (o increase the thyme content to 40%? 

12. A grocer mixes two kinds of nuts. One kind costs $5,00/kg and the other 
$5.80/kg. How many kilograms of each type are needed to make 40 kg of 
a blend worth $5.50/kg? 


13. Joanne makes a mixture of dried fruits by mixing dried apples costing 
$6.00/kg with dried apricots costing $8.00/kg. How many kilograms of 
cach are needed (0 make 20 kg of a mixture worth $7.20/kg? 

14. A farm stand owner mixes apple juice and cranberry juice. How much 
should he charge if he mixes 8 L of apple juice selling for 45¢/L with 10 L 
of cranberry juice selling for $1.08/L? 


15. If you drive for 2h at 80 km/h, how fast must you drive during the next 
hour in order to have an average speed of 75 km/h? 
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16. If Sylvia works overtime, she is paid 14 times as much per hour as usual. 
After working her usual 40 h last week, she worked an additional 4 h over- 
time. If she made $552 last week, find her usual hourly wage, 


B17. A chemist wishes to mix some pure acid with some water to produce 16 L 
of a solution that is 30% acid. How much pure acid and how much water 
should be mixed? 

18. How many liters of water must be evaporated from 10 L. of a 40% salt so- 
lution to produce a 50% solution? 

19, How many liters of water must be evaporated from 20 L of a 30% salt so- 
lution to produce a 50% solution? 

20. A wholesaler has 100 kg of mixed nuts that sell for $4.00/kg, In order to 
make the price more attractive, she plans to mix in some cheaper nuts 
worth $3,20/kg. If the wholesaler wants to sell the mixture for $3.40/kg, 
how many kilograms of the cheaper nuts should be used’? 


21. A securities broker advised a client to invest a total of $21,000 in bonds 
paying 12% interest and in certificates of deposit paying 54% interest. ‘The 
annual income from these investments was $2250, Find out how much was 
invested at each rate. 


22. A collection of 50 coins is worth $5.20. There are 12 more nickels than 
dimes, and the rest of the coins are quarters. How many coins of each type 
are in the collection? 

23. (a) If you bike for 2h at 30 km/h and for 2h at 20 knv/h, what is your 
average speed for the whole trip? (b) If you bike for 60 km at 30 knvh and 
return at 20 km/h, what is your average speed for the whole trip? 


C 24. The ratio of nickels to dimes to quarters is 3:8: 1. If all the coins were 
dimes, the amount of money would be the same. Show that there are infi- 
nitely many solutions to this problem. 

25. A grocer wants to make a mixture of three dried fruits, He decides that the 
ratio of pounds of banana chips to apricots to dates should be 3 
nana chips cost $1,17/Ib, apricots cost $3.00/1b, and dates cost $2.30/b. 
What is the cost per pound of the mixture? 


SS 
Mixed Review Exercises 


Evaluate. 
1. 9% of 60 + 0.4% of 230 2. What percent of 45 is 18? 
3. What percent of 160 is 12? 4.16 is 12496 of what number? 


Evaluate if a = 2. b= 3, x =5, and y=4. 


T=» 74 


S. |-5)+y 6.455 n+ y) 8. oy 2u + 5b 10. (x = by 
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7-8 Work Problems 


Objective To solve work problems 


You can use the following formula to solve work problems. 


work rate * time = work done 
n= 


“Work rate" means the fractional part of a job done in a given unit of time 


Example 1 Sheri can rake the lawn in 2 h. Her work rate is the part of the job she can 
do in Th. 2. her work rate is 4 job per hour 


To finish a job, the sum of the fractional parts of the work done must be | 


Example 2. josh can split a cord of wood in 4 days. His father can split a cord in 2 days 
How long will it take them to split a cord of wood if they work together’ 


Sten | The problem asks for the number of 
days the job will take them. 


Step 2 Let x = the number of 
do the job together 


Josh and his father will each work x days 


Since Josh can do the whole job in 
4 days. his work rate is | job per day 


His father’s work rate is 4 job per day 


Work rate ¥ Time = Work done 


Josh 


al- 


Father 


Step 3 Josh's part of the job + Father's part of the job = Whole job 


4 + 4 : 1 
Step 4 4(4 +4) =4(1) Multiply by the LED, 4. 
x+2x=4 
r= 4 
r=4,orit 


wy 
0 
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Step 5 The check is left to you. 


© it would take them 14 days to do the job together, Answer 


Example 3° Robot A takes 6 min to weld a fender. Robot B takes only 5 
work together for 2 min, how long will it take Robot B to fi 
fender by itself? 


Step 1 The problem asks for the amount of time it will take Robot B to finish weld- 
ing the fender. 


min. If they 
ish welding the 


Step 2 Let x = the number of minutes needed for Robot B to finish. 
Robot B's work rate is 


Work rate * Time = Work done 


1 2 L 
Robot A] t 2 | 2or4 
Robot B] 2 J 24+e] 2040 


Step 3 A’s part of job + B’s part of job = Whole job 


Step 4 = 33(1) Multiply by the LCD, 33. 


3 


H+ 6(2 + x) 
11+ 12+ 6 
6x = 10 


r=5. or lz 


Step 5 The check is lefi to you 


= min for Robot B to finish welding, Answer 


* it will take 


The charts used for work problems look similar to the charts used for other 
problems, The following formulas show the similarities among some types of 
problems you have studied 

York done by A + work done by B = sora! work done 
‘Acid in solution A + acid in solution B = oral acid in mixture 
Interest from banks + interest from bonds = total interest 


Distance by bike + distance by car = toral distance traveled 


ing Fractions 327 


CER sae cnet ii ne Si ie i a TT a IT 
Oral Exercises 


State the work rate. 


1. Beatrice can wallpaper a room in Sh, 2. Many read a novel in 10 h. 
3. Annic can wax her car in 45 min, 4. A hose can fill a swimming pool in 
3 days. 


Complete the charts. Do not solve the problems. 


5. Using a new lawn mower. Abby can : 
mow the lawn in 2 h. Her sister Carla Work rats 2c inns == Wonk: done 
uses an older mower and takes 3h to Abby ae ES » 
mow the same lawn, How long will it ar oie Fi 
take them if they work together? i 2 


6. Phil can paint the garage in 12h, = 
and Rick can! do tian 10h, They Work rate x Time = Work done 


work together for 3h. How long will Phil by 3 ? 
it take Rick to finish the job alone? 


Rick > [x43 2 

7. Chuck ean shovel the snow off his 
driveway in 40 min. He shovels for Work rate x Time = Work done 
20 min and then is joined by Joan. If Chuck ” ? 2 
they shovel the remaining snow in 
10 min, how long would it have taken Joan 4+ ? 2 


Joan to shovel the driveway alone’? 


8. Brett usually takes 50 min to groom 


the horses, After working 10 min, Work rate x Time = Work done 


he was joined by Angela and they Brett 2 2 2 

finished the grooming in 15 min. j 

How long would it have taken Angela 4 2 2 
x 

Angela working alone? 


TES EE A RTS Tn ae aa 
Problems 


A A, Ritu takes 3h to type a report, What part of the typing can she do in 2h? 
inch? 
2. Franklin can do a job in 6 h and Mike can do it in 4h, What part of the 
job can they do by working together for 2h? for y h? 
3. Jake can wallpaper a room in 10h and Maura can do it in 8 h. What part 
‘of the job can they do by working together for 2.5 h? for hh? 
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4. One drain pipe can empty 2 swimming pool in 6h. Another pipe takes 3h 
If both pipes are used at the same time to drain the pool, what part of the 
job is completed in 2 h? inh? 

5-8. Solve the problems stated in Oral Exercises 5-8 


Solve. 


9, It takes Sally 15 min to pick the apples from the tree in her backyard. Lisa 
can do it in 25 min. How long will it take them working together? 


10. It takes Gary | h to milk all of the cows, and it takes Dana 1.5 h. How 
long will it take them to do the job together? 

11. A roofing contractor estimates that he 
can shingle @ house in 20 h and that 
his assistant ean do it in 30 h, How 
long will it take them to shingle the 
house working together? 

12. Stan can load his truck in 24 min 
If his brother helps him, it takes them 
15 min to load the truck. How long 
does it take Stan's brother alone? 


13. One printing machine works twice as 
fast as another. When both machines 


are used, th 


°y can print a magazine in 


h. How many hours would each 


machine require to do the job alone? 


14. Arthur can do a job in 30 min, Bonnie can do it in 40 min, and Claire can 
do it in 60 min. How long will it take them if they work together? 

15. It takes my father 3 h to plow our cornfield with his new tractor, Using the 
old tractor it takes me 5h. If we both plow for | h before I go to school 
how long will it take him to finish the plowing 

16. Phyllis can rake our lawn in SO min, and I can do it in 40 min. I she 

akes for 5 min before I join her, how long will it take uy to finish’ 


17. One pump can fill a water tank in 3h, and another pump takes 5h. When 
the tank was empty, both pumps were wired on for 30 min and then the 
faster pump was turned off. How much longer did the slower pump have to 
run before the tank was filled? 


18. Pipe A can fill a swimming pool in 12 h. After it has been used for 4% h 


would 


Pipe B is also used, and the pool is filled in another 4) h. How Ion 
it take for the Pipe B to fill the pool by itself’? 

19. Ramona can do a job in 12 days. After she has worked for 4 days. she is 
joined by Carlotta and it takes them 2 days working together to finish the 
job. How long would it have taken Carlotta to do the whole job herself’? 


20. The fill pipe for a tank can fill the tank in 4h, and the drain pipe can 
in it in 2 h. If both pipes are accidentally opened, how long will it take 


to empty a balf-filled tank? 
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21, Nicholas and Marilyn ure addressing invitations to the junior class picnie 
Nicholas can address one every 30 5 and Marilyn can do one every 40 s. 
How long will it take them to address 140 invitations? 


C 22. Jeff can weed the garden in 4h. His wife Brenda takes the same amount 
time. After they worked together for 1 h, their son Rory helped them 
finish in 4h. How long would it have taken Rory by himself? 


pool in 3h 


If three pipes are all opened, they can fill an 
The largest pipe alone takes one third the ime that the smallest pipe takes 
and half the time the other pipe takes. How long would it take each pipe to 
fill the pool by itself? 


GEES aT 
Mixed Review Exercises 


mpty swimmi 


Complete the table, 
Item — | Original price | New price | Percent of increase 

1, | Shoes $ 34.00 $40.12 ? 

. | Wallpaper | $130.00 x | 10% 

3. | Tow Bag | $s? $26.40 20% 
Solve. 

een Gi ties US: 64 

+3 +6 Sey 
7. Su 1 =a +7) 8. -0.6+4=08 9. 9p =0 


Self-Test 4 


Solve. 


1, How many liters of water must be evaporated from 50 L of a 10% Obj. 7-7, p. 324 
salt solution to produce a 20% salt solution? 

2. How many kilograms of nuts must be added to 1,8 kg of plain 
banana bread batter to produce a batter that is 10% nuts? 

3. Fran can write a computer program in 9 days. If Doug helps her, 7-8, p. 326 

they can write the program in 6 days. How long would it take 

Doug to write the program by himself’? 


4. The main engine on a rocket ean use up the fuel in 60s. ‘The re- 


serve engine can use it up in 80 s, How long can both run at the 


same timi 


Check your answers with those at the back of the book 
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Problems Involving Exponents 


7-9 Negative Exponents 
Objective To use negative exponents 


You have learned the meaning of a® when 1 is a positive number, For example 


=4 2'=2 


In this lesson you'll consider the meaning of expressions like 2” and 2~! that 


have zero and negative integers as exponents 


a 
Definition of a 


If @ is a nonzero real number and n is a positive integer, 


a 


Example 1 a. 103 =-=— ps4 = eclpthent. 
10' 1000 5 625 16! 16 


The rule of exponents for division (page 190) will help you understand why 


a" is defined as 4. Recall that for m >, a""” For example 


=a a 


You can also apply this rule when m <n, that is, when m— 1 is a negative 


number. For example. 


Since “ and 4 are reciprocals, a* and a * must also be reciprocals. Thus, 


If m =n, you can still apply . a’ For example, “S = a a”. But 


L. This leads to the following detinition 


you already know that “ 
@ 


Applying Fractions 331 


ce a 
Definition of a° 
If ais a nonzero real number, 
a@’=i. 


‘The expression 0!’ has no meaning. es li 


All the rules for positive exponents also hold for zero and negative 
exponents 


SS RS Ee OE 
Summary of Rules for Exponents Examples 


Let m and n be any integers 
Let w and b be any nonzero integers. 


| 1. Products of Powers: bh" = b™*" 2. * 4 
> Stik GEPOWEE. PTE blew BOP 32 petcbeet 
2. Quotients of Powers: bi!" = b" = b 6 = 6 =6 Bhar teres 
3. Power of a Power: (b")" = bh" (24)7 = 
4. Power of a Product: (ahy" = a"h" Bn? 


a 


5. Power of a Quotient: (#)" =< 


bith ye pt Use Rule 3. 
=b 
©. 3x74? = 9x7? Use Rules 4 and 3, 
== Use the rule for negative exponents 


Positive and negative exponents are often used in problems involving popu- 
lation growth, interest, or energy consumption 
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Example 3 101 years, the population P (in millions) of Centerville will be approximately 
P = 2(1,03)', (a) What will the population be in two years? (b) What is the 
population now’? (¢) What was the population last year? 


‘Solution a. ter r= 2 P = 2(1.03)? = 2(1.0609) = 2.1218; 2,121,800 
b. Let 1= 0. P = 2(1.03)" = 2¢1) = 2; 2,000,000 
ce. Letr=—1. P= (1.03) = ~~ ~ 1.941748; 1,941,748 


Oral Exercises 


Simplify. In Exercises 17-24, give answers using positive exponents. 


1.107" 2. 6! ‘Seles Raley 
5,10-* 6. 6? (Goins (Slee 
S52 10. 4° VE ey 3 K2: 3863-> 
13. (3-1? 1s. -8 
10 

17, (5x)-2 ay, (L.1)" 

‘ 24 
a. aie po es 23. (5e)"! 


25, The electrical energy consumption in a city has been increasing. Inn years 
the annual electrical consumption will be approximately C = 1.3(1.07)" bil 
lion kilowatt-hours, What value of 7 should be substituted to find the value 
of C (a) now? (b) 10 years from now? (c) 10 years ago? 


EIS 
Written Exercises 


Simplify, 

Aus! 7 a 
‘S902 6. 8? 
9.24 10. 34 
13, 4? 14. 37-3” 

3 6 
19. 23 Is, f 
Pat 
295 IF =) 
26. (3) 


Simplify. 

29, a, (2-3) 30. a, (4-5) Maneater te 32, 24 3 
b. 2.3>3 b. 4-57 BQ) > 

33. Why is b-! not defined when b = 0? 


34. Suppose that you did not know that 4° = 1» Explain how you could arrive 
at this fact by using the laws of exponents to simplify b* - b" = b*. 


Simplify. Giye your answers using posi 
B 3s, 3 36. 2n* 37. Gx? 38. (Sm)> 
a. xy? 40.4 41. (m3) 42. (7° 


ve exponents. 


43. mst 44. a9 a? 45. 3x2) 46. (an? 
as 48. 302-3")! 49, sa 50. (bb 7)? 
era 
“a 
aye! ss, (©2)" 
=] 56. (Fs) 


Simplify. Use the table of powers of 5. 


Sample mm 3125: _ 
0.008 5 3 
=5 $= 25 
= 300,625 125 
Answer 5* = 625 
3125 
15,625 
57 = 78,125 
5% = 390,625 
59, 3125 * 0.008 60. (0000128 « 78,125 61. (78.125)! 
2 6)-2 0.2 0.000064 
62. (0.0016) 63. 000000256 4. 35 
(3125) (625)* mRyAOtEOS)2 
65. 15.625 8 [3s 67. (00000128) (390,625) 


Exponents can be fractions as well as integers. Exercises 68-71 will help 
you see how fractional exponents can be defined. 


C 6s. 


; Rule | for integral exponents were to hold for fractional exponents, then 
g'-9!= 9!!! — 9! ‘Therefore, 9! ought to be defined as the number —— 


69. If Rule | for integral exponents were to hold for fractional exponents, then 
16°- 16° = 16'. Therefore, 16° ought to be defined as the number 2. 
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70. If Rule 3 for integral exponents were to hold for fractional exponents, then 
(8' = 8!" > = 81, Therefore. 8! ought to be defined as the number 1, 


71. How could you define (2)! and (x")!? (Hint: See Exercises 68-70.) 


(RIE 6 ee i a 
Problems 


Solve. A calculator may be helpful. 


A 1. If you have | kg of radioactive iodine, it will gradually deeay so that d 
days later you will have 1.09“ kg. Find how many kilograms you will 
have 4 days later and 8 days later. 

2. The value V of a new $12,000 automobile Years o}1}2]|3] 5] 10 
y years alter it is purchased is given by the 
formula V = 12,000(1.4)~*. Copy and 
complete the table at the right 

3. The population of a certain state ¢ years from now will be about 
P = 12(1.03)' million, Estimate to the nearest million the population 
(a) now. (b) 10 years from now, and (c) 10 years ago 


Value (V) 


he cost of living in 4 certain city has been increasing so that an item cost- 
ing one dollar today may cost (1.08) dollars in ¢ years. (a) How much 
may today’s one-dollar item cost in 3 years? (b) How much in 9 years? 
(c) How much did today’s one-dollar item cost 9 years ago? 


5. A microbiologist has a bacteria culture whose growth rate can be described 
by N = n(2.72)*!, where n is the original number of bacteria and N is the 
number after ¢ hours. At noon the culture has 100 bacteria, Find, to the 
nearest whole number, the number on the same day a 
(a) 2 P.M, (b) 10 AM. (ce) 6 PM (d) 64M 


Mixed Review Exercises 


jons on the variables. 


Simplify. Give rest 


3022 yi + Oy + 25 
1 lees y+ iy +10 SB 
54-24. (taal 
a~2 P+snt6 
ar + 2v + 36 16 24 a’ +27 
Te ee B=9 0° P+ Ort 1S Pad 
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ESS SSR NS 
7-10 Scientific Notation 


Objective ‘To use scientific notation 


Some numbers are so large or so small that they ‘are Uifficult to read or to 
write. For example, consider the following measurements: 
diameter of the solar system; —118,000,000,000 km 
diameter of a silver atom: —0.00000000000025 km. 


jentifie notation makes it easier to work with such numbers. To write a posi 
tive number in scientific notation, you express it as the product of a number 
greater than or equal to | but less than 10 and an integral power of 10. Study 
the following examples. 


Number Number Written in. | Movement of the 
Scientific Notation Decimal Point 
118,000,000,000 1,18 x 10!" 11 places 
1 
4,709,000,000 4,709 x 10” 9 places 
00,000152 1,52 x 1074 4 places 
‘ 
0,00000000000025 2.5 190-8 13 places 
B 


Notice that when a positive number greater than or equal to 10 is written 
in scientific notation, the power of 10 used is positive. When the number is 
less than 1. the power of 10 used is negative 


Example 1 Write cach number in scientific notation. 


a. 38,120,000,000 
| b. 0.00000072 


a. Move the decimal point left 10 places to get a number between 1 and 10. 
58.120,000,000 = 5.812 « 10° 


b. Move the decimal point right 7 places to get a number between | and 10. 
0,00000072 = 7.2 x 10-7 
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“Example 2 weite cach number in decimal form. 


a. 4.95 x 108 b. 7.63 x 1075 


“Solution a. Move the decimal point 8 places. b, Move the decimal point 5 places. 
4.95 * 10* = 495,000,000, 7.63 x 10-* = 0,0000763 


Numbers written in scientific notation can be multiplied and divided easily 
by using the rules of exponents 


Example 2° simplify. Write your answers in scientific notation 


3.2% 10 + 2 6 
= * 1056.0 * 107). 0.4 10 
20x 10" 10°)(6.0 « 10°) ¢. 1 


Subtract exponents 
when you divide 


= 1.6 * 10° Answer 


b. (2-5 * 10°)(6.0 * 10?) = (2.5 % 6.0)108 * 104) | Add exponents: 
(isyoe**) lwhen you multiply 
(1S)10°) 


1.5 = 10° Answer 


c. 0.4% 10° = (4 x 10-10%) 
= 4x 10° Answer 


tance from the sun to Pluto is approximately 5.9 * 10” km. Find the ratio of 
the first distance to the second. 


Di rom sun to Mercury __6 * 10° 
Distance from sun to Pluto 5.9 10" 
6 10 
5.9 10° 


“Example 4 The distance from the sun to Mercury is approximately 6 < 10" km, The dis- 


x10" 


6 
39 


x 107! 


Go eal 
5.9” 10 


= 2 Answer 


To see how your calculator handles very large numbers, sce the Calculator 
Key-In on page 341 
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Our decimal number system is based on powers of 10. 


“Solution a. 8572 = 8000 + SOD + 70 +2 


= 810) + 5-107 +710) + 2-10" Answer 


Write cach number in expanded notation using powers of 10. 


b, 0.3946 = 0.3 + 0.09 + 0.004 + 0.0006 
=3+10°'+9-10°7+4+10% +6104 Answer 


20 +5 +0.0 + 0.03 
= 2-10! +5-10°4+0-10°' + 3-1°? Answer 


©. 25.03 


The metric system is also based upon powers of 10. To change from one 
metric unit to another, you simply multiply by a power of 10. 


Example 6 Complete each statement by writing a power of 10. 


a. tkm=—2om b. IimL = 2b 
Solution a. To change from kilometers. —_b. To change from milliliters 
to meters, multiply by 10°, to liters, multiply by 10-* 
1 km = 10° m Tmb = 10-*L 


Wes. 25 a a ae ee 
Oral Exercises 


Express each number in scientific notation. 


1, 38,500 2. 4,070,000 3. 36,040,000 
4. 0.000409 5, 0.000028 6. 00000000902 


7-12. Express each number in Exercises 1-6 in expanded notation. 


State each number as a single power of 10. 


13. 10°- 10-7 - 10% 10” + 10% 10° 
BS 15. Ta. 108 


107" 1g, 10-'- 10" 


16, 12 
10? iu 10% 


Simplify. Express your answers in scientific notation. 


19. (2 * 10°)(4 & 10°) 20. 21. (3 * 1086 * 10-4) 
> 6X 10° (4* 10°19 10 
2107 ae 2™ 10° 


338 Chapter 7 


A 


Written Exercises 


Rewrite each number in decimal form, 

1. The speed of light is 3.0 « 10° m/s, 

2. The diameter of the sun is about 1.39 = 10° m, 
3. The mass of the sun is about 2.0 * 10°" kg 


frequency of an AM radio wave is 14 < 10° hertz (cycles per 
second) 


5. The wavelength of ultraviolet light is 1,36 x 107° cm. 
“6. The wavelength of gamma rays is 3.0 x 10>"? em. 
7. The diameter of the nucleus of a hydrogen atom is 5.0 * 107!7 em. 


8. The mass of an atom of helium is 6.65 x 107 g. 


Complete each statement by writing a power of 10. 


10, a. 1m cm Ll. a. 1 kg = —2_ mg 
b. lem=_2_ m b. | mg =_2_ kg 
13. a. | km = —2_ mm 14. a. 1 g=_2_ mg 
b. 1mm = 2 km b. | mg=_2_ 
Write each number in (a) scientific notation and (b) expanded notation. 

2500 16. 01 17. 0,0000000024 18, 26,870,000 
19. 3,030,000 20. 0,0000485 21. 0.000909 22. 798,100,000 
23. 98.6% 24, 2.3 million 25. 12 billion 26. 200 trillion 
Simplify. Express your answers in scientific notation. 

i 4 10 1.08 « 10" 

27. (3% 101.2 x 10°) Ty 29, 
(5 * 1079 * 10) (4 10>) 
jpples ee se a= 22 


A 


tation. 


Solve. Write your answers in scientific 
1. a. Find the number of kilometers in a light year. A light year is the dis- 
tance that light travels in one year. Light travels at the rate of 

3,0 = 10° km/s, Assume a year is 365 days 
b. The Andromeda galaxy is approximately 1,5 10° light years from 
Earth. Find the distance in kilometers 


Applying Fractions 


©. The distance from Earth to the star Alpha Centauri is about 
4.07 * 10" km. Use the result of Problem 1 to. find how long it takes 
wht from this star (o reach Earth. 
d. How long does it take light from the sun to reach Earth? The sun is 
1.5 x 10 km from Earth 


2. A sheet of paper is 0.015 cm thick, Suppose that you rip it in half, place 
the two halves together and rip them in half. Then you place the four 
pieces you now have in a stack and then rip the stack in half. If it were 
possible to continue this process of stacking the cut pieces and ripping the 
stacks a for 50 times, the stack would have 2’ pieces. 
(Hint; 2° ~ 1.13 * 10°) 

How high would the stack reach? 

Would it be higher than your room 

Higher than the tallest redwood tree (83 m)? 

Higher than the world’s tallest building (443.18 m)? 

Higher than the moon (384,432 my? 

Higher than the sun (1.5 * 10° km)? 

. The diagram shows the repetitive pattern of an [1 cycle >| 
electromagnetic wave. The frequency of such a eto 
wave is the number of repetitions, or cycles, per 
second. A typical television wave could have a 
frequency of 1.3 10% cycles per second, The 
wavelength, L, iy the distance from the peak of 
one wave to the peak of the next. The frequency, 

F, and wavelength, L, in centimeters, are related 
by the following formula: 


Pepege 


F+L=3,0 % 10'° = speed of light in cm/s 


Use this formula to complete the table below, 


a. Television b. Red light c. Violet light’ dy x rays 


Frequency F 1.3 « 10% 4.0 x 10!" 2 ? 
Wavelength L iz ? UW 2) (Clase Fd We 


3. (13 — 25) — (8 — 28) 
6. 31+ (6) + (-2) + 9] 
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EEE Saree SS sre ee 
Self-Test 5 


Vocabulary scientific notation (p. 336) expanded nota 


jon (p. 338) 


Simplify. Give your answers using positive exponents. 


1 Gry-* 3. Obj. 7-9, p. 331 
ait 5. 4a? 6. 
(pede 8. bb 9 


Express each number in (a) scientific notation and (b) expanded notation. 


10. 47 million 11. 0,00000006, 


12.34 Obj. 7-10, p. 336 


Check your answers with those at the back of the book 


A Calculator Key-In 


To display very lar, 
tion similar to scientific notation. Try this on a calculator 

Press the 9 key until the display is filled with 9°s. Next, estimate what the 
answer would be if you were to multiply this number by 2. Write your esti 
mate, Now multiply by 2 on the calculator. Compare the displayed answer with 


numbers, most calculators use a form of exponential nota 


your estimate. They should be two different forms of the same number: 
Enter 9°s a when you multiply 
by 20. Try it. Were you right? What will be displayed if you multiply by 400 


in. Predict what the calculator will displ 


instead of 20? 


Electrical Engineer 


4 © eer No 


Electrical engineers work with physicists 
chemists, metallurgists, mathematicians 
and statisticians to design the parts 

that go into electronic products such as 
computers, stereos, televisions, and 
telephones, They may work in research 
in development, or in quality control 

A bachelor’s di 
ee is usually needed since most 


ee or a master’s 


de; 


engineers specialize in highly technical 
areas, Electrical engineers must always 
stay informed of new developments in 


| their field of engineering 
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Chapter Summary 


L.A rario of two numbers is their quotient. The ratio 6 to 8 can be written as 
3 : 
6:8 or more simply as 3 = 4, 4. oF 3:4, If the tatio'of two numbers is 
5:7. you can express the numbers as Sx and 7x 


2. A proportion is an equation stating that two ratios are equal. In a proportion 
the product of the extremes is equal to the product of the means. Thus, 


. then ad = be 


a 

os b d 

3. You can eliminate fractions from equations with fractional coefficients and 
from fractional equations by multiplying both sides of the equation by the 
LCD. Similarly, you can eliminate decimals from equations by multiplying 
each side by a suitable power of 10 

4. Percent means “hundredths” or “divided by 100.” Percent problems usu- 
ally involve finding a percent of a number, finding what percent one number 
is of another, or finding a number when a percent of the number is known. 
(See the example on pages 309-311.) When solving word problems. it is 
offen convenient {0 express the percent as a decimal. For example, 


tim = 7.5% = 0.075. 


5. The similarities among mixture, coin, investment, work, and distance prob- 
lems can be seen in the charts and equations used 10 solve them, 


ponents can be positive, negative, or zero. The rules for positive expo- 
nents continue to hold for zero and negative exponents. 


7, Expressing very large or very small numbers in scienuifie notation makes 
these numbers easier to use in calculations. 


Chapte Review — 


1, State the ratio of 5 h:35 min in simplest form. 


7 60 7 33 
Ave 60 bt 3 

a © 00 4. oo 
2. In a ceramics class the ratio of students making proj 


keep to students making projects they intend to give as gifts is 3:5. If 
there are 24 students in the class. how many of the students intend to keep 


the projects they are making? 


a3 b. 12 9 a. 15 
3. Solve * 33 = 32 72 
v. 2 ct 4, 74 


Chapter 7 


4. Chanda is drawing a map. If she lets 1.5 em represent 175 km, how long 
should she draw a segment that represents 875 km? 


a. 20cm b. Sem e. 7.5 em d. 2.0m 
=e 
5. Solve + — 73 
a4 c. 36 a. 14 
& 14 
b.0 «2 d. no solution 
7. Express 164% as a fraction in simplest form 75 
7 p 
50 5 i 1 
a * b. 3 t ad 
8. 72% of 72 is what number? 
a, 100 b. 1 d. 51.84 
9. 18 is 6% of what number? 
a, 3 b. 300 e. 1.08 
10, What percent of 36 is 27? 
a t% b. 3% €. 75% d. 7.5% 
11. A team won 57 games and lost 18. What percent did the team win’? 
a. 24% b. 76% €. 3.16% d. 31% 
12. Monty saves 20% by buying a record on sale for $6.36. What was the 14 
original price of the record? 
a, $7.95 b. $9.54 c, $7.99 d. $8.48 
13. A chemist has 10 cm* of a 20% salt solution. How many cubic centimeters 7 
of water should she add to produce a 5% salt solution? 
a. 13cm? b. 18 cm* ¢. 22 cm? d. 30 cm* 
14, Anita can paint the shed in Sh. If Kris helps her, they can paint the shed 78 
in 3-h. How long would it take Kris to paint the shed alone? 
a 7th bath sth a6 
18. Simplify (2x°)°* 7 
1 ze pe mk 
bi ae un af Ly ae as ax" 
16. Express 234 million in scientific notation 7-10 
a. 234x100 b 234X 10" oe 24K 10" ds 2,34 x 10° 
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Chapter Test 


Express each ratio in simplest form. 


1, 21 days: 35 wk 2. 63 cm:0.9 em 


Solve. 


3. The ratio of time Sean spent writing an essay to the time he spent revising 
it was 4:1. If he spent a total of 24 h writing and revising the essay, how 
long did it take him to write it? 


4 2 
6 if 
8. as °. io 
Wo. + wa =0 ul 
sas a fraction in simplest form 
13. 734% 14, 540% 


15. 22% of 78 is what number? 
16. 48 is 32% of what number? 
17. What percent of 945 is 315 


Solve. 


18. The number of people at this year’s walkathon was 12% higher than last 
year. If 1344 people walked this year, how many people walked last year? 

19. How many liters of grape juice must be added to 14 L of cranberry juice to 
make a drink that is 16% grape juice’ 

20. Working alone, Mandi can complete a project in 7 h, It would take Colin 
3h to complete the same project. If they work together, how long will it 
take them to complete the project? 


Ing positive exponents. 


21, 3-5-3" 2, = 


71 


74 


76 


78 


79 


7-10 
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Cumulative Review (Chapters 1-7) 


Simplify. Give your answers using positive exponents. 


2 2 3 4 {3 3 3d 3 
1. 24424+22-442 2 (48)(3) 4 (S)(A) 3. 2m'nty(8mPn?) 
4. ey(-3n) tary +14) 8. (dab? 6. (10b + 99? 
7. (Sty — 67 8. Gbe — 4)(Sbe + 6) 9. (2x — yX 
10. 
2. 
4. 18. (25) ~ 
16. What percent of 400 is 336? 17. 56 is what percent of 600? 


Factor completely. If the polynomial cannot be factored, write prime. 
18. 189°? + 24°F + 36x 19, 492° — 282 + + 20. —64 + 1007 
21. 6b? + 27b + 27 22. 18F + 271 + 12 23. 12 +47e—4 


or has no solution, state that fact, 


Solve, If the equation is an identit 


Say + 3y*) 


24. -7x + 2 = —33 25. $= 12 
26. (n+ 4)? = (n +27 + 4(n + 3) 27. 4y° + 28y +49 =0 
28. m+ 14+ 9m =0 29. y— 127 + My =0 
30. 0.02(700 ~ x) + 0.5x = 20 31, 234+ es 
nv3om-3 W-9 
Express in scientific notation. 
32. 67 billion 33, 0.000043 34, (7.3 * 10°)2.0 * 107) 


35. ‘The product of two consecutive odd integers is 22 less than the square of 


the greater integer. Find the integers, 
36. Three numbers are in the ratio 3:4:5 and their sum is 144. Find the 
numbers. 


costs $425 at Berman’s would cost an em: 
ent of the employee's discount? 


37. A stereo receiver that normal 
ployee $340. What is the per 

38. How many liters of water should be added to 20 L of a 30% acid solution 
to make a solution that is 10% acid? 

39. One pipe can fill a tank in 2h. A second pipe can fill it in 1} h, How 
long will it take to fill the tank with both pipes open” 
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Maintaining Skills 


Simplify 


Sample 1 Sia + 3b) — 4(—2a + b) = —Sa— 15h + 8a — 4b 
3a 19h Answer 
1. Ja? +2 — Sa + 2a? +6 2. —4e + 2d -3—Sd + 3e-6 
3. (12 — 2x) + (-8x + 58) 4. (3m — 2n) — (4m + 3n) 
5. Mx — 32) ~ B(x + 6. 2y) + My +1) 
7. -2(5y + 3) + 43x 8, —3(5x — y) + Sx(2y + 2) 
3 x 2 res 1 
9. 4 (8a — 2b) — 3(9a + b) 10. 12j — ky + Ls + 8k) 
( MW Say") = 4 SOE ys "VE 
2Oe'yst Answer 
IL. (—2a*b*)Bab"c) 12. (4sP°(—s'n(-29°F7) 
13, ntnp)( ~+-m'np*) 14, (~Sa7b)(2a°b’) + (atb\(6ab4) 
‘Sample 39 (—9a°t?)' = (—9) (ay?) = — 729°” Answer 
15. (2x2y°)4 16. (— etn? 
17. (Frys 18. —9( fe*)*(—2f%9)* 
19. (2e7d*e)* + (— 27477 20, —ablab?)* + a°b(—aby 
Multiply. 
Sample 4 5x°y(3x? — axy + 2y2) = 15x4y — 20y°)? + 1078 Answer 
21. 3ab"(a? — ab + b*) 22. —4m?n(Gmn? — Im + n') 
23, Cd d* — We +c) 24, —xy(Sr°y? — ey + Ty’) 
Sample § (2+ ~ 5s)(—3r + 2s) = 2r(—3r + 2s) — So(—3r + 2) 
or? + drs + 15rs — 10s" 
—6r? + 19rs — 10s* Answer 

3Me + 8) 26. (2d + 7MTd — 2 27. (y — 2y_y + 10) 
28. (2y — 5)(5y — 3) 29. (42 + 1)32 — 3) W. (3c + 4N(Se + 3) 
31. (9d — 3)(9d + 3) 32. (4y + 5) 33. (° — 6x7 + 6) 
34. Ga — 4)(Ja + 2) 38. (vy — 3)Gy" = dy +1) 36. (b — 7)(—2b* + Sb — 2) 
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Mixed Problem Solving 


Solve each problem that has a solution. If a problem has no solution, 
explain why. 

1, The home team scored 50 points more than half the number scored by the 
visitors. Their scores totaled 194 points. Which team won? By how many 
points? 

2. How many kilograms of salt must be added to 12 kg of an 8% salt solution 
to make a solution that is 20% salt? 


3. An apple is 85% water. If an apple contains 187 mg of water, find the 
weight of the apple. 


4. The ratio of the lengths of two pieces of ribbon is 1:3. If 4 ft were cut 
from each piece, the sum of the new lengths would be 4 ft. How long 
would each piece be? 

5. Mia went downtown by bus, traveling at 60 km/h. She walked home at 
6 km/h. Her total traveling time was 2.75 h. How far did she travel’? 


6. A wholesaler mixed coffee beans worth $6/kg with another kind worth 
$8.80/kg. The 16 kg mixture was worth $6,.70/kg. How many kilograms of 
each type were used? 

7. Tcan weed the garden in 90 min. My friend needs 20 min more. How long 
will it take us to do the job together? 

8. A $24 


9 A child’s movie ticket costs $3 and an adult's ticket cost $5. If $236 was 
collected for one show, how many of each type of ticket were sold? 


w is on sale for $18.60. Find the percent of discount 


10. The sum of two numbers is 40. When the greater number is divided by the 
smaller, the quotient is 4 and the remainder is 5. Find the numbers, 


1. Miriam drove x km at 80 km/h. On her return trip, a detour added 10 km 
and reduced her speed to 60 km/h. Find her total traveling time in simpli 
fied form, in terms of x. 


12. The sum of the squares of two consecutive odd integers is 2 more than 6 


times their sum. Find the numbers. 


13. 1 invested $2000 more in stocks paying 11% than in an account paying 6%. 


If my average interest rate was 94%, how much did I invest in all? 


14. A photograph is 2 cm longer than it is wide. It is in a frame that is 2 em 
wide. Including the frame, the area is 255 cm*, Find the dimensions of the 


photograph, 
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Places on @map can be located by 
giving two coordinates, For exam- 
= Hearse sheets C3on 


DSS eS ee al 
Using Two Variables 


s7 Equations in Two Variables 


Objective —_To solve equations in two variables over given domains of the 
variables. 


In earlier chapters, you worked with equations that contained only one variable 


In this chapter, you will work with equations that contain two variables 
One-variable equations Two-variable equations 
2x-3=7 4x + 3y = 10 
1 y=9 xy =6 
e+ Set4=0 P+y=4 


The solutions to equations in one variable are numbers. The solutions to 
equations in two variables are pairy of numbers. For example, the pair of num- 
bers x= | and y = 2 is a solution of the equation 


4x + By = 10 because 4-1 + 3-2 = 10. 


The solution x = 1 and y = 2 can be written as (1, 2), with the a-value 
written first. A pair of numbers, such as (1, 2), for which the order of the 
numbers is important, is called an ordered pair. 


| Example 1 state whet 


a. (4, —2) b, 


reach ordered pair of numbers is a solution of 4+ 3y = 10. 


6) 


d, G, =1) 


Solution — Substitute each ordered pair in the equation 4¢ + 3y = 10. 


a. (4, 2) isa solution because 4(4) + 3(—2) = 10 

b. (—2, 6) is a solution because 4-2) + 316) 10. 
‘ 3(4 

ce. (4. 4) isa solution because 4{4) +3(+) = 10. 

d. (3, |) is not a solution because 4(3) ay )410. 


The equation 4x + 3y = 10 has many solutions. However, if both x and y 
are required to be whole numbers, then (1, 2) is the only solution. When you 
find the set of all solutions of an equation, whether it is a one- or two-variable 


equation, you have solved the equation 
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1. Solve the equation for y in 
terms of x. 


r+ 


y 


with successive 
whole numbers and find the 
corresponding values of y, 
If y is a whole number, you 
have found a solution p: 


*. the solutions are (0, 3) and 
(2,1). Answer 


Solve (1 + Iy = 3 if x and y are whole numbers. 


x 3— | Solution 
oO} 2 =3 | 0,3 
Ea oe 
8 
of ress aml ae 
3 
2) eo = | 
Values of x greater than 2 
give fractional values of y. 


Dawn spent $13 on pe 


and notebooks. The pens cost $2 each and the note- 
books cost $3 each. How many of each did she buy? 


Step 7 The problem asks for the number of pens and the number of notebooks Dawn 


bought, 


Step 2 Let p 
and 1 


number of pens, 
the number of 
notebooks. 


Step 3 Since the total cost is $13, you have: 2, 


Step 4 Solve for p: 13 —3n 


p= 


Both and p must be whole 
numbers because Dawn cannot 
buy a negative or fractional 
number of pens or notebooks 


Step 5 Check that (1, 5) and (3, 2) are 
solutions of the problem: 
25) + 31) = 
2(2) + 3) 


~. Dawn bought either | note- 
book and 5 pens or 3 note- 
books and 2 pens. Answer 


Number x Price = Cost 
Pens Pp | 2 | 2p 
Notebooks | nm | 3 | 3n 
3n = 13, 
n| p= B>* | solution 
1 a, 5) 
2 No 
3 G, 2) 
4 | ; ee $ No * 
Values of greater than 4 
give negative values of p. 
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When solving equations in two variables, we will give the numbers in a 
solution pair in the alphabetical order of the variables. Therefore, in Example 3 
the solutions were given as (n, p) instead of (p. n). 


SSS eS ST ELS 
Oral Exercises 


State whether each ordered pair is @ solution of the given equation. 


Lx-y=5 2.x+2y=8 3 arty =6 4. 12-y =3x 
(9, 4), (7,3) G.3), 0, 4) (2,0), G, =1) 6,3, (4, 1) 

Ch 6 += 10 7. st =6 8. a’ — 4b 
(3,9). G4 G33) 7g (-2, 1), (1,2) 


Solve each equation for y in terms of x. 


% Oxty=4 10,32 —y = 7 


Solve each equation if x and y are whole numbers. 


13.x+y=3 14. e+ 


MST ES 2 aS 
Written Exercises 


State whether each ordered pair is a solution of the given equation, 


A 1. Sx+2y=23 2. 4m —5n=9 3. 3a— 2b = 13 
G. 4). 7. -6) (6, 7), (6, 3) G, -2), (5, —1) 
» Qe + y= 13 4b = 11 
(5, 1), (11, —3) Sh (2s 
Fo ae 
9. xt — ay? = 15 1 


GD. C4 ty  3.5),4.-8) (4-3) (1,0) 


Solve each equation if x and y are whole numbers. 


13, 2x + y =6 14, Sx+y=7 15. 3x + 2y 16. 2x + Sy = 10 
17. 3x + Ty =7 18. x + 3y=9 By 2+2=9 2. 3x t+y=7 
B 2.aw=4 22. xy = 12 3. Sry = 9 24, Sxy = 30 
25, xy + 7=23 26. xy + 6= 12 27, dy +5 = 15 WB. Ary +8 = 36 
29. (x + y= 5 30. (x + 6) =7 Me. v4 == 4 32, (3 — x) =6 
33. xy =4-4x BM. ay = 6-4 35. tx=9 36. ay + = 


37, Lisa bought some small posters costing $2 each and some large posters 
costing $8 each. If she spent $34, how many of each kind of poster did 
she buy? (There is more than one solution.) 

38, Linda and Bill Gomez spent $100 for some spruce trees. Some were blue 
spmuce priced at $20 each, and the rest were green spruce priced at $10 
each. How many of each kind of spruce dit the Gomezs buy? (There is 
more than one solution.) 

39, Ed McDonald spent $280 for some baby pigs and some 
chickens. The pigs cost $40 each and the chickens 

each. If Ed bought more than one pig, how many He 
pigs and how many chickens did he buy 

40, The perimeter of the figure at the right is 60. Find 
x und y if they represent positive integers. 


Solve for y. 
okey l-y Sy +x 3x - 


Ca. =S 2 43. 4+ 


44, Let ¢ and d be positive integers with ¢ <a, What is the greatest value for 
cif Se + 4d = 797 

If a and & are positive two-digit integers, how many solutions are there of 
the equation 2a + 3b = 100? 


AS ST DN AI RE Er a 
Mixed Review Exercises 


Write each number in scientific notation. 


1. 308,000,000 2. 0.000437 3. 119 million 
4. 0,0000216 5. 49,000 6. 56,20 000 


Simplify. Give answers in terms of positive exponents. 
4acy' Res 


ant : 
(oe 8 (58) 9. Teas 10. 5 


SS a a 
Computer Exercises For students with 


me programming experience 


Write a BASIC program that determines whether an ordered pair entered with 
an INPUT statement is a solution to a given equation. Run the program for the 
equations with the given ordered pairs, 
7,4). 4. 6) 2 
6; (1, 2), (6, 0) 4. 
le et | Hy, 1 6. 


followii 


~ 4x + y = 10, (—3, 2), (5, —10) 
(-4, -3), (0, 5) 
45; G, 


xy + y 


5. xy + xy 
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Disa SAORI ee SA TD 
8-2 Points, Lines, and Their Graphs 


Objective To graph ordered pairs and linear equations in wo variables. 


You know how to graph a number as a point on a number 
line. You ean graph, or plot, an ordered pair as a point in a 
“number plane.”” You can make a “‘number plane’ as follows: 


1, Draw a horizontal number line. This number line is 
called the horizontal axis. 


2. Draw a second number line intersecting the first at 4 
right angles so that both number lines have the same Horizont 
zero point, or origin (O). The second number line of 
is called the vertical axis. =| Origin 
3, Indicate the positive direction on each axis by an z 
arrowhead. The positive direction is to the right on >| 


the horizontal axis and upward on the vertical axis. 


‘The horizontal axis is often labeled with an x and referred 
to as the x-axis. The vertical axis is often labeled with a 
y and referred to as the y-axis. 

The diagram at the right shows a point A that is the 
graph of the ordered pair (3, 2). Point A is located by 
moving 3 units to the right of the origin and 2 units up. 
‘The numbers 3 and 2 are called the coordinates of point A; 
3 is the x-coordinate, or abs , of A, and 2 is the 
y-coordinate, or ordinate, of A. Although the 
difference between the ordered pair of numbers (3, 2) and 
the point A, it is customary to stress their association by Bi 
referring to the point as A(3, 2) 


sa 


a. B(—2, 4) b. C4, —2) c. D(-3, —2) 


BRGMNNINED cach. pote a rander ple 
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The x- and y-axes are also called coordinate axes y 
and the number plane is often called a coordinate plane. Secon 
The coordinate axes separate a coordinate plane into four ‘Quadrant 
quadrants as shown in the figure at the right. Points on I 
the coordinate axes are not considered to be in any quadrant 


First 
Quadrant 


The graph of an equation in two yariables.con- SEE; 
sists of all the points that are the graphs of the solutions of = 
the equation. For example, the equation x + 2y = 6 has the Quatlearn 
ordered pairs (0, 3), (2, 2), (4. Dy (6, 0), and (~2, 4) as tl 


some of its solutions. These solutions are graphed at the 
left below. There are many other solutions, such as (1, 24) 
and (6.2. —0.1). The graphs of all the solutions lie on the 
straight line shown at the right below. This line is the 
graph of the equation x + 2y = 6 


The equation x + 2y = 6 is called a linear equation because its graph is a line. 
If you have @ computer or @ graphing calculator, you may wish to investi- 
the graphs of other equations of the form ax + by = ¢ described below 


Sa a a aS a ES A 
All linear equations in the variables x and y can be written in the form 
ax + by =e 


where a, b, and ¢ are real numbers with a and b not both zero. If a, b, and ¢ 
are integers, the equation is said to be in standard form. 


Linear equations Linear equations not Nonlinear 

in standard form in standard form equations 
2v-Sy=7 tyt4y=22 ry +3y=4 
dv + 9y = 0 y=3x-2 wy =6 
y=3 r+y-l=x-yt1 Leave 


x 
Since two points determine a line. you need to find only two solutions of a 
linear equation in order to graph it. However, it is a good idea to find a third 


solution as a check. The easiest solutions to find are those where the line 
crosses the x-axis (y = 0) and the y-axis (v = 0). 
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“Example 2) Graph 2x — 3y = 6 in a coordinate plane. 


Let y = 0; Let x 
21-10) =6 2(0) — 3y =6 
w=6 —3y=6 
x=3: Solution (3, 0) y=—2: Solution (0, —2) 


A third solution, such as (6, 2), can be used as a check. 


a. Graph x = —2 


b. Graph y = 3 in 


a. The equation x 
All points with 


‘The graph of x = 


in a coordinate plane 


a coordinate plane 


= ~2 places no restriction on y 
x-coordinate —2 are graphs of solutions 
2 is a vertical line. 


he equation y 


3 places no restriction on x 


All points with y-coordinate 3 are graphs of solutions 


Th 


“aph of y 


3 is a horizontal line 
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Oral Exercises 
Exercises 1-20 refer to the diagram below. 
ay 
42 
D fe ! M ry 
° + . - 
8 
i 
6 - 
c x 
° 
R ae qh 
: : ; 
. ° 
N A 
° 2 * 

j 0 c ; 
SeeaeuEss +: + er: 
12 10 8 6 4 2 0 2 4 6 8 10 2 

B 
. 2 
Ly a 
G F a é 
° 6 : . 
& o 
T L 
za ; 
° =10 
=12 


Name the point that is the graph of each ordered pair. 


1, (2, 4) 2. (4, 2) 3. (-6, 3) 
5. (9, 6) 6. (9, —6) 7. (0, -9) 
9. (0, 9) 10. (11, -5) 11. (~11, 4) 


Give the coordinates and the quadrant (if any) of each point. 


13. M 14. 1. He) 
I.E 18. V 19.G 


Describe the graphs of the following equations. 


21. x=2 


Give the coordinates of the points where the grap! 
the x-axis and the y-axis. 


27. x+y =10 28. Sx 


h of each equation crosses 


29. 6x + dy = 24 


Classify each equation as a linear equation in standard form, a linear 


equation not in standard form, or a nonlinear equ 


Written Exercises 


uation. 


Plot cach of the given points in a coordinate plane. 


4, A(S, 3) 2. B7, 2) 3. Cf 
5. E(—-8, 0) 6. F(O, ~%) 7. G-6. 
9. O10, 0) 10. P(—3, 5) H. RI7, 


Refer to the diagram on page 356, Name the point 


13. The point on the positive x-axis 14. 
15. The points on the vertical line 16. 
h point Z 

17. The x-coordinate is zero. 18. 

19. The points on the axes 9 units from the 20. 
origin 

21. The points having equal v- and 
y-coordinates 

23. The point in Quadrant IV ne: 24. 
yeanis 

Graph each equation. You may wish to verify 


or a graphing calculator. 


25.1-y=10 26. ut y=6 
2. Wt+y=6 30. v= 3y=9 
Box=4 y=2 

+= 2 Vy 9, 
a7. + =2 38. 4 0 
41.7+2=6 42,5 +3 = 12 43. 


3) 
4) 


2) 


tis) described. 


. The point on the negative y-axis 


he points on the horizontal line 
thro 


sh point 

The y-coordinate is zero. 

. The points on the axes 5 units from the 
origin 

‘The points having opposite x- and 
y-coordinates: 


The point in Quadrant IIT nearest the 
weanis 


your graphs on a computer 


w+s 28. y= -Wwt4 
Sy: = 12 32. 2v + Sy = 10 
3 36. x= 6 
Let dy=3 tated 
5 ae Cet 
1 1 r-y x 
feel? fA BSF 4 
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Plot the points A, 8, C, and D. Then connect A to B, B to C, C to D, and 
D to A. Is the resulting figure best described as a square, a rectangle, a 
parallelogram, or a trapezoid? 

45. A(—3, —4), BOS, —2), C16, 4), D( 
47. A(-4, 1), B(-6, 5), C(3, 8), DG, 2 


2) 46. A(—2, 0), BO, —4), C4, —2), D2. 
48. A(—1, 4), BO, 1). Cl4, — 1), DIT, 0) 


a Se 
Mixed Review Exercises 


State whether each ordered pair is a solution of the given equation. 


2. Ba4 2-9 Rxt4y=13 4. 5m + 3n=9 
Bo, (2,3 (3,2), (3,4) 4. =3), (2 


25 


7. 4° — 201+ 24 =0 


15 10. 122=40 


|e ee aS Na 
Self-Test 1 


Vocabulary solution (p. 349) x-coordinate (p. 353) 


ordered pair (p. 349) 

plot (p. 353) 

horizontal axis (p, 353) 
origin (p. 353) 

vertical axis (p. 353) 

waxis (p. 353) 

y-axis (p. 353) 

ph of an ordered pair (p. 353) 


coordinates (p. 353) 


abscissa (p. 353) 
y-coordinate (p. 353) 
ordinate (p, 353) 

coordinate axes (p. 354) 
coondinate plane (p. 354) 
quadrants (p, 354) 

graph of an equation (p, 354) 
linear equation (p. 354) 
standard form (p. 354) 


State whether each ordered pair is a solution of the given equation. 


1, 2x + 4y = 12 2. 3x + Sy= 


Solve each equation if x and y are whole numbers. 


30 Obj. 8-1, p. 349 
(7 1) G. 5), (0, 0) 


(Self-Test continues on next page.) 


Plot each of the given points in a coordinate plane. 
bake) 6. (-2, 4) 7. (5, -2) Obj. 8-2, p. 353 


Graph the equation. 
& y= 


xt y=B 10, 2x + 3y=6 


Check your answers with those at the back of the book. 


Y Computer Key 


The following program will find the intercepts where a linear equation 

Px + Qy =R crosses the x-axis and the y-axis when P, Q. and R are entered 
with an INPUT statement, The program will report if the graph does not cross 
either the x-axis or the y-axis. 


10 PRINT “INPUT P,Q, R": 

20 INPUT P,Q. R 

30 PRINT 

40 IF P< >0 THEN 70. 

50 PRINT "THE GRAPH DOES NOT CROSS THE X-AXIS." 
60 GOTO 120 

70 IF Q< >0 THEN 110 

80 PRINT "THE GRAPH DOES NOT CROSS THE 
90 PRINT "THE GRAPH CROSSES THE X-AXIS AT”; RIP 
100 GOTO 130, 

110 PRINT “THE GRAPH CROSSES THE X-AXIS AT" ; R/P 
120 PRINT “THE GRAPH CROSSES THE Y-AXIS AT” ; R/Q 


130 END 
Exercises 
RUN the program for the following linear equations. 
1. 2x 2 &xt+y=12 
3. Tx + Oy 4. Ox = Sy 
5. 3x+3y=8 6. 6x = 4y =9 


VJ Historical Note / Coordinates 


The ancient Egyptians and Romans used the idea of coordinates in land survey- 
ing. The Egyptian hieroglyphic for a surveyed district was w grid 

In the seventeenth century two French mathematicians, Pierre de Fermat 
and Ret Descartes, used a version of coordinates in their work, In fact, the 
coordinate plane described on pages 353. and 354 is sometimes called a rectan- 
gular Cartesian coordinate plane in honor of Descartes. 
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Rae [een eee 
Linear Equations 


(RT SAE TE Beh, 
8-3 Slope of a Line 
Objective To find the slope of a line. 
You can describe the steepness, or slope, of an airplane's flight path shortly 


after takeoff by giving the ratio of its vertical rise to its horizontal run, as 
shown below 


Run: 100m 


fie 15 3 
nin 100-20 


To describe the slope of a straight line, first choose any two points on the 
line, Then count the units in the rise and the units in the run from one point to 
the other. The ratio of the rise to the run is the slope of the line 


Example 2 


y 
7) 
| 
| 
slope = B= 3 = 1 slope = HE => = 2 
= mn 9 3 a 


Example | and Example 2 show lines that have a positive slope. Lines that 


rise more steeply as you move from left to right have a greater slope. Example 
3 and Example 4 on the next page show lines that fall as you move from left to 
right. The rise of these lines is negative, and so is their slope 
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ete 


In Example 4, notice that each horizontal change of 1 unit produces 

a negative change of 3 units in the vertical direction, There is a constant 

change in y per unit change in x. 

The slope of a line can be determined by using the coordinates of a pair 

of points that lie on the line 

(ENR es SS 
__ rise __ vertical change __ difference between y-coordinates 

slope = Tin ~ horizontal change ~ difference between x-coordinates 


Suppose that 
(2.9), read “x sub 1, y sub 1,” and 


(x, y2), read “x sub 2, y sub 


are any two different points on a line. We have the following slope formula 


‘Example § Find the slope of the line through the points (~2, 3) and (4, 8) 
$3 SF i 
Solution 1 slope = zy = Solution 2. stopc a, - 


Example 5 illustrates the fact that when you find the slope of a line, the 
order in which you consider the points is not important. However, you must 
use the same order for finding both the difference between the y-coordinates 


and the difference between the x-coordinates. If you don’t, your result will 


be the opposite of the slope 
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Example 6 Find the slope of the line with equation 2x + 4y = 12 
Solution 1, Find any wwo points on the line 


If x= 0; 4y = 12, so y = 3. 


Ify 2v = 12, sox=6, 


Two points: (0, 3) and (6, 0) 


2, slope = 2—* 
2 =~ 45 Answer 


Note that any 0Wo points of a line can be used to calculate its slope. For 
instance, in Example 6 we could have used the points (2, 2) and (4, 1), and the 
slope would still be 


RS SAR 
A basic property of a straight line is that its slope is constant. 


Example 7 Find the slope of each line. 


ay=3 box =4 


Solution a. slope = 34. = 1 =0 b. slope = —4 


: = (undefined) 


the slope is 0. Answer the line has no slope. Answer 


Example 7 shows the following properties about slopes 


SS SSE ET 
The slope of every horizontal line is 0. 
A vertical line has no slope 
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(a 
Oral Exercises 


Use the figure at the right. 
1, Which lines have positive slope? 
2. Which lines have negative slope? 
3. Which line has zero slope? 


4. Which line has no slope? 


Find the slope of each line. 
$, 


HW 


Written Exercises 


Find the slope of the line through the given points. 


A 1. (8, 4), (6,5) (4, 2), (—6, 5) 3. (—6, 3), (4, 5) 
4. (0, 7), (2, 3) 5. (5. 3). 6. 5) 6. (4, 3), (4,9) 
Tok —3), (0. =1) 8. (6, 3), (2, 0) 9. (4,8), (1, 3) 

10. (—8, —7), (-6, —4) M1. @, —3), GB. ~1) 12. (=2, 7), (5, -7) 
Find the slope of each line. If the line has no slope, say so. 

13, y=2r+1 14, y = 3x-2 15. y=8 — 2 16. y = 12 ~ 4x 
17. 3x + 18. 2x + Sy = 10 19. 3x — Sy = 10 20. x -34y=9 
21. y= 22. y+ 4=0 23. x=2 24. 3x-5=0 
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‘Through the given point, draw a line with the given slope. 
P(—2, 1): slope ~3 


1. Plot point P. 


2. Write the slope as + 
From P, measure | unit to the right and 
3 units down to te nd point, 1 


2 a Si 


Draw the line through P and 7. 


25. A(3, 2): slope 4 26. B(—3, 4); slope -2 27. Ri2, —7); slope 0 
28. N(-2, = 1): slope 29. K(~5, 1); slope ~ 4 30. H(4, ~3): slope 


Points that on the same line are said to be collinear. Determine whether 
the given points are collinear. 


a. (3,5), 4, 7), and (7, 13) 


b. (8, 9), (5, 3), and (2, =2) 


Make a table of the coordinates in order of increasing x-coordinates. 


Find the changes in the x-coordinates and y-coordinates as you move from 
‘one point to the next 


vertical change 


If the ratio ~ 


= is constant, the points are collinear. Other 
horizontal change 


Wise, they are not. 


a b. 
fy | 9 
2| -2 
lh }5 
58) 
3{ \o 
8| 9 
J 
6 5.6 
5 ae | a*3 


the points are collin 


the points are not collinear 


B 31. (1,4), (3, 0), 5, 4) 32. (8, 1), (6, 5), (4, 8) 
33. (5. 9). (-1, 1), (1. -4) 3. (-3, 7), (0,5), (6, 1) 
35. (0, —1). (1, 2), (2, =4), (-1. 0) 36. (1, 1), ( . (=3, 5), (=5, 8) 
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37. The vertices of a triangle are A(—4. 6), B(S, 6), and C(—4, ~2). Find the 
slope of each side of the triangle. 

38. The vertices of a rectangle are M(~2, —3), NG, 2), P(IO. ~5), and 
Q(5, —10). Find the slope of each side of the rectangle, 

39. Determine the slope of the line through the points (4. 6) and (0, 4). Find 
the value of y if (8, y) lies on this line: 

40. The slope of a line through the point (1, 3) is 
on the line. find the value of y. 


If the point (~3, y) lies 


C al. The vertices of a square are A(3, 5), BULL, 3), CY, —5), and DU : 
Use the idea of slope to show that the point M(6. 0) lies on the diagonal 
joining A and C, and on the diagonal joining B and D. 
42. The vertives of a right triangle are P(—4, 2), Q(—4, —6), and R(6, ~6). 
Use the idea of slope to show that S(1, —2) lies on one of the sides of the 
triangle. 


Rs Vea a SPS we | 
Mixed Review Exercises 


Solve. 
RAB Se 5 =m 3 
Lyf =0) 2, -5=77 
4. —5(y + 3) = 30 5. i) = 1.7 6. 3m(m —5)=0 
Evaluate if x = 2, y = 1, a= —3, and 6 = 4. 
yey 8. Six + 2y) 9, Lar +y) 
lab 3 
10. (xy’)? M1. (Ga ~ 2b) +7 12. Qy*P 


You can use a calculator to find the slope of a straight line through two given 
points (x), 94) and (13, y2) 


1. First enter.x — x) and store the result in memory 
2. Then enter y — 9; and divide the result by the value stored in memory. 
‘The result of the division in Step 2 is the slope 


Find the slope of the line through the given points. 


1, (2,0), (3,7) 2. ( 
4. 3, 2.5), (6.2, 7) 


3, 2.8), (2.22, —5) 3. (-0.8, 5.7), (3.2, —2) 


~6) 6. (3, 44), (-1.5, 7-1) 
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8-4 The Slope-Intercept Form 
of a Linear Equation 


Objective To use the slope-intercept form of a linear equation 


The points with coordinates (—2, —4), (1. —2), 0, 0), 
(1, 2), and (2, 4) are on the graph of the linear equation 
y= 2e 


The graph. shown at the right, is the straight line that 


hay slope |. of 2, and that passes through the origin 


The graph 


also shown at the right, is a line that has slope 


and that passes through the origin 


For every real number m, the graph of the equation 
yom 


is the line that has slope m and passes through the origin. 


‘The graphs of the linear equations y = 2x and y = 2x +4 
are shown at the right. The lines have the same slope, but 
they cross the y-axis at different points. The y-coordinate 
of a point where a graph crosses the y-axis is called the 
ntercept of the graph 

To determine the y-intercept of a line, replace x with 
in the equation of the line: 


y=2e y=2e+4 
y=20)=0 y=20)+4=4 
y-intercept: 0 intercept: 4 


If you write y = 2x as y = 2 + 0, you can see that the constant t 
each equation is the y-intercept of each graph: 


y=2r+0 y=at+4s 
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For all real numbers m and b, the graph of the equation 
yomr+b 

is the line whose slope is m and whose y-intercept is b. 

This is called the slope-intercept form of an equation of a jine. 
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3 
“Example 1 Fin we stope and y-imercept of y = 2+ 2 
“Solution — For y = 2 


3 
= the slope is > and the y-intercept is 


3 
we have m= 2 and b = 2 


Answer 


/ 
WEXAMMPIE'Z Use only the stope and ysintercept to graph y = dx +6 
: 3 
‘Solution — The slope is 4 The y-intercept is 6, 


Since the -intercept is 6, plot (0, 6). 


Since the slope is ~ 2. move 4 units to the 
right of (0, 6) and 3 units down to locate a 
second point 


Draw the line through the two paints 


Use only the slope and y-imeereept to graph 2x ~ Sy = 10. 


Solve for y to transform the equation into the form y = mx + b. 
Sy = 10 


The y-intereept is 


The slope is 2 


Since the y-intereept is ~2, plot (0, —2) 


Since the slope is 2, move 5 units to the 


tof (0, —2) and 2 units up to locate a 


second point 


Draw the line through the two points 


If you have # computer or a graphing calculator, you can use it to investi 


ate the relationships among the graphs of equations that have the same slope. 
but different y-intercepts 
Lines in the same plane that do not intersect are parallel. The following 


relationships exist between parallel lines and their slopes 


Ese ee 


1. Different lines with the same slope are parallel 
2. Parallel lines that are not vertical have the same slope 
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Example 4 show 


are parallel 


“Solution 1. Write cach equation in slope-intercept form: 


| y= dx +8 y=clvet6 


at the Tines whose equations are 2x + y= 8 and 2x + y = 6 


2, Find the slope and y-intercept of each line 


For y = + 8; For y = + 6; 
slope = slope 
y-iniercept = 8 y-intercept = 6 


Since both lines have the same slope and different y-intercepts. they're parallel. 


Oral Exercises 


State the slope and y-intercept of each tine, 


lL y=3x+7 2 9= 


8. y=9-3x XK y= 
10. y= —x HM. y=-4 22. y=4 


Use only the slope and y-intercept to graph each equation. You may wish 
your graphs on a computer or a graphing calculator. 


x+5 4. y 3 
Sane 
17. y=-tr+4 
20. Ww+y=6 21. 3x-y =6 
y=-4 23. avt+y=9 A. 2k + y= 
B 25, ar—sy=10 26. 4x —3y =9 27,.x+5y=5 


28. Gr + dy =8 
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C 44. A radio beacon is located at (~1, 0) 


Show that the lines whose equations are given are parallel. 


37. Write an equation of the line that has y-intercept 7 and is parallel to the 
graph of y = 5x—3 

38. Write an equation of the line that is parallel to the graph of y — 3x =4 and 
has the same y-intercept as the graph of 4y +x 


36 


39, In the equation 2y + px ~ 5, for what value of p is the graph of the equa 
tion parallel to the graph of ¢ + y = 5? the graph of x — y 


40. In the equation dy + 3x 
tion parallel to the graph of x ~ 3y =O? the y-axis? 


for what value of d is the graph of the equa 


In Exercises 41-43, use the points A(5, 3), B(2, 6), and C(—2, 0). 


41. Find r if the line joining A to (r, 2r) is parallel to the line joining B and C 


42. Find s if the line joining B to (s + 4, 5) is parallel to the line joining A and ¢ 


43. Find : if the line joining C to (~3r, 2¢ + 1) is parallel to the line joining A and B 


and another at (2. —1). A navigator’s 
equipment tells her that the line 
joining her position to the first beacon 


has slope —5 and the line joining 


her position to the second beacon 
has slope 3. What is the navigator’s 
approximate location? 

4. Using the standard form of a linear 
equation, ax + by =e, find a formula 
for the slope and a formula for the 
)-intercept in terms of the coefficients. 
assuming that b + 0 


Mixed Review Exercises 


Find the slope of the line through each pair of given points, 


1. (-3, 1), (-2, 3) 2. (1, 2), 4,3) 3..(-2, 5), (1, 2) 4.0.5), G. 13) 
Factor. 

§.3b4+ 744 6. 20x" + 15x 7. 3p? — 24p + 48 

8. 81y" — 16z 9. —3x(x + y) +40 + y) 10. nm? — 9nn ~ 36n 
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LD LE II FY I LT a, 
Extra / Perpendicular Lines 


Xis intersect 
to form right angles. Any two lines that intersect to 
form right angles are perpendicular. The graphs of 


In a coordinate plane. the x-axis and the 


y=2r + Landy = —4y — 2 shown are perpendicular. 


This is because the following relationships can be 


shown to exist between lines and their slopes. 


rT 
1. Ina plane, two lines that are not horizontal or 
vertical are perpendicular if and only if the 
product of their slopes is —1. 
2, Ina plane, vertical lines and horizontal lines 
are perpendicular, 


Example 
Solution 


©. the lines are perpendicular. Answer 


Exercises 
Find the slope of the line perpendicular to the graph of each line. 


1 2 4x -2 By=-3r+5 

4. 8. 3x — Sy= 110 6.y=—% 

7. 8 x=3 9x-Ww-8=0 
Tell whether the graphs of each pair of equations are parallel, 
perpendicular, or neither. 

10, 3 + 6y=8 Ml. 3y+y=7 12. 2x + Sy 

y=2r-8 y= eet 2 a 

13, 2x — 8y=9 14, y=x+5 15. 4x + 6y = 9 

12x + By =7 y=8-x 2x + 3y 


16. Show that the graphs of y = 4 = 3x and 3y — v= 12 have the same 
y-intercept and are perpendicular 

17. The graph of y = 4x — 12 intersects the y-axis at Q(0, —12) and is perpen- 
dicular to a line joining Q to the point P(x, 0). Find x 
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SS 
8-5 Determining an Equation of a Line 


Objective To find an equation of a line given the Slope and one point on 
the line. or given two points on the line 


You have learned to graph a line when given its equation. Now you will learn 
to find an equation of a line when given information about its graph. 


“Example 1 Write an equation of a line that has slope 2 and y-intercept 3 
“Solution Substitute 2 for m and 3 for bin y= mx +b 


The equation is y = 2 +3. Answer 


“Example 2° Write an equation of a line tha 


“Soliition The x-intercept is the x-coordinate of the point where a line crosses the x-axis. 


In this example, this point is (3, 0) 


has slope —4 and x-intercept 3 


1. Substitute —4 for m in y = mx + b. 


y= arth 
2. To find b. substitute 3 for and 0 for y in y = —4x + b. 
yerdu th 
0=-43)+b 
i —12+8 
l2=b 
«i the equation is y= —4x + 12. Answer 


‘Example 3 Write an equation of the tine passing through the points (~2, 5) and (4, 8). 


Substitute : for min y = mx +b 


yateee 


2. Choose one of the points, say (4, 8). Substitute 4 for x and § for y 


. the equation is y= 5x +6. Answer 
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Noie that in the second step of Example 3 we could have used the point 
(2, 5). The resulting equation would have been the same 


(ll. a 
Oral Exercises 


Give the equation in slope-intercept form of each line described. 


1. slope — 5, y-intercept 8 2. slope +. y-intereept —7 
3. slope 3. passes through (0, 4) 4, y-intercept 2, x-intercept 2 
3. slope +, passes through (0, 0) 6, passes through (1, 4) and (2, 5) 


SEE SSS Sz 
Written Exercises 


Write an equation in slope-intercept form of each line described. 


A 1, slope 2: y-intercept 5 2, slope ~3; y-intereept 4 
3. slope y-intercept 7 4 y-intercept 9 
5. slope 4; \-intercept 4 6, slope — 4; x-intercept 3 


7. slope 2: passes through (~S, 1) 8. slope 3: passes through (4. 1) 


5) 10. slope 


9, slope —2: passes through (3 1: passes through (8. 5) 


11. slope 4; passes through (4, —1) 12. slope + 


passes through (6, 0) 


13. slope — 3 passes through (8, —3) 14, slope —2; passes through (5, 7) 


15. slope 0; passes through (1. 3) 16, slope 0; passes through (~5, 4) 


Write an equation in slope-intercept form of the line passing through the 


18, (0, 3), (2, 1) 19, (5, 2), (7, 0) 
21. (8, 1), 1, 8) 22. (—2. 4), (4, 2) 
2 =1), (1, -4) 25. 0, -1), 1, 4) 
27. (-2..0), (2, -3) 28. (3, 0), (2, 5) 
Write an equation in slope-intercept form for each line described. 
B 29. y-intercept —2: a-intercept 5 30, )-intercept —5; intercept 3 
3. cintereept 6; y-intercept —3 32, intercept —4: y-intereept — 


33. horizontal line through (3, 5) 34. horizontal line through (2, 1) 
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Write an equation in standard form for each line described. 

35. The line that passes through (—1. 3) and is parallel to 3y — y = 4 

36, The line that is parallel to x — 2y + 7 = 0 and contains (—4, 0) 

37. The line that passes through (—4, —S) and has the same y-intercept as 
x + 3y+9=0. 

38. The line that contains (7, 1), (p, 0), and (0, p) for p = 0. 

39. a. Can the equation of the line through (2, 5) and (2, 8) be written in 

slope-intervept form? Why or why not? 

b. Write the equation of the line in standard form 

40. A horizontal line intersects a vertical line at (—3. 7). Give the equation of 
each line in standard form 

C 41. A line passes through (—2, 3), (2, 5), and (6, &). Find k 
42. A line with x-intercept —4 passes through (2. 6) and (p, 10). Find p. 


Me toe | ee Se ae ae 
Mixed Review Exercises 


2. 1 (4s? — 8st) 4, (Sn 


6. (3a‘b\—6ub”) 7. 2°(8—4y 8. (8x + 3y) — Ga + y) 


Self-Test 2 


Vocabulary 


slope (p. 361) slope-intercept form of 


364) 
306) 


collinear (p 
y-intereept (p 


« Find the slope of the line that passes through (4. 


1 
2. Find the slope of the line whose equation is y 
3 


. Find the slope and y-intercept of the line 3x ~ Ty = 28 


aph 2 


an equation (p. 366) 
parallel (p. 367) 
v-aintercept (p. 371) 

7) and (1. 3) 

4 


Obj. 8-3, p. 360 


Obj. 84, p. 366 
3y 6. 


4. Use only the slope and )-intercept to 


Write an equation in slope-intercept form of the line with slope 3 


that passes through the point (~2, ~1) 


6. Write an equation in slope-intereept form of the line through the 
points (5, 0) and (0, ~5) 


Check your answers with those at the back of the book 


Obj. 8-8, p. 371 
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Functions 


8-6 Functions Defined hy Tables 
and Graphs 


Objective — ‘Yo understand what a function is and to define 
using tables and graphs 


A function is defined by a corr 


pondence among elements in two 
domain and the r 


ns to each member of the domain exact 
member of the range 


You can define a function cither by describing the correspondence 


between elements of the domain and the elements of th 


ange or b: 
Jescribing a set of ordered pairs. In som 


ordered pairs, as shown in Example 1 


Example 1 The birthday function matches each person with his or her 


birthday. Some of 
these pairings are shown below 


ye Washington 


Marie Curi 
Charles Darwin. —— 


Abraham Lincoln. — 


Domain = {people} R 


Write each pairi 


1s an ordered pair 


Solution — (George Washington. February 


Marie Curie, N 


22) 


ember 7) 
harles Darwin, February 12) 
Abraham Lincoln, February 12) 


The table at the right shows the average height in 
et associated with euch of several types of trees. 

Thi y function. The table provides a 

r b igning « height t ach tree. The domain 


of first coordinates: 


Juniper, Ouk, Poplar, Yew} | Oak 


= 


hapter 


It is easier (o compure the heights if the facts are displayed in a bar graph. 


GERRI ea 0 bax greph for the function in the table on page 374 
VSolatioN Choose one axis for the Ay 


members of the domain, 50 
say the horizontal axis, 

List the members of the 
range on the left along 

the vertical axis. For each 
member of the domain draw 
vertical bar to represent 
the corresponding value in 
the range of the function, 
Start the scale of the bars at 
zero, so that theit relative 


lengths are correet 


age Heights of Trees 


When a measurement varies over time we say that it (s a function of time 
For functions of this type it is better to use a broken-line graph to display the 
facts. 


TRIN esa tracer toe props for te ancien is ho wie below 


Year 1900 | 1920 | 1940 | 1960 | 1980 
United States population | 76 | 106 | 132 | 179 | 227 
(in millions) 


domain along the horizontal 
axis. For cach member of 
the domain plot point to 
represent the corresponding 


value in the range of the 
function. Then connect the 
points by line segments 


0 


1900 
1940 


19. 
1980 
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Note that the line segments in the graph of Example 3 do not necessarily 
show the actual population. However. they do help you to estimate the popula: 
tion and to see the trend over time, 


[DEEL PRC LAE ED 
Oral Exercises 


State the domain and range of the fune 


each correspondence as a set of ordered pairs. 


on shown by each table. Then give 


if Activity Calories burned ey Species Chromosomes 
Jogging 210 Haman 46 
Swimming 270 Horse 64 
Tennis 210 Mouse 40 
Walking 120 Tomato m4 
eens 330 Corn 40 

3. | Tuesday night 4. Percent of total 

television Nielsen rating Appliance | electrical energy 


used in the house 


Situation comedy 10.8 Air conditioner 8 
Basketball game 6.2 Clothes dryer 5 
Drama 12.0 Electric range 15 
News 16.3 Refrigerator 20 
Documentary 14.2 Tv 9 
Hockey game 4. Water heater 38 
Movie 6.9 All others 5 

5. | Cost of seeing a movie at the Bijou Th 
Year | 1940 | 1950 | 1960. 1970 1980 1990, 

Cost | $.30 | 8.60 | $1.25 | $2.00 | $3.25 | $5.00 

6. | Consumer Price Index (CPI) 

Year | 1967 970 | 1973 | 1976 | 1979 | 1982 | 1985 
crt | 100 | 116.3 | 193.1 | 1705 | 217.4 | 2801 | 317.4 
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ES ee ee ee 
Written Exercises 


A 1-4, Draw a bar graph for the function shown in each table in Oral Exercises 1-4 


5-6. Draw a broken-line graph for each function shown in Oral Exercises 5 and 6 


B 7. Use the broken-line graph you drew in Exercise 5 to estimate the cost of 
seeing a movie in 19. nd in 1975. 


8. Use the broken-line graph you drew in Exercise 6 to estimate the CPI in 
1980 and in 1984 


Exercises 9 and 10 require you to find data. Sources that you 
results of experiments i 
your cla 


y use are 
n your science classes, surveys that you conduct in 
hood, or reference materials in 


ar library. 


9, Find data suitable for presentation as a bar graph. and then draw the 


~aph 


10. Find data suitable for presentation on a broken-line graph, and then draw 
the graph 


MSs i = SE 
Mixed Review Exercises 


of each Ii 


Write an equ 


n slope-intercept for described. 


passes through (2, 4) and (4, 6) 2. slope 5; passes through (1 


4. passes through (—4, 3) and (0, —3) 


3. slope 4; y-inte 


Graph each equation 


Not Statistician 


Statisticians plan surveys and analyze data 
isticians decide how 


To plan a surve: 
many people to contact and what types of 
questions to ask them. Statisticians then 

analyze the data and pres 
They often use tables and graphs tc 


clear picture of the results 


st 


nL it in reports, 


» mathem 


Statisticians need a stro 
ba ee in mathematics or 
statistics, or in some ficld using statistics 
with a minor in statistics, is usually the 


minimum educational background. 


kground. A deg 
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Application / Line of Best Fit 


Can your adult height be predicted from that of your father or mother? Will 
your future income be related to the number of yeary you. attend school? When 
there is a clear relationship between two measurements, researchers can base 
predictions on data gathered about many. many people. For each person, there 
must be a pair of measurements, 

For example, to predict a person's height at age 24 from that person's 
height at age 14, researchers begin by collecting data such as that shown in the 
chart below for a group of adults, Each pair of heights can be plotted as a point 
(x y) on a graph. 


76 
= 74 
gn 
27 °° 
& 
28 2 
66 
0 56 58 60 62 OF (66 


Height at 14 (in.) 


If the data were ploited for many more people, the graph would contain 
many more points. These points tend to cluster around a line (shown in red) 
called the line of best fit, since it fits closer to the points than any other line. 
Mathematicians have derived exact formulas for determining the line of best fit, 
bat you can fit a line quite well “by eye.’” From graphs based on extensive 

lata gathered over a period of several years, predictions are made. 


1. a, Gather the following data from your classmates: the height of each girl 
and her mother; the height of each boy and his father. 
b. For each girl, plot (x, y) on a graph such that the x-coordinate is the 


girl’s height and the y-coordinate is her mother’s height, Make a second 
graph in the same way using the boy’s data 


¢. On each graph, draw the line that seems to fit the points of the graph most 
closely. (You may wish to use a computer program to draw the line.) 


4, Determine the heights of other students in the same age group as your 
class. Predict the heights of their mothers or fathers from your graphs 
Find out how good your estimates are. (Nore: Your estimates may be 
inaccurate, but if you based your graph on more data and estimated 
heights for « larger group of people, your estimates would be better.) 
2. Using Project 1 as a model, design a statistical experiment to study a prob- 
lem of your own choice, 
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8-7 Functions Defined by Equations 


Objective To define a function by using equations. 


Tickets to the senior cl 


ss play cost $5. Production expenses are $500. The 
class's profit, p will depend on n, the number of tickets sold 


profit = $5 - (number of tickets) — $500 or p = 5n — 500 


The equation p = Sn — 500 describes a correspondence between the number of 
tickets sold and the profit. This correspondence iy a function whose domain is 
the set of tickets that could possibly be sold. 


domain D = {0, | } 


The range is the set of profits that are possible, including 
or losses, if too few tickets are sold. 


range R = {~500, —495, —490,. . .}. 
If we call this profit function P, we can use arrow notation and write 
the rule P. n— 5n— 500, 


negative profit 


which is read “the function P that assigns Sn — 500 to a" or “the function / 
that pairs n with Sn ~ 500."" We could also use functional notation: 
P(n) = 5n ~ 500 
which is read ““P of n equals Sn — 500" or “the value of P at n is Sn ~ $00."" 
To specify a function completely, you must describe the domain of the 
function as well as give the rule. The numbers assigned by the rule then form 
the range of the function 


Example 1 List the range of 


gexc4t 3x x | 44 3e 


if the domain D = {—1, 0, 1, 2) 


In 4 + 3x — x7 replace x with each 
member of D to find the members 
of the range R 

2 R= {0.4, 6} Answer 


Note that the function ¢ in Example 1 assigns the number 6 to both 1 
and 2. In listing the range of g. however. you name 6 only once 

Members of the range of a function are called values of the funetion, In 
Example 1, the values of the function g are 0, 4, and 6. To indicate that the 
function g assigns to 2 the value 6, you write 

g(2) = 6, 

which is read **g of 2 equals 6° or “the value of 
is not the product of g and 2. It names the number 


at 2 is 6." Note that (2) 
that g assigns to 
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Given f: «> © — 2y with the set of real numbers as the domain. 
Find: a. fi4) ob. (3) f2) 


(EGRET rs ste the equation: fe) 


Then substitute; a. (4) = 47 2-4= 16-8 
b. fi-3) = (37 


©. fi) = 22-2 


— de 


3)= 
4=0 


You may use whatever variable you wish to define a function. For exam- 
ple, G: t—> f° — 2¢ with the set of real numbers as the domain |s the same 
function as fin Example 2 


(LS SS SSS SS ee eee 
Oral Exercises 


State the range of each function. 


LF , D= {0, 1, 2} 2, 4: yy y- 3, D={-2,,0, 2} 
3. piw) = + 3, D = {-3, 0, 3} 4. 9) = 2’, D={ 0, 2} 
5. M(x) = 3x — 7, D= { 0, 2} 6. O(n) = 3n3 + 2, D={-1, 0, I} 


en the functions g: x 3x — 6 and h: ¢—> ¢, find the following values. 
7. 9(3) 8. (7) 9. (7) 10. (0) H. 2) 
12. (0) 13. h(3) 14. A(5) 15. A(8) 16. h(—8) 


Complete each statement about the function P: 2 > Sa — 500. 


17. The value of P at 200 is 2 18, The value of P at 500 is 
19. The value of P at 


1 is 0. 20, The value of P at —2_ is —250. 


Written Exercises 


Find the range of 


ach function. 


A 


1, gix—Sx+1, D={-1,0, I} 2. fi x 3x— 4, D={1, 2, 3} 

2 4:,D={ 4. h(y) = 1 — 2y, D= {-3, 0, 1} 
5 6. H: b= b? +3, D = {0, 2, 4} 
Ms 

9. 

MM. 
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Find the values for each given function with the set of real numbers as the 


domain. 

13. fix) = 5x-9 a. /3) 
14. pix) = 8 — 4x a. p(2) 

IS. Rit—r+ a. RG) 
16. Ginn-2 a. Gi) 
17. Ma) = 30 — a. hid) 
18. My) = 3° +9 a. k(S) 
19. gx) = 7-2 a. 2(5) 
20. hy) = 3y° +2 a. h(2) 
21. Ry ys +8 a. RO) 
22. Nit 8-27 a. N(3) 
2B. fix et 3x a. fi7) 
2. git se - 1 a. 9(3) 
25. Py) =y > y a. P(3) 
26. my) = yl ~ 2y) a. m(—1) 
27, Zi x 3x1 a. a1) 
28. Q: m— [3 — 6m a. 2) 


For each function, (a) find /(0), (b) solve fix) = 0. 


29. fix) = 3x 12 30. fir) = an +7 

32. fin) = 2 - 3x 33. fixy= — 4 + 
fy) =3° -2r-3 36. fix) =F — 13x + 

38. oy = 44 39. fir) 1 


41. + 96) 42. 2/13) 


In Exercises 45-47, let fix) 


en that fix) = 3x + 4 and gix) = 


b, 


N-3) 
pO) 
R(-2) 
GQ) 
hn 
& 


a(—5) 
At 


40 


*, find each of the fi 


43. fl) + eg) 


(Hint: To find gf f2)], first find fi2).) 


45. a. gil) b. fl) 
46. a. g(—2) b. (2) 


47. \s there a 


48. I fix) =x + 1, and gi foo) 


gif] 


yy real number x for which /]g0)] 
number, find it. If there is no such number, explain why not 


what is gx)? 


K 


ec. 8) 


ce ph 
c. R 


2) 


5) 


©. G(—3) 


c. MO) 
ee i 
= 0) 
= 


3) 


ce. fi-3) 


ce. x(0) 
c Pl 


ce m0) 
«. 24 


ec. Of 


31.) 
34. fix) 
37. fix) 
40. fio) 


lowing. 


44, (2) > 


d. fel 
d. flat 


\) 


) 


8(2) 


* and g(x) = 2x. Find each of the following. 


1)) 


gl Aa)]? IE there is such a 
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_ sf - > a ra 
Mixed Review Exercise: 


Simplify. 


ee 2, 744325423 45! 3. (-15(2 
r : i pers 3 

4. (-3)3a — 2b + ©) P+ (B+ (ones 6. X4m — 7) 
Bef? 4d e-y 

7. -120(5}( 8. : >. = 


(SE eS es EE a eS 
Computer Exercises Rar sticdatis ith sonia pronanmaine gestae 


Write a BASIC program to calculate the value of a function for values of x en 
tered with READ DATA statements. (Recal) that the BASIC statement that 
corresponds to f(x) =.¢ is DEP FNA(X) = XX.) Run the program for the 


functions and values of x given below 


1. fit) = 31 = 7: «= =2, 0.1, 10 2. fix) =a + Bx + 25x =0, 1, 2 


EAI LT ELD SD SFL LDPE ES LT 
Challenge 


1. a. Find each sum 


22 ya | as 
b. If this pattern were continued for 100 fractions. what would the sum be? 
¢. If this pattern were continued for m fractions, what would the sum be? 

2. a. Find each sum 

1 \ 1 


b. If this paitern were continued for 50 fractions, what would the sum be? 
¢. If this pattern were continued for ni fractions, what would the sum be? 
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8-8 Linear and Quadratic Functions 
Objective ‘Yo graph linear and quadratic functions. 


The function g¢ defined by 


g(x) = 21-3 


is called a linear function. If its domain is the 
set of all real numbers, then the straight line 
that is the graph of 

y= gx) = 2x -3 


is the graph of g. The slope of the graph is 2 


The y-intercept is —3 


A function f defined by fix) = mx +b is a linear function, 
If the domain of / is the set of real numbers, then its graph is the straight 
line with slope m and y-intercept b 


Now consider the function / defined by 


If the domain of / is the set of all real numbers, then the graph of fis the graph of 


y= hay = 


“Example 1 Graph the function i defined by the equation y = hoy =e - 
WSoltition Find the coordinates of selected points as shown in the table below 


Plot the points and connect them with a smooth curve 


leaded t= 2 
| 3] 37 z= 4 
| 4| 4 x4) —2= 6 
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‘The curve shown in Example | is a parabola. This parabola opens upward 
and has @ minimum point, or lowest point, at (1, ~3). The y-coordinate of 
this point is the least value of the function 

The vertical line x= 1, containing he minimum point, is called the axis 
of symmetry of the parabola. If you fold the graph along the axis of symme- 
try, the two halves of the parabola coincide t 


“Example 2 Graph the function & defined by the equation y = ki) = x? + 


2| -2? + 202) +2= 
3 + 239) +2= 
4 + 24) +2=-6 


The graph in Example 2 is a parabola that opens downward and has a 
maximum point, or highest point, at (1, 3). The y-coordinate of this point is 
the greatest value of the function. Notice that the maximum point (1, 3) lies 
on the axis of symmetry 


SS 
A function f defined by fix) = ax’ + bx + © (a #0) is a quadratic function, 


If the domain of fis the set of real numbers, then the graph of f is a parabola. 
If a is positive. the parabola opens upward 
If a is negative, the parabola opens downward. 


The minimum or maximum point of « parabola is called the vertex. Notice 
that in Examples | and 2 the points, except the vertex, occur in pairs that have 
the same \-coordinate, The average of the x-coordinates of any such pair of 
points is the v-coordinate of the vertex. 

If you have a computer or a graphing calculator, you can compare the 
graphs of y = 4° —4x and y = 1? — 4v + 3. For quadratic equations. such as 
y=? — 4v and y =x? ~ 4y + 3, that differ only in the constant term, the 
x-coordinates of the vertices are the same. You can find a formula for the 
v-coordinate of the vertex of y = ax” + bx + ¢, as shown on the next page, by 
using the two points where the + bx crosses the x-anis, that 
is, the points where y = 0. 
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aph of y = ae 


y=ax t+ by 

Let y = 0: 0 = ax? + bx 
0 = vax + 6b) 
x=Oorax+b=0 


2 x=0orxe= 


The average of these x-coordinates is ~ 2. 


The x-coordinate of the vertex of the parabola y = ax? + bx + ¢ (a #0) is 
~ $.. The axis of symmetry is the line x = ~ 2. 


Unless otherwise stated, you may assume that the domain of each linear or 
quadratic function is the set of real numbers 


Example 3 Find the vertex of the graph of Hs x 2¢ + 4x—3 
Use the vertex and four other points to graph H 
Identify and draw the axis of symmetry 


Solution 1. x-coordinate of vertex 


To find the y-coordinate of the vertex, substitute —1 for x 
y=2et+4x—3 
y=X-1P +4) -3 

=2-4-3=- 


== 


eT 


~. the vertex is (~1, —5). 


3. For values of x, select two numbers greater than —1 and two numbers less 
than ~| to obtain paired points with the same y-coordinate 


Vertex 


+ 
i 


4. Plot the points. Connect them with a 
smooth curve: 


5. The axis of symmetry is the line x = —I 
(shown as a dashed line on the graph) 
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2). Se 
Oral Exercises 


State the slope and y-intercept of the graph of each linear function. 


L fix 3049 2 gix4r 8) 3. pry =4t de 


4. x) = — 48 5, dx) = 0 6. fi = 


State whether the graph of each quadratic function opens upward or 
downward, 


-A+4 aye 


Sad bE Koa Sheet 


=y Hi, 3x7 — 3x 


iy 


State whether the graph of each quadratic function has a minimum or a 
maximum point. 


13. fxr —2e+1 Mg. 223-2 — 15. hi x 3x7 — x 


16, Pi x01 — x 17, T: x8 +x-6 18. fix 


Draw the graph of each linear function. You may wish to verify your 
graphs on a computer or a graphing calculator. 


A tgxox-3 2. fix>—x+1 3. gx) 


4. dix) x 8. r(x) = -7 6. ny = 0 


Find the coordinates of the vertex. Then give the equation of the axis of 
symmetry and the least value of the function. 


7. fix) =x -5 8. ea) =e +4 9. h(x) =x? — x -—6 


10. r(x) = 4 — 10x + Sx? I, Gix) = 9 — 4 12. F(x) = 4x 


Find the coordinates of the vertex. Then give the equation of the axis of 
symmetry and the greatest value of the function. 


13. g(x) = —x° — 3x 14. fx) = 4x — 2 15, Hix) = —¢ — 8x — 15 


16. Kix) = | — 3x — 6x 17, fa) =x- 18. A(x) 
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Find the yertey and the axis of symmetry of the graph of each equation. 
Use the vertex and at least four other points to graph the equation. You 
may wish to verify your graphs on a computer or a graphing calculator. 


20. y= 
23, y= 
2%. y= —x + 2r =x Sx +6 
28. y=? —3x- 10 w.y-4-1e 3. y=6+ 60-40 


You may wish to use a computer or a graphing calculator to do Ex. 31-32. 


ar +i, 


B31. a. On the same set of axes draw the graphs of y = 
and y = x7 — 2 


b. Use your results in part (a) to describe the changes in the graph of 
y =.17 + © as the value of ¢ increases; as c decreases 


32. a. On the same set of axes draw the graphs of y = 
y=2 


b. On the same set of axes draw the graphs of y = — 


esults in parts (a) and (b) to deseribe the han: 
as al increases 


¢. Use your in the graph 


of y= av 


The zeros of a function f are the values of x for which fix) = 0. In 
Exercises 33-40, find (a) /(0); (b) the zeros of f. 


33. fix) = 2x + 10 34. fl) = 3x — 9 
38. flx) = 4x—11 36. fix) = Su +8 
— br +8 38. fin =x Sx +15 
+ 8x + 12 40. fix) =" + Ox + 20 


41. Interpret the zeros of the function fin terms of the graph of / 


42. Interpret 0) in terms of the graph of f 


Ge EE EEE 
Mixed Review Exercises 


Find the range of each function. 


1. Hs x 3x + 2, D={0, 1, 2) 


3. Mib) = +7,D={-1, 
‘Translate each phrase into a variable expression. 

5, 7 times the sum of a number and 4 6. The difference between a number and 3 
7. The product of » number and 9 8. 5 less than one third of a number 
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Computer Exercise: 


For students with some programming experience 


Write a BASIC program that determines the vertex of the graph of a quadratic 
equation y = Ax? + Bx + C when A, B, and C are entered with an INPUT 
statement. The program should also give three points on each side of the vertex 


that can be used to graph the qua 
lowing quadratic equations 


ly 
4. y=r-4r 


won 


atic equation. Run the program for the fol- 


Self-Test 3 


Vocabulary function (p. 374) 


don 


bar graph (p. 375) 


broken-line graph (p. 375) 


arrow notation (p. 379) 


functional notation (p. 379) 


value of function (p. 379) 
graph (p. 383) 


1. The table below defines @ function, 


n of 4 function (p. 374) 
range of a function (p. 374) 


linear function (p. 383) 
parabola (p. 384) 
minimum point (p. 384) 
east value (p, 384) 

axis of symmetry (p. 384) 
maximum point (p. 384) 
greatest value (p. 384) 
quadratic function (p. 384) 
vertex (p. 384) 


Obj. 8-6, p. 374 


a. State the domain and range of the function, 
b. Graph the function by meany of a bar graph or a broken-line 
graph, whichever is more suitable. 


Earnings per share of Common Foods Corp. 


| 985 | 1086 | 1987 | 198s | 1980 | 1990 | 


i 
1.65 | 2.05. 


Earnings per 
share ($) 


2, Find the eof g if g: mn? + In + 3 and 

D={- 1, 2, 3} 
3. Given fix) = 7x — 3, find: a. 2) b. f-1) «. fi0) 
7+ 8v + 10. Then 


Obj, 8-7, p. 379 


0, 


4. Find the coordinates of the vertex of lx) = 
give the least value of the funct 


Obj. 8-8, p. 383 


m1 


Find the coordinates of the vertex and tl 
ph of y 


quation of the axis of 
4x + 1. Use the vertex and at 
aph the equation. 


symmetry of the 


least four other points 


Check your answers with those at the back of the book. 
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Extra / Relations 


The diagram at the right shows how each number in the set 


DIR 
D = 2 
D={0, 1,2, 3} [ofa 
is paired with one or more numbers in the set old 
R={ 
} ele 
The same pairing is shown in the table next to the diagram aS 
and in the list of ordered pairs shown below. R = 
3 
(0. 1), , 1), (1, 1), (2. 3), G, 2)} : 


Notice that this pairing assigns to the number 0 in D two different num- 
bers, —1 and 1, in X. Therefore, the pairing is not a function with domain D 
and range R, since in a function each member of the domain is assigned exactly 
‘one member of the range. The pairing described above is an example of a 
relation. 


A relation is any set of ordered pairs. 
The set of first coordinates of the ordered pairs is the domain of the relation, 
The set of second coordinates is the range. 


The figure at the right shows the graphs of all the ordered R 
pairs that form the relation described above, We call this set 
the graph of the relation. "f 
. 


A function is a special kind of relation. 


(ee ESS ) D 
A function is a relation in which different ordered pairs 
have different first coordinates. 


Therefore, in the graph of a function, there is only one point plotted for each 
value in the domain 


Exercises 


State the domain and range of each relation. Is the relation a function? 


1. {(3. 4), (2, 3). G, 61, (2, 0} 2 (=). Q. 3), GB, 5), G.8)} 
3. (2. -1). GB. 0). 4.6), (L. — 3} 4. 


{(s 
5. {(-1, 1). CY), 2.4), (—2, 6. (4.2 


(5, 0), (5, 1. (5. 2), , 4)} 


. (4. =2),(9 3), (9, —3)} 
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Variation 


8-9 Direct Variation 


Objective 


Volume in cubic 


centimeters: V 


2 
3 
4 
5 


Mass in 


grams: m 


Suppose (x), y)) and (vs. ys) are two ordered pairs of a direct variation 
defined by y = kx and that neither x, nor x is zero. Since (x1. yy) and (42, 3) 
must satisly vy = kr, you know that 


yy = key andy 


From these equations you can write the ratios 


vt vs 
= k and > =k 
ti o 
Since each ratio equals k. the ratios are equal 
Yn J me : 
= 2. read “yy i8 0.4) as yp is 10.4. 


‘This equation, which states that two ratios are equal, is a proportion (page 
293), For this reason, k is sometimes called the constant of proportionality, 
and y is said to be directly proportional to x 

When you use a proportion to solve a problem, you will find it helpful to 
recall that the product of the extremes equals the product of the means. 


Example 2 The amount of interest eared on savings is directly proportional to the 
amount of money saved. If $104 interest is earned on $1300, how much inter- 
est will be earned on $1800 in the same period of time? 


Step 1 The problem asks for the interest on $1800 if the interest on $1300 is $104, 


Step 2 Let é, in dollars, be the interest on d dollars: 


i, = 104 p= 
dy = 1300 dy = 1800 
Step 3 An equation can be written in the form =2. 
ay 
104 
1300 
Step 4 104(1800) = 1300/5 
187,200 


i 


Step § The check is left to you. 


the interest earned on $1800 will be S144. Answer 

Solution 2-1 solve Example 2 by the method shown in Example 1, first write the equ 
tion | = Ad. Then solve for the constant of variation, k, by using the fact that 
i= 104 when d= 1300. Use the value of k to find the value of 7 when 
d= 1800. You may wish to complete the problem this way 
You will find the exercises and problems of this lesson easier if you under 
stand both methods. 
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Oral Exercises 


State whether or not each equation defines a direct variation, For each 
direct variation, state the constant of variation. 


1. y= 3x 2. p=9s 3.3y 4. d= 3.3 

$. yr=7 =- 8. C= ad 

9.A=or 10. £=1 ea = 
d y 2 


State whether or not the given ordered pairs are in the same direct variatio 


(6, 8), (9, 12), (18, 24) 


Sample 
‘Solution = * 


the direct variation y 


4 Since the ratios are equal, the ordered pairs are in 
4 
3 


13. (2, 4), (6, 12), (10, 20) 14. (1, 3), (—6, —18), (5, 15) 
15. (1, 1), (2. 1), G, 3) 16. (—1. 2), (2, 4). (4, ~8) 


State whether or not the statement is true. 


is not true, explain why. 
17. Every linear function is a direct variation 

18. All direct variations are linear functions 

19. Some linear functions are direct variations 


20. No function is both a linear function and a direct variation 


State whether or not each formula shows a direct variati 


22, = 23, 


Written Exercises 


In Exercises 1-6, find the constant of variation, 


A 1. y varies directly as x, and y = 9 when ¢ = 54 


2. y varies directly asx, and y = 6 when v = 72 

. t varies directly as s, and ¢= —16 when s = ~2 

4. h varies directly as m, und A = 112 when m = —16. 

5. W is directly proportional to m, and W = 150 when m = 6, 


6. P is directly proportional to J, and P = 210 when ¢ = 14. 
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7. \ varies directly as x, and y = 450 when x = 6. Find y when x = 10 
48. Find d when = = 20 


8. d varies directly as z, and d = 6 when 
9. h is directly proportional to a. and h = 425 when a = 8.5. Find h when a = 12 


10. r is directly proportional to A, and r = 14 when A = 87.5. Find r when A = 25 


of the same di 


(x1, yu) and (x, y2) are ordered pa 
each missing value. 


He xy = 15,9) = 9 12, x = 45, = 13. x1 = 3.6, 4 =3 
‘ 40. 9 2 x)= 60,» 100 x AS \ 
i 1 
14. sy=7 18. = 45. =4 16. = 31 = 
Xo = 7,65, y 9 
m= =.= 


For each direct variation described, write (a) a formula and (b) a 


proportion. 


Sample The speed, v, of a skydiver in free fall is directly proportional to the number 
t. of seconds of fall. After 2s, the speed is 19.6 mis 


Solution a. v = kt; v= 19.6 when =2 b. Let vy = 19.6 and 1, = 2 


0.6 19.6 1 
sok=2S=98 — 


2 2 t 


19.6 = ki 


v=9.8r 


B 17. The len; 
any moment varies directly with the 
height, /, of the tree. At a certain moment 
a tree 20 fi tall casts a shadow 14 ft long 


h, L, of the shadow of a tree at 


18. The heat, H, required to melt a substance 
varies directly with its mass, m, Forty- 
nine calories of heat are needed to melt 
one gram of copper 

19. The weight. M. of an object on the moon 
is directly proportional to the weight, £ 
on Earth. An object wei 
Earth weighs 28 Ib on the moon 


ghing 168 Ib on 


20. Distance, m, on a map varies directly 
with the actual distance, d. On a certain 


map, | in. represents 10 mi 
21. At any given temperature, the electrical resistance of a wire is directly pro- 

portional to the length. At 20° C, 500 m of No. 18 gauge copper wire has 
95 ohms. 


a resistance of 10 


22. Under constant pressure, the volume, V, of a dry gas is directly propor 
tional to its temperature, T, in Kelvin. A sample of oxygen occupies a vol- 


ume of 5 L at 300K 
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Let (a4, y;) and (x2, y) be ordered pairs of direct variation. Suppose that 
no coordinate is 0. Show that each given statement is true. 


Cc 23, + m4, = 2 


” 


Solve. 


A 1. Anemployce’s wages are directly proportional to the time worked. If an 
employee ears $100 for 5h, how much will the employee eam for 18h? 
2. A certain car uses 15 gal of gasoline in 3h. If the rate of gasoline con- 
sumption is constant, how much gasoline will the car use on a 35-hour 
trip? 


3. The amount of money that a magazine pays for an article varies directly as 
the number of words in the article. If the magazine pays $720 for a 1200- 
word article, how much will be paid for an article of 1500 words? 


4. The distance traveled by a truck at a constant speed varies directly with the 
length of time it travels. If the truck travels 168 mi in 4h, how far will it 
travel in 7 h? 

5. The number of words typed is directly proportional to the time spent typ- 
ing. If a typist can type 275 words in S min, how long will it take the 
typist to type a 935-word essay? 


6. When an electric current is 32 A (amperes), the electromotive force is 
288 V (volts). Find the force when the current is 65 A if the force varies 
directly as the current 

7. The area covered by a painter is directly proportional to the number of 
hours worked. A painter covered 52 m* in the first 8 h on the job. How 
large an area will the painter cover in 24h? 

. A restaurant buys 20 1b of ground beef to prepare 110 servings of chili, At 
this rate, how many servings can be made with 30 Ib of ground beef’? 

9. A mass of 25 g stretches a spring 10 em. If the distance a spring is 
Stretched is directly proportional to the mass, what mays will stretch the 
spring 22 em? 

10. The amount of chlorine needed for a pool varies directly as the size of the 
pool, If 5 units of chlorine is the amount needed for 2500 L of water, how 
much chlorine is needed for 3750 L of water? 


B 11. Thermometer F is marked off into 180 equal units, Thermometer C is 
marked off into 100 equal units. A reading of 66.6 degrees on thermom- 
eter F is equal to a reading of how many degrees on thermometer C? 


12, The odometer on the Goldmans’ car was not measuring distance correctly 
For a 220-mi trip the odometer registered only 216.7 mi. On the return 
trip, the Goldmans had to detour due to road repairs. If the odometer regis 
tered 453.1 mi for the round trip, how many actual miles was the detour? 
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13. On a map, | cm represents an actual distance of 75 m. Find the area of a 
piece of land that is represented on the map by a rectangle measuring 
11.5 em by 18,5 em 

14. In an object that is 6 ft tall is represented by 

igure 8 in, high, How many feet tall should the mast of the sailboat be in 
the model if the actual mast of the sailboat is 38 ft tall? 


scale model of a sailbos 


C 15. If the circumference of a circle varies directly as the diameter, and the 
diameter varies directly as the radius, show that the circumference varies 
directly as the radius 


a a es er eae 
Mixed Review Exercises 


Multiply. 
1. Qp + 3)3p + 1) 2. (4x — 2)? + 3x — 6) 3. —39(5 — 4s) 
4. Ge + 2)(3¢ = 2) 5. (+ 231 — 5) 6. (Ty — 3)2y + 4) 


Draw the graph of each function. 


7. Wx) = 6 8 fix>-3x+4 9 gin) = 


-7 Hy = 4x 


iY Biographical Note / Hsien Wu 


Hsien Wu attended school in China and 
came to the United States to attend the 
Massachusetts Institute of Technology. 
He received his Ph.D. in biochemistry 
from Harvard University in 1917. 

Wu developed methods to analyze 
small samples of blood. This was a 
major breakthrough as previous methods 
required large samples. a procedure that 
was not advantageous for the patient. 

In 1924 Wu was appointed to head 
the biochemistry department at Peking 
Union Medical College. He conducted 
studies in eating habits and health, 
nutrition, and food omposition, His 
many research papers made Wu the 
foremost nutritionist in China. He was 
appointed to a number of international 
committees and was made director of 
the Nutrition Institute of China 


10. Ki x 2 


dix 4 
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8-10 Inverse Variation 


Objective — To use inverse va 


jon to solve problems 


The table shows the time, ¢, that it takes a car 10 
travel a distance of 40 mi at the speed of r mi/h 
You can see that 20 2 
rt = 40. 
Notice that if the speed is increased, the time is 
decreased, so that the product is always 40. You 
can say that the lime varies inversely as the rate 
This example illustrates an inverse variation 50 


Rate in mi/h: ¢ | Time in hours: ¢ 


30 : 


40 1 


ee 
An inverse variation is a function defined by an equation of the form 
xy =k, where & is a nonzero constant, 


k 


or y= {+ where x #0. 


You say that y varies inversely as x or that y fy inversely proportional to x. The 
constant & is the constant of variation. 


The graph of an inverse function is not a straight Tine, since the equation 
ay=k 


is not linear. The term xy is of degree 2 


Example 1 Graph the equation xy = | 


a BY el 
| 1 1 
4 ry n 4 
1 \ 
2{—-1) |1Li2 
1] -1 V4 Ve 
1 “ 


The graph of xy = 1 shown in Example 1 is called a hyperbola. Since nei 


y can have the value 0, the graph does not intersect either the x-axis 


ther xn 


or the y-axis, 


Introduction to Functions 397 


eel 
For every nonzero value of &. the graph of xy ~ k is a hyperbola. 


When k is positive, the branches of the graph are in Quadrants Land IL 
When & is negative. the branches of the graph are in Quadrants I and IV, 


Let (4). yy) and (12, y) be two ordered pairs of the same inverse variation. 


Since the coordinates must satisty the equation xy =k. you know that 
yy) = k and xy k 


or Xj) = ayo 


You can compare the equations for direct variation and inverse variation 


ET SS SS 


The equations above show that for direct variation the quotients of the 
coordinates are constant and for inverse variation the products of the coordi 
nates are constant 

One example of an inverse variation is the law of the lever. A lever is a 
bar pivoted at a point called the fulcrum. If masses my and mo are placed at 
distances dy and from the fulcrum, and the bar is balanced. then 


mid) = mods 


i 


my Fulerum mm 


‘Example 2011 2 24 2 mass is 30 cm from the fulcrum of a lever, how far from the ful 


crum is «45 g mass that balances the 24 g mass? 


Salition Lew m, = 24. cd, = 30, and m= 45, dy = 2 


Use md) = nad 


24 - 30 = 45d 
20 
16 = ds 


the distance of the 45 g mass from the fulerum is 16cm. Answer 
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RAS Sr STE SEE SRE 
Oral Exercises 


State whether cach equation defines an inyerse variation or a direct 
variation, & is a nonzero constant. 


tee ree 

t= 2y=4 3. 

4. ay = 25 5. d= 40r 6.m=4 
7 =e 8. aby = arb; 9 4=n 
m_5 ie al = 

10, %=3 n. t=4+ 12. kxy = 5 

Complete the ordered pairs so they satisfy the given inverse variation. 

13. ay = 12 and (x, y) = (2,2) (2.4) 

14, mn = 60 and (m,n) = (10, ) 5) 

1S. 144 = pq and (p,q) = 8. ais 

16. xy = —1 and (x, y) =( } (top 

17. If rs = k, and ris tripled while k remains the same, how does s change? 


18. If d = rt, and 1 is halved while d remains constant, how does r change? 


Written Exercises 


Graph each equation if both the domain and the range are the set of 
nonzero real numbers. You may wish to verify your graphs on a computer 
or a graphing calculator. 


A Lw=6 2ay=4 3. ay =—1 4. xy = —16 


Exercises 9 and 10 refer to the lever at balance shown on page 398, 
the missing value. 
9, my = 12, my = 9 dy = 30, dy = 2 10. mm, = 2, my = 00, dy = 5, dy = 9 


of the same inverse variation. Find 


(x, yy) and (x2, y2) are ordered pail 
the missing value. 
1. 4 = 4. 9) = 54,9 =8, 9 = 12, x) = 32,9, =9, = 2,» = 12 


13. 4) = 2, yy) = 19.5, 2 = 1-7, 2 = 10.5 14. xy = 10, yy 2 4 =8, ye 
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For each inverse variation described, state (a) a formula and (b) a proportion. 


Sample ‘the beight, h. of a tight circular eylinder of fixed volume varies inversely as 
the area, A, of the base. A cylinder 6 in. high has a base of 20 in’. 


Solution Ah=kh=6whenA=20.. . . 


20(6) = k, so. k= 120 


0 4 


Ah = 120, or h= 


Ayhty = Adhy 
Divide by hyhy to obtain the proportion 


Ava 
hy hy 

20 A 

Let Aj = 20 and fr, = 6. i 6 


B15. Length / and width w of a rectangle of given area vary inversely. When the 
length is 18. the width is 5 
16. ‘The force, f, needed to move a rock varies inversely as the length. [. of 
the crowbur used, When the length is 
(newtons), 


. the force needed is 1. 


17. The frequency, /, of a periodic wave is inversely proportional to the length, 
1. of the wave. The frequency is 2.5 Hz (hertz) when the wavelength is 
0.60 m, 

18. The time, r, required to drive between two cities is inversely proportional 
to the average speed, 7. The trip took 3h at an average speed of 52 mich 

as the 

mm 


19. At a fixed temperature. the volume, V, of a gas varies inversely 
pressure, P. A volume of 4 


em’ of a gas is at a pressure of 7 


The amount of current, /, flowing through a circuit is inversely propor- 
tional (0 the amount of resistance, R, of the circuit, Ina circuit with @ re- 
sistance of 18 ohms, the current is 0.25 amperes. 


Sa 2 Re a= oP SS 
Problems 


Solve. 


A 1. The number of days needed to remodel a house varies inversely as the 
number of people working on the job. It takes 18 weeks for 4 people to 
complete the project. If the job has to be finished in 8 weeks, how many 
people are needed? 

2. Three friends on a fishing trip pay $100 each to share the rent of a cottage. 
The cost per person varies inversely as the number of people sharing the 


rent. How many people would have to share the rent of the cottage to 
make the cost $60 per person? 
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4. 


6. 


10. 


A rectangle has length 36 cm and width 28 cm, Find the length of another 
rectangle of equal area whose width is 21 em. 

‘The winner of a race ran the distance in 45 s at an average speed of 

9.6 m/s. The runner who came in last finished in 48 s. What was the last 
runner's average speed? 

A fifteen-centimeter pulley runs at 250 r/min 

(revolutions per minute). How fast does the 

five-centimeter pulley it drives revolve, if the 

number of revolutions per minute varies 

inversely as the diameter? 

A gear with 42 teeth revolves at 1200 r/min and meshes with a gear having 
72 teeth, What is the speed of the second gear if the rotational speed of a 
gear varies inversely with the number of teeth? 

The number of chairs on a ski lift varies inversely ay the distance between 
them. When they are 10 m apart, the ski lift can accommodate 32 chairs. 

If 40 evenly spaced chairs are used on the lift, what is the space between 
them? 

‘The number of plants used to fill a row of given length in a garden v: 
inversely as the distance between the plants. If 75 plants are used to fill the 
row when planted 20 cm apart, how many plants are used to fill the row 
when planted 15 cm apart? 


A string on a violin is 25.8 em long and produces a tone whose frequency 
is 440 Hz. What is the length of a string needed to produce a tone of fre- 
quency 516 Hz, if the frequency of a vibrating string is inversely propor- 


tional to its length? 


The frequency of a vibrating string is inversely proportional to its diameter 
A violin string with diameter 0.50 mm produces a tone of frequency 

440 Hz. What is the frequency of the tone produced by a similar string 
whose diameter is 0.55 mm? 


In Exercises 11-14, apply the law of the lever. 


i. 


12. 


13. 


Mu. 


Sara weighs 106 Ib and Levon weighs 156 Ib. If Levon sits 6 ft from the s 
saw support, how far from the support must Sura sit to balance the seesaw? 


One end of @ pry bar is under a 350 kg boulder. 
‘The fulerum of the bar is 15 cm from the boulder 6S 
and 175 em from the other end of the bar 3 
What mass at that end of the bar will balance 
the boulder? A 

Isem 


An 18 kg mass is placed at one end of a steel bar that is 1 m long. A 

35 kg mass is placed at the other end, Where should the fulcrum be placed 
to balance the bar? 

‘A lever has a 500 kg steel ball on one end and a 300 kg log on the other 
end. The lever is balanced. The steel ball is 1m closer to the fulerum than 
the log, How far from the fulcrum is the log? 
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© motion of sound: 


holds for the 
fl 


cles per second), | is the wavelength (in 


‘The following formul: 


/ is the frequency (number of 
meters), and ¥ is the speed of sd 
information in the following prob! 


d (about 335 m/s in air). Use this 
S. 


15. The frequency of a note an octave above & 
iven note, How does the 


note is twice that of the 
wavelength of the higher note compare with that 
of the lower note? 


16. If the wavelength of a note is 3 that of a given 


note, how do the frequencies compare? 
17. An open organ pipe produces a sound wave that 
has a length that is twice the length of the pipe 
th of an open pipe that will produce 


Find the leng! 
the nole A with the frequency 440, Give the 
answer to the nearest tenth of a meter 


18. A stopped organ pipe produces a sound wave that 
has a le h of the pipe 
What is the frequency of the sound produced by a 


n pipe that is 2 m long? 


ih that is four times the lei 


stopped c 


RS ES SS IE Fs Se 
Mixed Review Exercises 


Show that the lines whose equations are given 


re parallel. 


iy=3 2. 2x + 10y =3 3.x-y 


iy =6 vt Sy=2 yrx 


Find the constant of variation. 


1 varies directly as s, and r= 24 when x = —4. 


6. y varies directly as x, and y = 14 when x = 70 


7. m is proportional to n, and m = 63 when n 


Computer Exercises For students with some programming experience 
Write a BASIC program to determine whet 


a direct variation, an inverse variation, or neither. At least three ordered pairs 
should be entered with INPUT statements. Run the program for the data below 


er a set of ordered pairs represents 


1. (2, 3), (8, 12), (10. (—24, —36) 2. (12, —4), (-16, 3), (-15, 3.2) 


3. (0, 0), (3. 4), (9, 8), (-2, —3) 4. (2, 1.6), (12. 9.6), (5. 4), (@. 7.2) 
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You can use a calculator to solve a direct variation or an inverse variation. 
For a direct variation, first set up the equation 


and then use your calculator to multiply and divide to 
For an inverse variation, first set up the equation 


ind the missing value 


MM =x 


and then use your calculator to multiply and divide to find the missing value 


Find the missing value. 


2, 13 D 
x 
LES 
7. 12(24) = 15y> 8. 15y, = (16)36 9. 4(65) = SOy> 
10. 1.2(0.8) = 1 6y 11. (10.8)12 = 14.4yy 12. (4.8)(600) = 400y, 


(EERIE or SRE STIL EEE 
Self-Test 4 


Vocabulary direct variation (p. 391) inverse variation (p. 397) 
constant of variation (p, 391) hyperbola (p. 398) 
constant of proportionality (p. 392) 


(x), y)) and (x2, y2) are ordered pairs of the same direct variation, Find 


each missing value. 
Obj. 8-9, p. 391 


A worker's earnings are directly proportional to the number of hours 
worked, If $60 is carned for 4h of work, how much is eamed for 35 h? 


(x). y}) and (23, y2) are ordered pairs of the same inyerse variation. Find 
each missing value. 


4 oy = 20) yy = 5. x) = 8. y= 16 Obj. 8-10, p. 397 
x) = 5, y2= 12 = 4 yy = 7 


6. Four friends on a ski trip pay $210 each to share the rent of a 
cabin. The cost per person Varies inversely as the number of per 
sons. How many people sharing the rent would make the cost 
$120 per persor 


Check your answers with those at the back of the book, 
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Reading Algebra / Problem-Solving Strategies 


To be a successful problem solver. you must first master the art of reading 
word problems. Read each problem slowly and carefully, Here are some ques 
tions you can ask yourself as you begin to work a problem 


Will it help to organize the information in a chart’? 

Is there a standard formula to use? 

Will drawing a sketch or making a model help to visualize the problem? 
Is it reasonable to use a trial-and-error (guess-and-check) approach? 


If you are haying trouble understanding a word problem or figuring out 
how to begin solving it, there are a number of things you can do, The first is 
rereading. Perhaps you overlooked something when you first read the problem. 
‘Then, aitempt to break the problem down, You may be able to use the parts 
that you understand to make sense of the parts that you do not, Sometimes, 
substituting simpler data and solving a simpler, related problem may help you 
see how to solve the given problem. 

When you have chosen a strategy and found an answer, check your answer 
to be sure it makes sense. For example, the length of a room cannot be nega- 
tive, Estimate before solving and use your estimate to check that your answer is 
within a reasonable range, Then check your answer in the words of the problem 
for accuracy. The time you spend on planning and checking will be well worth- 
while 


Exercises 


1. A coin box contains $26.50 in dimes and quarters. There are 157 coins al- 
together. How many of each type of coin are in the box? 


2. The length of a rectangle is 4 cm more than twice the width. 
is 56 cm. Find the length and the width. 


The perimeter 


ions, 


3. Two planes leave an airport at the same time flying in opposite dire 
The first plane iy traveling at a speed of 1100 km/h, After 4h, the planey 
are 7600 km apart. Find the speed of the second plane. 
4, The wip from Winston to Carver takes 8 min longer during rush hour, 
when the average speed is 75 km/h, than in off-peak hours, when the aver- 
age speed is 90 km/h. Find the distance between the two towns. 
5. A rectangle is 5 cm longer than it is wide. If the length is doubled and the 
width is tripled, the area is increased by 420 cm?. Find the original dimensions. 
6. The sum of Wo numbers is 11 and the sum of their squares is 65, Find the 
numbers. 
7. The edges of one cube are 2 em longer than the edges of another. The vol- 
ume of the smaller cube is em? less than the volume of the larger 
cube. Find the lengths of the edges of each cube 


8. A soccer league signed up 440 players. The ratio of returning players to 
new players was 4:7. How many players were new? 
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Chapter Summary 


1. The solution set of a linear equation in two variables is the set of all or- 
dered pairs of numbers that make the equation into a true statement, 


Ordered pairs of real numbers can be graphed as points in a coordinate 

plane. The graph of a linear equation in two variables is a line. 

3. The slope of a line can be found by using any two points on the line. Dit- 
ferent lines with the same slope are parallel 

4. An equation of a line can be found from: (a) the slope and the y-intercept; 

(b) the slope and any point on the line: (¢) two points on the line 


A function can be defined by a correspondence, a table, an equation, or a 
set of ordered pairs 
6. The yalue of a function F at 2 is denoted by F(2). Any value of a function 
can be found by replacing the variable in the defining equation of the fune- 
tion by the given number 
A lin 
8. A quadratic function is defined by an equation of the form 
y= ae + be +, a # 0. Its graph is a parabola that opens upward if a is 
positive or downward if a is ne 


function is defined by a linear equation. Its graph is a line 


9. A direct variation is a linear function defined by an equation of the form 
yo ky ke 0. 


10. An inverse variation is a function defined by an equation of the form 


w=k keOory= 4b 0 


Chapter Review 
Give the letter of the correct answer. 


1. Which ordered pair is a solution of 3x 
a (1, =I) b, (2.1) e (-1, 1) d. (—2, 1) 


+ 3y = 9 if cand y are whole numbers. 


2. 


Solve 2) 
a. (0.3). (1.3) b, (0.3), 8, eG, 0), 0,3) d, , 0), B.1) 


In which quadrant is the graph of (~3, 5)? 
al b. I i d. iV 


4. Where is the 
a. in Quadrant Hb, in Quadrant Itc. 


‘aph of (~3. 0) in the coordinate plane? 
n the aris d. on the y-axis 
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5. Find the slope of the line that passes through (4, 4) and (—4, 6). 8-3 


a. —4 b.0 «. d. no slope 


6. Find the slope of the line whose equation is y + 
a3 b. 0 eng d. no slope 


7. Find the slope and y-intercept of the line whose equation is y =x ~ 2 84 


3 3 4 
a.m=—-2,b=2 b.m=2,b=2 cm=2,b d. m= 


8. Write an equation in slope-intereept form of the line that is parallel to 


y =~ Ly and that has y-intercept 5 
ay=—GxtS  by=Sy-p a y=-tr-5 a Sy=—te 
», 85 
19. Write an equation in standard form of the line that passes through the 
points (0, —7) and (—7, 0) 
a ety Ret ee<? 65> d. y= -7 
11. Write the range of the function {(—1, 1), (0, 0), (1. 0), (2, 6)} 8-6 
a. {0, 1, 2, 3,4. 5, 6} b. {—1, 0, 1, 2} 
e {(-1, D.C, Db d. (0, 1, 6} 
12. Find G(0) given Gix) = 4 ~ 8x. 87 
a. b. 2 8 a4 
13. Find F(—1) given F; x— 5 — x? 
a. 25 b.7 4 d. 5 
14. Find the vertex and give the least value of fle) = 27 + 8x + 3. 8-8 
a. (—4, 13); 13. (4, 13): 13 ce. (-4, 13), 13d. (4, 13); -13 
15. Find the vertex and give the greatest value of f(x) = 2x ~ x 
2.1); b. (1, 25.2 edt d. (1,0): 0 
16. Find the constant of variation ify varies directly as a, and y = 95 when 89 
sot 
a. b. + ©. 19 d. 95 
17. Find the missing value if (75, 30) and (_2_, 18) are ordered pairs of the 5-10 
same inverse variation 
a. 125 b. 75 cc. 45 d. 7.2 


406 


Chapter 8 


GEPSSS25 0 |S 
Chapter Test 


State whether each ordered pair is a solution of the given equation. 


1. 3x =12 2. Ix + Sy = -3 81 
(2, 3), (4.0) Gl, =3,\-4, 5) 


Solve each equation if x and y are whole numbers. 


3. 2x + Sy = 12 4. + 3y = 15 

Plot each of the given points in a coordinate plane. 

5. (5.3) 6. (0,6) 7. (3. —4) 8. (2,5) 82 
Graph each equation, 

% y= 3-4 10. y= 5x +2 


Find the slope of the line passing through the two given points. 
11. (—6, 0). (8, —7) 12. (—5S, 7), (8, 7) 8-3 
13. (9, 5). (9. —5) 14. (—2. 4), G. -1) 


Find the slope of each line whose equation is given. 
15. y 3x +2 le xrty=0 
17. ay — Sy 15 18. 2x + 4y 1 


Give the slope and y-intercept of each line. Are any of the lines parallel? If 

so, which? 

19, y=3v+2 20. ) grt 4 
1 9 

2 ss 4 ya ewe 

21. y= —Fx 22. y= Fe +6 


Change each equation to slope-intercept form. Then draw the graph using 
only the slope and y-intercept 
23. Sx—y=1 


28. 2y=7 26. x+ 


Write an equation in slope-intercept form of the 
slope and passes through the given point. 


28. slope 


27. slope —3; (0. -1) 


29. stope 0; (2, - 1) 30. slope 4; (-3, —4) 
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31. Write an equation in slope-intercept form of the line passing through the 
points (—4, —6) and (4, 10) 
32. The table below shows a function. 
a. State the domain and range of the function 
b. Graph the function by means of a bar graph or a broken-tin 
whichever is more suitable. 5 


aph, 


Value of US. Exports in Billions of Dollars 

Year Value 
1960 $29 
1965 S41 
1970 $66 
1975, $156 

i 1980 45 

i 1985 $359 


Find the range of each function. 


33. Fit) = 21 — 2, D={-1, 0, 2} M. give -1D= 


35. If fix !, find a. (3) b. f(—3) 


36. IF fi) == find: a. (3) by (3) 


Draw the graph of each function. 


37. gx aut 38. 0) = - 3 


39. Find the coordinates of the vertex and tl 
of the graph of the equation y = 
other points to graph the equation, 


quation of the axis of symmetry 
— 2°. Use the vertex and at least four 


(x), yy) and (x, y2) are ordered pairs of the same direct variation. Find the 
missing value, 


3 41.4, = 2.4 = 70 


2,92 = 25 


2 ™ = 


(x1. ys) and (x3, ys) are ordered pairs of the same inverse variation. Find 
the missing value. 


42. x = 20,9, =5 Boy 
Pw =50 % 


10. yy = 75 
30. 


8-6 


8-9 


8-10 
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Cumulative Review (Chapters 1-8) 


2. (8b — 4e)(2b + 3e) 
5. (3m — Sny 


Factor completely. 


7. 20x + 13x— 15. 8. 4y°- 12y +9 2lz— 24 
Express in simplest form, Assume that no denominator is zero. 
4 det 3 me 
i. be 6 ty a 
2° +x-1 


Write an equation in slope-intercept form for each line described. 


14. The line with slope —3 that pusses through (2, —2). 


15. The line that passes through (5, 2) and (2, 5) 
16. The line that contains (1, 3 


and is parallel to 2c + y= 4 


17. Find the range of the function f| xa? + 2v + 1 with domain 
{-3, —2, -1, 0, 1,2, 3} 


Graph each equation, 
18. 3x + 5y= 10 19. y 


=<7 +) 


20. Find the coordinates of the vertex and the equation of the axis of symmetry 
of the graph of y +3xt4 


Solve each equation. Assume that no denominator is zero. 


2. e+ 3)=3Gx-7) 22. Il +1 = 5 23, y% of 50 = 27 
2A. 9a? — 12a + 4=0 25. 49° — 36=0 26. 10P +1=3 
a. 1 +1=542 ag, 242 = ett 29, 
atl ava 
30. mie of 60 = 48 31. e+ 7)= 5-5) 32, Lim+2)=m—4 


33. The number of unity manufactured varies directly with the number of hours 
worked. If 10 units are manufactured in 4h, how many units are manufac 
tured in 14h? 

34. For a given distance. the speed at which a car travels varies inversely as 
the time it travels. If it takes 1.5 h to travel a distance at 84 km/h. how 
long would it take to tavel the sume distance at 90 km/h’? 
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= _ _ St eee 
Maintaining Skills 


Factor completely. If the polynomial cannot be factored, write “prime.” 


Sample 1 240°) — Oxy" Solution 24x") ~ 60xy* = 12xy(2x ~ Sy") 


1, 25b*c? + 15b%c* ma = Bn 3. 9uy + 36u4y? — 15uy 


2 
4. —vx? + 40ev* — 5. —24xly? + 32x%y3 — Bry 6. 20m n® — Amn> + 24mPn? 
Sample 2 x1) 16 

Solution 8 1y' ~ 16 = (9y* + 4)(9)? — 4) = (9y* + 4GBy + 2)Gy — 2) 


Sample 3 9y’ + 30) + 25 


Solution —9y? + 30y + 25 = (4y)? + 2y- 5) +S? = Gy + 5P 


7.2 - 12lz 8. 27he? — 12b 

10, 9x? — 12e + 4 1, 25m* +9 

13. 16a’ — 40a + 25 14, 4° — lon + 16 9 
Sampled 3? =35 Solution =? — 2g — 35 =(¢ + 5Xg-7) 
16. 2 + 8 — 16 17. + Min + 18 18. y* — 9y + 18 

19, ~c* + Sed + 14d? 20, 2d? + 18d ~ 72 21. 2 + 10K + 2 

22. 4c? — 36e + 32 23. n? — Sap + 6p" 24. 7/ +f? ~ 30 
Sample § d+ 21d -%w-14 

Solution §—3ed + 21d — 2c — 14 = 3dle + 7) — Ae + 7) = GB ~ 2Ke +7) 

25. ry — 2sy + 3r — 65 P + Gr; = Sy 21, t= 47 = 121=9 
28. x7 — 10x +25—y? 29, 16a — 9b* + 30 — 25 30. nt — Sm? + St — 25 


= 19p — 15 


Solution test the possibilities for the first terms: 10p and p; Sp and 2p 
Test the possibilities for the second terms: —|5 and 1: 1S and —1; —5 and 3; 


5 and ~3 
10p? ~ 19p — 15 = (Sp + 3)(2p ~ 5) 


31, 3b? + 2b-5 10n? + 3n —1 33. 6m" — 8m — 8 
34. 6a? + 7a — 3 3 2 z 36. 14 + 15y — 9)? 
37. —7y? — 20y +3 38. 22n + 8n? — 6 39. 12h? — 14h — 10. 
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Preparing for College Entrance Exams 


Strategy for Success 


Depending upon how a multiple-choice test is scored. 


L may not be wise to 
guess. However, if you can eliminate several of the possible answers, guessing 
may be worthwhile. For example, suppose you do not know the answer to a 
problem, but your knowledge of algebra tells you the answer must be a positive 
integer. This may help you improve your chances of guessing correctly 


Decide which is the best of the choices given and write the corresponding 
letter on your answer sheet. 


1. A total of $15,000 was invested in accounts earning 6% annual simple in- 
terest and in bonds eurning 10% annual simple interest. If twice as much of 
the $15,000 had been invested in bonds, the earnings would have been 
$160 higher. How much was inyested in bonds? 

(A) $4000 (B) $7000 (C) $8000 (D) $11,000 


2. Identify the point(s) on the line that contains (~4, 3) and has slope ~ 


1. (8, 0) IL, (1, =3) —13) 
(A) I only (B) Il only (C) IL only 
(D) 1. 1, and I (E) None of the above 
3. A rectangle has area 24. The graph of the length as a function of the width 
(A) is a parabola that opens upward (B) is a parabola that opens downward. 
(C) is a hyperbola (D) is one branch of # byperbola. 


(E) cannot be determined from the given information. 
4. The inlet pipe on a water tank can fill the tank in 8 hours. When the tank 

was full, both the inlet pipe and the drain pipe were accidentally opened 

Twenty-four hours later, the tank was empty. How many hours would it 

take to empty a full tank if only the drain were open’! 

(A) 6 hours (B) 9 hours (C) 10 hours (D) 12 hours 
5, A runner won a 5 km road race with a time of exactly 15 min. An ob. 

server, using a watch that was running fast, clocked the winning time as 

15 min 24s. To the nearest tenth of a minute, how many minutes does the 

observer's watch gain in a day? 

(A) 24.0 min (B) 38.4 min (©) 58.4 min (D) 61.0 min (E) 61.6 min 
dan equation of the line that intersects the y-axis at the same point as 
the line containing (2. 2) and (—4, —1) and that is parallel to the line con- 
taining (6, 6) and (- 
{A) x —3y = -3 


(C)x+2y=8 (D) et+y=4 
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Solving Systems of Linear 

Equations 

MENS! 
9-1 The Graphing Method 


Objective To use graphs to represent the solution of a system of linear 


equations as a point in the plane 


Two or more equations in the same variables form a system of 
The examples below 


quations, 
give systems that consist of two equations in the variables 


x and y, A solution of a system of two equations in two variables is a pair of 
values x and y that satisfies each equation in the system. Since this solution 
satisfies each equation, the point correspondin 
lie on the graph of both equations 


10 the ordered pair (x, y) must 


| Example 1 Solve the system by graphing: 2x — y = 8 


rt+y=1 


Solution Graph 2x— y= 8 and x + y= 1 in the same 
coordinate plane, The only point on both 
lines is the intersection point (3, ~2) The 


only solution of bork equations is (3, —2 


You can check that (3, —2) is @ solution of the 


3 and y = —2 in 


system by substituting x 
both equations 


2), Answer 


Example 2 Solve the system by x 6 

Solution — When you graph the equations in the same y 
coordinate plane, you sce that the lines have 
the same slope but different y-intercepts 
The graphs are parallel lines. Since the lines r 


do not intersect, there is no point that repre 
sents a solution of both equations. 


the system has no solution, Answer 
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Solve the system by graphing: 2v + 3y = 6 


4v + 6y = 12 


When you graph the equations in the same 
coordinate plane, you see that the graphs 
coincide. The equations are equivalent 
Every point on the line represents a solu: 
tion of both equations 


the system has infinitely many 
solutions. Answer 


All the examples show how to solve a system of linear equations by the 
graphing method. If you have a computer or a graphing calculator, you can 
easily solve or estimate the solution to a system of equations by this method 


Se SP A RS STEEL SST 
The Graphing Method 


To solve a system of linear equations in two variables, draw the graph of each 
linear equation in the same coordinate plane 


1. If the lines intersect, there is only one solution, namely, the intersection 
point. 

2. If the lines are parallel, there is no solution. 

3. If the lines coincide, there are infinitely many solutions. 


SEE ae SE SS Ee eee 
Oral Exercises 


‘State whether the given ordered pair is a solution of the system. 


1. (8,3) 2. (-1, 4) 3 2 
Sean, 4x + By=8 9x = 10 ~ 4y 
rty=2 x+ y=O0 y=ax-8 


State the solution of each system. 


4. 
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7. Suppose the graphs of a pair of linear equations appear to intersect at the 
point (~1, 4). How can you check whether (~1, 4) really is a solution of 


the system? 


8. If a system of line: 
the graphs of the eqi 


equations has no solution, what do you know about 
tions? 


9, Suppose (1, 5) and (3, 7) are known to be solutions of a system of two lin. 
ear equations. Are there any other solutions? 


Rie a aS eee 
Written Exercises 


Solve each system by the graphing method. 


A Ly=x 2. y=—x 4. y=3rt1 
y=6 x y 3x 8 
Sees 6. 8. v4 y= 
arty 0 xrty=5 

9 y=4te+ 10. 12. 6x + 4y=2 

2 ax = 

4x ~ 8y = -8 spunea 


ite the coor 


Solve each system by the graphing method. Fsti 
intersection point to the nearest half unit, You m: 


graphs using a computer or a graphing calculator. 
B 13. x+y=3 14, 15, 3x + Sy = 15 16. 2y— 3x=9 
x-y=4 r- y=4 4y + x= 12 


The graphing method of solving a system of equations is particularly useful 
when the equations are not linear. Estimate the solutions of each nonlinear 
system below by studying the graphs. Check whether your estimate satisfies 
both equations. 


17, y=. and y=8—3X° 18. y= x 
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19. Where on the 
\-coordinate equal to the y-coordinate? 

20. Where on the graph of 3x ~ y = 12 are the 
and y-coordinates opposites of each other? 


= 15 is the 


21, Where on the graph of 4x + y + 12 = is the 
y-coordinate twice the x-coordinate? 

The triangular region shown is enclosed by the 
axis and by the graphs of « + 2y = 8 and 

y = 4x. Find the area of this region, (Hint: Area 


of a triangle = 4 x base * height.) 


8 


Ex. 22 
C 23. Find the area of the triangular region enclosed by the 
y-axis and the graphs of 6x + Sy = 30 and 2y— y= 2 


24, Find the area of the region whose vertices are the points of intersection of 
the graphs of 2v + y = §, y=x—4, and y=5. 


SPS EET SLES SSE RSI IO OE I NEI 
Mixed Review Exercises 


ve answers using positive exponents. 


1581 spy Lit 
1. Sep Ge Narra) 35m'n! 
reat , de 
4. (xy) Sopp? 
a 


Computer Exe: 


Ss For students with some programming experience 


Write a BASIC program to print out a table of ordered pairs for each of two 
linear equations Ax + By = C and Dx + Ey = F, where A, B, C, D, E, and F 
are entered with INPUT statements, If the two equations have an ordered pair 
in common, the program should report that the ordered pair is a solution of the 
system of equations. Run the program for the following pairs of equations with 
the given values of x 


re 
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Da ene ne] 
9-2 The Substitution Method 


Objective To use the substitution method to solve the systems of linear equations, 


There are several ways to solve a system of equations. In the substitution 
method we use either equation to solve for one variable in terms of the other. 
The substitution method then calls for obtaining a third equation involving 
only one variable. The examples below show this method 


4x + 3y = 38 


“Example 1 Solve: x+y ~=15 


Solve the first equation for y. vty=15 


Substitute this expression for ) 
| in the other equation, and solve 
| for x 


Substitute the value of x in the 
equation in Step 1, and solve 


for y. 

Check «= —7 and r+y=5 
y=22in 7+ 22.215 
both equations. 15=15 


the solution is (—7, 22). Answer 


x+4y=-9 
“Solution Solve the second equation for x Pea 
since x has a coefficient of 1 =a 
Substitute this expression for x Bye 
in the other equation, and solve 2-9 ~ 4y)— 3y=4 
for y 18 — 8y — 3y=4 
lly 
y 
Substitute the value of y in the payer par 
equation in Step 1, and solve See 
for x ae 


The cheek in borh equations is left to you 
the solution is (= 1. =2 Answer 
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The substitution method is most convenient to use when the coefficient of 


one of the variables is 1 or —1 as in Examples | and 2 


aan 
The Substitution Method 


To solve a system of Linear equations in two variables: 


Solve one equation for one of the variables. 


2. Substitute this expression in the other equation and solve for the other 
variable. 


3. Substitute this value in the equation in Step 1 and solve 


4. Check the values in both equations. 


By = 6 
x—4y=8 


Example 3 Solve by the substitution method: 


2x - by =6 
218 + 4y) — By = 6 
16 + By — 8y=6 
16 = 6 — Fulse 


The false statement indicates that there is no ordered pair (x, y) that satisfies 
both equations, (If you graph the equations, you'll see that the lines are 
parallel.) 


the system has no solution. Answer 


Example 4 Solve by the substitution method; 4 = 2 —x 


6x + 3y 


Solution =2-x {Multiply both sides by 2 


y=4-2) _ |to solve for y 


6x +3y= 12 
6x + 34 — 2x 12 
6x + 12 — 6x = 12 

12=1 


True 


Every ordered pair (x, y) that satisfies one of the equations also satisfies the 
other, (If you 


aph the equations, you'll see that the lines coincide.) 


the system has infinitely many solutions. Answer 
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A 


Oral Exercises 


For each system, solve one of the equat 


1. x—2y=0 2. 3x + 2y 10 
rt y vt y=10 

4. 8m = n= 12 5. 20+ Se= 14 
2m = 3n = 18 a 


Solve by the substitution method. 


1.x =6 8. b=a-2 
yon 5 b=1 

10. y = 3x LL. d= 4c 
xhy= e+d=20 


Written Exercise: 


Solve by the substitution method. 
1. vy = 6x 2. y= 2 
XY 28 5. 30 
4. m=4n 2 
3m — 2n = 20 =17 
1. 38+) =y 8. 3a =2b-6 
2x + 3y = 25 a= 6-1 
10. 3n + 5m =7 
m—4n=6 
13. 2 +3y=0 
r+5 = 6s 


20. 


22. 3b-2a=4 yee 
bo Bat spall 


for one of the vai 


3. 


6. 


18. 
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bles. 
Sa+3b=1 
3u— b=4 
3p — 10 =4q 
pia 
pete! 
m=—2 
2n=m 
y=x= 

wt y= 12 


a= ib 
a=b=12 
c=ad-4 
ctd=16 

4f 

f+ 

3y- += -9 


da-—b=1 
a=4h 

) 

S-¥=l 
xty+7=0 
3y 
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Solve by the substitution method. 


B 25, 1+» = 1000 26, a + b = 5000 
0.05x + 0,06y 57 0.084 = 0.06b — 20 
jd + € d+t 
' 2 
4 2 A 
ae Hl 7 


Determine whether each of the following systems has no solution or 


infinitely many solutions. If there are infinitely many solutions, give three 
of them. 
31. Sy — 2k =3 32. 3y — 6x = 24 
Ox 15y 1 S+2x—y is x+y 


y=ax-5 36. dr + y = 20 


4x — by = 30, 2r +10 
37. The graphs of the equations ax + 4y = 6 and x + by 2, 3). 
Find a and b 
38. The graphs of ax + by = 13 and ax ~ by = —3 intersect at (1, 4). Find a and 
Use the substitution method to solve each system. 
C 3. xt yt2= 180 wo ath+ 4. x+y+2 
y=3e a= x-y=1 
z= 5x b=3e-5 x 2 


Mixed Review Exercises 


Solve each system by the graphing method. 


3x +2) 


7. slope ~ 4, passes through (2, —7) 8, slope = 


passes through (6, 6) 


9. slope — 


tercept —6 10, passes through (3, 8) and (0, —1) 


II. passes through (2, —4) and (5, -7) 12. slope 0, y-intercept 2 
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BE ee 
9-3 Solving Problems with Two Variables 


Objective — To use systems of linear equations in two variables to solve 
problems 


You have learned to solve problems using equations in one variable. Now you 
can solve problems with equations in two variables, Example | compares these 
two methods. 


Example 1 John tas 15 coins, all dimes and quarters, worth $2.55. How many dimes and 
how many quarters does John have? 


Solution 1 (Using one variable) 


Stop 1 The problem asks for the number of dimes and the aumber of quarters. 


Step 2 Let x = the number of dimes. Then 15 — x = the number of quarters 
Make a chart. 


Number x Value per coin = Total Value 


Dimes | x 10 10K 


Quarters | 15 — x 25 25(15 — x) 


Step 9 The only fact not recorded in this chart is the total value of the coins, $2.55 
255 cents), Use this fact to write an equation 


(or 2 
1Ox + 25(15 — x) = 2: 


Step 4 10x + 375 ~ 25x 


Step § The check is left to you. 


John has 8 dimes and 7 quarters. Answer 


Solution 2 (Using wo variables) 


Step 1 ‘The problem asks for the number of dimes and the number of quarters 


Swp 2 Let d= the number of dimes and g = the number of quarters. Make @ chart 


Number * Value per coin = Total Value 


Dimes d 10 10d 


(Solution continues on the next page.) 
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Step 3 


Step 4 


Step 5 


The two facts not recorded in the chart are the total number of coins, 15 
the total value, $2.55_ Use these facts t0 write a system of equations 


g= 5d [Pind g in terms of a 


10d + 25115 — d= 
10d + 375 ~ 25d 

1Sd = 

d= 


{Substitute 


qd 
q- 
a= 


The check is left to you 
. John has 8 dimes and 7 quarters. Answer 


Ann and Betty together have $60. Ann has $9 more than twice Betty's 
amount. How much money does each have? 


Let a = the amount of Ann’s money and b = the amount of Betty's money 


Ann and Betty together have $60. at b= 60 
Ann has $9 more than twice Betty's amount, > a = 2b + 9 


The system of the two equations above can be used to solve the problem 
The rest of the solution is left to you (sec Oral Exercise 1). 


Joan Wu has $8000 invested in stocks and bonds. The stocks pay 4% interest, 
and the bonds pay 7% interest. If her annual income from the stocks and 
bond: $500, how much is invested in bonds? 


Let s = the amount invested in stocks and 6 = the amount invested 
Make a chart 


n bonds. 


| Principal * Rate = Interest 
stocks |» | 0.04] 0.048 


Bonds |b 0.07 | 0.07b 


Total 8000 500 


The total amount invested is $8000. = s+ b= 8000 
The total amount of interest earned is $500 —> 0.045 + 0.076 = 500 


The rest of the solution is left to you (see Oral Exercise 2) 
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those in the examples. The advantag 


You can use either one variable or two variables to solve problems like 


of using two variables is that it is some: 


times easier to write the equations that will solve the problem 


i Exercises 


Complete the solution to Example 2 


Complete the solution to Example 3 


Give a system of equations that can be used to solve each problem. 


In Exercises 3-6 use n, d, and q for the number of nickels, the number of 
dimes, and the number of quarters, respectively. 


mn 


In Exercises 7-12 


a 


Sam has 30 nickels and dimes worth $2.40, How many nickels does he have? 
Kelley has 24 dimes and quarters worth $3.60. How many quarters does 

she have? 

Bruce has $5.50 in dimes and quarters. He has 8 more quarters than dimes. 
How many quarters does he have? 


Luis and Julia have the same number of coins. Luis has only dimes and 
ly quarters. If Julia has $1.80 more than Luis does, how many 


Julia has o1 


coins does each have’ 


use whatever variables seem appropriate. 


Dick and Connie purchased a radio for $128. Dick paid $36 more than 
Connie, How much did each pay’? 
Annette and June bowled together and had a combined score of 425. June’s 


score was 25 less than Annette’s score. Find their scores 


Steve has $3 more than twice as much as Tracy. Together they have $57. 
How much does each have? 

The length of a rectangle is 5S em 
less than three times its width. If 
the perimeter is 70 cm, find the 


dimensions. 


A radio station broade 
and commercials 20 hours everyday 
The ratio of the time spent on 
commercials to the programmin 
time is 1:4, How much time e: 
day does the station spend broad 


ts programs 


bh 


casting commercials? 


A person invests $5000 in trcasury notes and bonds. The notes pay § 


est and the bonds pay 10% unnual interest. I the annual in 


annual inte 
come is $480, how much is invested in treasury notes’ 
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A 


Problems 


1-10. Solve the problems given 


14, 


18, 


19. 


20, 


Solve 


21. 
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. Carl, Diane, and Ed to 


n Oral Exercises 3-12. 


Ive, using (wo equations in two variables. 


The sum of two numbers is 100. Five times the smaller is 8 more than the 
larger. Find the numbers 

One number is 12 more than half another number, The two numbers tout 
60. Find the numbers 

Lisa and Beverly had just $5 to spend for an after-school snack. They 
could have bought 2 hamburgers and | carton of milk with no change back 
or | hamburger and 2 cartons of milk with 40 cents change back, How 
much does a carton of milk cost? 


If you buy six pens and one mechanical pencil, you'll get only $1 change 
from your $10 bill. But if you buy four pens and two mechanical pencils, 
you'll get $2 change, How much does each pen and each pencil cost? 


Marty Lister invested $9000 in stocks and bonds. The stocks paid 5% and 
the bonds 8%, giving an annual income of $525. How much did he invest 
in bonds? 

Melinda Bowen receives an annual income of $234.50 from investing one 
amount of money at 6% and another amount at 5%. If the investments 
Were interchanged, her income would increase by $5.10, Find the amounts 
she invested. 


A car and a bike set out at noon from the same point headed in the same 
direction, At 1:00 P.M., the car is 60 km ahead of the bike. Find how fast 
each travels, given that the car travels four times as fast as the bike 

A grocer mixes together some cashews costing $8 per kilogram with some 
Brazil nuts costing $10 per kilogram. The grocer sold 12 kg of the mixture 
for $8.50 per kilogram, How many kilograms of cashews were in the mix- 
ture the grocer sold’ 

One number is 16 more than another. If the smaller number is subtracted 
from two thirds of the larger number, the result is one fourth of the sum of 
the Wo numbers, Find the numbers 

If Bill rides his bike 3 mi t Fred’s house and then walks with Fred the 
remaining | mi to school, it will take him 30 min. But if he rides the es 
tire distance, it will take him only 20 min. Find his biking speed and walk- 
ing speed 


ich problem by using a system of three equations in three variables. 


I have 30 coins, all nickels, dimes, and quarters, worth $4.60. There are 
two more dimes than quarters, How many of each kind of coin do | have? 
her have $46. Carl has half as much as Diane, 
ane. How much does each have’? 


and Ed has $2 less than | 


Mixed Review Exercises 


Solve. 
1 ts4+8=3 =2! re2—y 
4. Ala + 3) = 12 ~ (a — 18) n=5 6. 3x + 14 


Solve by the substitution method. 


9. y-1,-4 Seb 9. y=3x- 
*. 3b 1 
2r+10=4 S 

y Shes 

10. y x 3 11, 3¢e 4d = 6 q=3p 

rty=5 2e+ a pt+q 


Nutritionist 


Schools, hospitals, and other large institutions 
rely on nutritionists to plan appealing meals 
hat supply the nutrients necessary for good 


health. Special meals are often needed for 


individuals on a salt-free, a low-cholesterol 
h-protein diet 


or a hig 
Nutritionists may need to teach others 
about good nutrition habits, and so they 
should be able to work well with people 
They also rely on their mathematical skills 
to measure ingredients and to make conver 


sions in recipes for changing the size of the 
portions or the number of servings. 

A nutritionist must have a bachelor’s 
¢ with course work in physiology. food 
. and chemistry 


degre 
and nutrition, bacteriolo; 
Training often continues after graduation 


with an intemship in a"hospital 


Pa LE LP PF ID LE LID SRP EE LE EL 


Challenge 


The numbers 21 and 22 can be written using five 4’s and mathematical symbols 
as shown below 

2=4-4444+4 4 22 at V4+(4+4) 
Which of the numbers 23 through 29 can you write using five 4’s and mathe 


matical symbols? 
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9-4 The Addition-or-Subtraction Method 


Objective To use addition or subtraction to solve systems of linear 


ions in two variables. a 


equ 


When solving a system of two equations, you can sometimes add or subtract 
the equations to obtain a new equation with just one variable, This method is 
called the addition-or-subtraction method. 


Example 1 (The Addition Method) — Solve: 5x —y = 12 


axut+y=4 


Solution 1. Add similar terms of the wo 5x — y= 12 


equations. It y=4 {The y-terms are 
Re =a (climinated. 
2. Solve the resulting equation. x 
3. Substitute 2 for. in either ety =4 
of the original equations 0-12) + y= 4 
find y y= 
4, Check x =2 and y = 2 in wey a4 Se-y=12 
both original equations 32) + 4 5(2) —(~2) 212 
4 12 


* the solution is (2, —2). Answer 


Example 2. (The Subiraction Method) Solve: 6¢ + Td 


d 
6c ~ 2d = 12 


Solution 1. Subtract similar terms of the 6c + 7d = -15 
two equations | The e-terms are 


(eliminated. 


2. Solve the resulting equation d= 

3, Substituie ~3 for d in either 6c + Td = -15 

of the original equations to 6c + 1-3) = 15 
find « 6c =6 
e=l 


4. The check in both original 
equations is left to you. 


the solution is (1, ~3), Answer 
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Notice that in Example 2 the coefficients of ¢ are the same, and in Exam- 
ple 1 the coefficients of y are opposites. Whenever two equations have the 
same or opposite coefficients for one of their terms, the addition-or-subtraction 
method can be used 


See eS SS ee eee ee 
The Addition-or-Subtraction Method 
To solve a system of linear equations in two variables: 
1. Add or subtract the equations to eliminate one variable 

Solve the resulting equation for the other variable, 

Substitute in either original equation to find the value of the first variable. 

4. Check in both original equations. 


Use the addition method to solve for a. 


1, 3x+ 2y=7 2 x—5y 
Sx-2y=1 + 5y = 17 4y- 4=7 


Use the subtraction method to solve for s. 


4. 31+ Ss = 10 5. 4s-S5t=7 6. Ww 4r= 18 
s1=3 we4=8 


+ 


Use the addition-or-subtr: method to solve for one of the variables. 


7. 3a+2=11 8. 3p + 2g= 19 9. —4s + 71 = 10 
2a-—w=4 3p — Sqg=5 4s-2=5 


Solve by the addition-or-subtraction method. 
A ixt+y=7 Ratb=5 
y-y=3 a-b=7 
12n + 3m = 18 
sn + 3m=4 


8. 4a — 7h = 13 


Th=3 


10. —3x+ Sy =45 1. 12p = 18q = 14 
ax + 13y =9 ISp — 184 4 


Systems of Linear Equations 427 


Solve by the addition-or-subtraction method. 
13. 2ix— ley = —1 14, —28¢ + 15h = —18 15. 0.02 
33x + loy = 19 —28g — 40h = —29 0.02r 
16. 0,07a = 0,03b = 12 17. 4x + 18. fx 
0.01a + 0.03b = 12 ie : & 
ree 


Solve by either the substitution method or the addition-or-subtraction 
B 19. a=6b+3 20, x -5y 21. der — 
a+2b=5 art y x + 6y 

22. dla — 2b) = 8 23. 6m 24, 4a 
2a + 4b) = -8 1n—m=1 atb 

5 y= 27. 3n+1 

x + 6y = 30 Pp 

n= 


28, a. Use the graph shown at the right to 
estimate the solution of the system 
= 25 
15 
to the nearest half unit 


b, Use algebra to find the exact solution 
of this system 
29, The graphs of ax + by = 18 and ax — by = 6 
intersect at (3, —2), Find a and b 


+ 0.03y = 9 
+ .05y = 13 
Dae 
dy = -12 
by aieoy 
y=-22 
6 
method, 
2yy=8 
2 p= 1 
+7=0 
a 
r 
+1 
15 


C 30. The graphs of Sx — 3y = 35, 7x — 3y = 43, and 4x — ay = 61 all intersect 


in the same point. Find a. 


x-2y 1 x-y 3 5 
eraphs of “5” = and <> = = coincide. 


31, Show that the 


Problems 


Solve using two equations in two variables. Use either the substitution 
method or the addition-or-subtraction method. 
A 1. The sum of two numbers is 21 and their difference is 5. What are the 


2. The sum of two numbers is 64, Twice the smaller number is 10 less t 
the larger number. Find the numbers. 


There are 812 students in a school, There are 36 more girls than boys. 
How many girly are there? 


numbers’? 


han 
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4. Three pizzas and four sandwiches cost $34. Three pizzas and seven sand- 
wiches cost $41.50, How much does a pizza cost? 


B 5. There are 26 times as many students in 
Lincoln F 
all the teachers and students ate seated 
in the 900-seat school auditorium, only 
9 seats are unoccupied. How many 


School as teachers. When 


students are at Lincoln High? 


6. At an amusement park you get 5 points 
for each bull's eye you hit, but you 
lose 10 points for every miss. After 

30 tries, Yolanda lost 90 points. How 


many bull's eyes did she have? 


7. Since my uncle's farmyard appeared to 
be overrun with chickens and dogs. 
L asked him how many of each he had 
Being a puzzler as well as a far 
my uncle replied that his dog 
chickens had a total of 148 | 


60 heads. How many dogs and how 


many chickens does my uncle have? 
8. A shipment of 18 cars, some weighing 3000 Ib apiece and the others 
5000 Ib cach, has a total weight of 30 tons. Find the number of cach kind 


of car 


C 9. If Tom gives Maria 30 cents, they will have equal amounts of money. But 
if Maria then 


she does. How much money does each have now 


es Tom 50 cents, he will have twice as much money as 


10. In a running and swimming race, the athletes must run 2 mi and swim 


I mi. It took Peggy 42 min to do this, but if she were able to run the total 


3 mi, it would have taken only 18 min. At what rate did she swim the 


mile 


Mixed Review Exercises 


Simplify. 

1, 7x3 + Sx? — 3x + 6 dard (109+ «10 
4 n— 1] 5. (6x%y')| 529") 6. Ba 

7. (-2p%9) 8. 3xl4v +32 — 9) 9. (ab) ~3a°b\(2a°b?) 
10. jc1os)|4 n. — 12, 1(—S4m + 36n) 
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9-5 Multiplication with the Addition- 
or-Subtraction Method 


Objective To use multiplication with the additioh-or‘subtraction method to 
solve systems of linear equations. 


The two equations in a system don't always have the same or opposite coeffi 
cients for one of their terms, Before you can use the addition-or-subtraction 
method to solve the system you need a step that gives an equivalent system that 
has the same or opposite coefficients for one of the terms. 


3x + 10y 


Example 1 Solve: 4x — Sy = 23 
Solution 


1. Multiply both sides of the first 


equation by 2 so that the y-terms —2(4x ~ Sy) = 2(23) > 81 
are opposites 3x+ ly=31 3x4 
2. Add similar terms. Ur 


3. Solve the resulti 


‘equation. 
4. Substitute 7 for x in either 


loy 
1Oy 


original equation to find the AT) — Sy 


value of y 


5. The check in both original equations is left to you 


the solution is (7, 1). Answer 


Example 2 Solve: 3a + 4b 
Sa+9b=1 
Solution 1. ‘Transform both equations by 
multiplication so that a-terms S(3a + 4b) = S(2) — 1Sa + 
3Sa + 9b) 31) — 15a 


are the sam 


2, Subtract similar terms 
3. Solve the resulting equation, b 
4, Substitute —| for in either 3a + 4b 


original equation to find the 3a + 4 
value of a. 


The check is left to you. 


the solution is (2,1). Answer 


1) 
3a 


a 
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Solve: 


When a system has fractions, it is usually convenient to eliminate the fractions 
first 


1. Multiply each equation by the LCD of its denominators 


(FE + y) = 307) 5 + 3y = 21 


y 7 
4x4 f)=4(5)rar+ yaa 
2. Multiply the second equation by 3 so that the y-terms are the same 
Sx+3y=21 — Sx43y= 
34x + y) = 314) 12 + By 
btract similar terms. Tx 
4. Solve the resulting equation r=3 
5. Substitute 3 for x in either original Miya 
equation to find the value of y 
—ty=7 
S+y=7 


6. The check is left to you, 


. the solution is (3, 2). Answer 


Oral Exercise: 


Explain how to use multipl 
to solve each system by answer 


n method 


on with the addition-or-subtrac 
2 these questions: 


a, Which variable will you eliminate’? 


Which equation(s) will you transform by multiplication 


¢. By what number(s) will you multiply? 
d. Will you then add or subtract similar terms? 


8 2. 3a + 5b=3 3. 3k 4 

5 a+2b=13 wt 1=5 

4. 4x~ 3y=7 5 g-6 6. 4y —3y =8 
Sx— y=6 3y = 8 wt y=14 
=! 8. 3d = 1 9, Is 

4p + 5q= 47 3c — 4d = -3 Is 
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Written Exercises 


Solve cach system by using multiplication with the addition-or-subtraction: 


method. calle 
A 1-9. Solve the systems given in Oral Exercises 1-9 

10. 3 I. 3a+ b=4 12. 7 
ct a~2b=6 i 

13. dv + 51 = 22 14. In + Sa = 14 15. 3p + dg =4 
Su— 1=13 on + Ta = 10 Sp + 2q= 16 

16. 31 — 82 = 34 17, 2c ~ 7d = 41 18. 4r + 9x = 23 
t+ 42 = -34 60 + Sd = -7 Tr + 3s = ~34 

19, 4b + 136 = —24 20. 18a ~ Sb= 17 21. 3p + 8g =8 
12h — 5e= 16 6a + 10b = -6 Sp —2g=21 

22. dv + 15¢= 10 =0) 24, 6 — 56+ 10 =0 
3x + 10r=5 0 W+25=0 

B 25. Show that the equations 67 + 4c = 5 and 97 + 6¢ = 8 have no common solution, 

26. Show that the equations 8a — 10b = and 20a — 256 = = have many solutions 

Solve each system by using multiplication with the addition-or-subtras 

method. 

2. 0.4Ae+ 1 5p =-57 28. 0.9x —2.ty = 12.3 29. 0.31 +05y= 31 

0.20 + 0.8 = =1.8 4.x — 6.3y = 40.7 0.2x-0.ly= -1 

30. 0.05x + 0.06y = 215 ai. 4+4=2 32, 2- 

r+ y= 400 ae 
$-b=-1 x+ > 
ah _3 he ee sancivhaed 

ee dee Bair toe bain ada a 
2a» es Rapid: 2 
a 4 3 SE: 

C 36. Determine whether the graphs of 3x — 4y = 3, @x + 6y = 13, and 9x + 16 intersect 
in a single point 

37. The point (8. ~3) is the intersection of the graphs of ax + by = 25 and 3ax — Shy = 3 
Find a and b. 

Solve for x and y by the method you prefer. (Him: Let 1 =a and + = b ) 

38, t+ t—1 gy. t+1= 49, 8+ 45 = 33 
2 2=% asi 9 £35 43 
ry xy ™ 
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Solve for x and y in terms of a and b. 


Al, axt y 42. axr+ by=1 43. ax — by=1 
3ax — 2y =0 3ax — 2by =4 bx+ay=1 


Solve for x, y, and z, (Hint: Eliminate one variable from the first two 
equations and then eliminate the same variable from the second two equations. 
This will give wo new equations in two variables, Your answer will be an 
ordered triple of the form (1, y. 2).) 


44. xt yt 45. 46. Gx + 4y— 
a= pts —Sx + by + 2z 
3x + 2y + 3x — 2y — 32 


Mixed Practice 


Solve by the graphing method. 
ly-x=4 2, x+y=1 3. 4x + 


y=3xu+2 Su+y=-7 i 


Solve by the substitution method. 
4.a=3b 5. %¢- d=-3 6. 9p = 2g ~ 6 

a~5b= 16 de + Sd = 15 3p —q=12 
Solve by the addition-or-subtraction method. 


+30=—1 8. Sv — 9% = -3 9. Ip +3q+1=0 
a-3p=4 4x —3y =6 3p + 5q+2=0 


Solve by whatever method you pre 


10. y=x+2 Wxt y=9 12, 3x-2v=1 
2t+y=11 x 3y 3 4y = 7+ 3x 
13. 3x + Sy 14 14, 2a — 4b=6 18. ¢ s=4 
2x y i Tta 3b r-6=2s—6) 
16. a 2b= 10 17,1 +u=11 18. w-re5S 
at b=2Xh+6) (00+) — Ou + 1) = 27 lor + w= 3+ 0) 
19, 4x + 3y 1 20. 3a + 4b = —25 1 
@x — 2y = 21 2a — 3b=6 7 
22. 0.04x — 0.06y=40 23. 24 =0.3r + 0.4y 24, 3a + 2b=4 
x+y = 6000 5x=2 + by Lion +b) =1 
se \ 
28, 4(3a — 2h) - 26. K+d=H 27. 2 =13 
ae Dp iene 
3a — b) 9 +3 a ie 1S 
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Problems 


Solve by whatever method you prefer, using one or two variables. 


1. The sum of (wo numbers is 25 and their difference is 7. Find the numbers. 


2. One number is 4 less than eleven times another. The sum of the two num- 
bers is 92. Find the numbers 


3. Cory has $24 more than twice as much as Stan. Together they have $150, 
How much money does each have? 

4. Marcia has $84 less than three times as much as Sue. Together they have 

$132. How much money does Marcia have? 

The length of a rectangle is 5 more than twice the width, The perimeter is 

130. What is the are: 

6. A rectangle is five times as long as it is wide, If it were 24 cm shorter and 
24 cm wider, it would be a square. What are its dimensions? 

7. Phil has 50 nickels and dimes worth $4.15. How many dimes does he 
have? 


Sally has $21.40 in dimes and quarters, for a total of 100 coins. How 
many of each kind of coin does Sally have’? 


he bill for five glasses of apple juice and four salads is $9.50, but the bill 
for four glasses of apple juice and five salads is $10.30, What would be 
the bill for a glass of juice and a salad? 

10. Three pens and two notebooks cost $8.25, Two pens and three notebooks 
cost $8.00, How much would two pens and two notebooks cost? 

11, A movie theater charges $5 for an adult’s ticket and $2 for a child’s ticket 
One Saturday the theater sold 785 tickets for $3280. How many child’s 
tickets were sold for the movie that Saturday? 

12. Six grapefruit cost as much as a dozen oranges. The cost of a doven grape- 
fruit and two dozen oranges is $12, How much does one grapefruit cost? 


13. A chemist has 1000 g of a solution that is 40% acid, How many grams of 
water must be added to reduce the acidity to 25%? 

14. A chemist has 800 g of a dye sotution that is 20% of its original strength 
How much dye must be added to increase the strength to 50%? 

15. Edna Britten's income from two stocks each year totals $280. Stock A 
pays dividends at the rate of 5% and stock B ut the rate of 6%, If she has 
invested a total of $5000, how much is invested in each stock? 


16, Beitrice Roberts receives $375 per year from a $6000 investment in stocks 
and bonds. The bonds pay 10% interest and the stocks pay 5% in divi- 
dends. How much is invested in stocks? 

17. Ted's bill for 6 cans of grape juice and 4 cans of orange juice was $13.20 
When he got home, he found that he should have bought 4 cans of grape 
juice and 6 cans of orange juice, Although he mixed up the order, Ted did 


save 60 cents, How much does each can cost’? 
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18. 


19. 


29. 


. Rebecca has 45 coins, all nickels and dimes. The 


Joe Tyson is the place kicker for his college foot- 
ball team. Last season he kicked 38 times and 
never missed. Each field goal scored 3 points and 
each point after touchdown scored I point for a 
total of 70 points. How many field goals did Joe 
kick last season? 

A store received $823 from the sale of 5 tape 
decks and 7 radios, The receipts from the tape 
decks exceeded the receipts from the radios by 
$137. What is the cost of a radio? 


total value of the coins is $3.60, How many of 
each type of coin does Rebecca have? 


trip. Juanita mixed 


Before last weekend's hiking 
3 kg of peanuts and raisins as an energy snack 
The peanuts cost $4.25 per kil 
raisins cost $3.50 per kilogram. The whole mix 


ram and the 


cost $12. How many kilograms of peanuts did 


Juanita have? 
A grocer prepares a mixture of 30 Ib of dried fruit to sell for $4.10 per 
pound. For the mixture he uses two types of dried fruit, one selling at 
$4.30 per pound. the other at $3.90 per pound, How much of each type 
should he use for the mixture 


A cur traveled at a 
lem, it returned at half that speed. If the total time for the round trip was 
4h 30 min, find the two speeds 


steady speed for 120 km. Due to a mechanical prob 


alls of his apartment in 8 h. After he has worked for 


Larry can paint the 9 
3h, Patrick joins him, and together they finish the job 
would it take Patrick to do the entire painting job without Larry 


2h. How long 
Todd has 48 words to spell for a puzzle. As an incentive, his mother offers 
o pay him 10 cents for cach word he spells correctly, if Todd will pay her 
6 cents for each word he spells incorrectly. If Todd makes $1.92, how 
many words does he spell correctly? 

Elsa works at the China Emporium on Saturdays packing dishes for ship 
ment, She receives 12 cents for cach piece she packs successfully and is 
fined 18 cents for each piece she breaks. If she handles 188 pieces and is 


paid $20.16, how many pieces does she break? 


|, Does the equation 2c + 6y = 35 have any whole-number solutions? Why or 
why not? 

. Find the area enclosed between the x-axis and the graphs of « + y = 20 
and 3x v 0 


On a simple pan balance, 3 apples and 1 banana exactly balance 10 plums 


Also, 1 apple and 6 plums balance | banana. How many plums will bal: 


ance one banana? 
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30. Roger 
and Tim together. If Sue gives Tim $5, he will have twice as much as she 
does, How much does each have? 


Sue, and Tim have $155 among them. Roger has $5 more than Sue 


31. If the length of a rectangle is increased by 12 and the width is decreased 
by 8 the area is unchanged. The area is also unchanged if the original 
length is increased by 5 and the original witlth is décreased by 4. Find the 
original dimensions of the rectangle. 

32. If Alexandra increases her usual driving speed by 15 kmv/’h, it will take her 
2h less to make a trip to her grandparents’ house. If she decreases her 
usual speed by 15 knv/h, it will take her 3h more than usual to make the 
trip, How long is the wip? 


[lS 0 S e ee,  ES e ee 
Mixed Review Exercises 


Factor completely. 


1. 6 — 361+ 5 2. 12min — 24mn* 3. 25¢? — 36d? 


424+ 12 5. I + lly + 15 6. p> — 3p-10 


Find the constant of variation, 
7. y varies directly as x, and y = 68 when x = 17. 
8, 1 varies directly as s, and ¢= ~24 when s = 72 


9, p is directly proportional to n, and p = 36 when n = 


10. h is directly proportional to b, and h = 35 when b = 


rrr 
Computer Exercises Por students wide none prdgtammning etneicee 


1. Use multiplication with the additio) 
solution of the system 


or-subtraction method to verify that the 


Ax+By=C ;. (CE-BF AF-CD) 
Dx + Ey =F AE ~ BD* AE — RD 


2, Using the result in Exercise 1, write a BASIC program to solve a 
system of linear equations in two variables. Provide for the case 
AE — BD =0. 

3. Run the program for each of the followi 


. ax + dy b, 5x + 4y = 22 
2x-3y=6 Bxt+ y=9 
c. lv+4y=11 d, 2x+ y=8 
3x + 6v = 17 3x-2v=5 
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Self-Test 1 


Vocabulary system of equations (p, 413) system of simultaneous equations 


solution of a system (p. 413) (p. 413) 
intersection point (p. 413) 


Solve by the graphing method 


1, y-3x=-1 2 x-3y=-10 
y=x+3 w+ y=1 

Solve by the substitution method. 

3. m—4n= 4.a-2%=1 
m=2n-4 3a — b= —4 


wo 


Solve by using nwo equations in wo variables: The talent show 
ticket committee sold a total of 805 tickets in advance. The stu- 
dent tickets cost $3 each and the udult tickets cost $4 each. If the 


total receipts were $1740, how many of each type of ticket were 
sold? 
Solve by the addition-or-subtraction method. 
6. a— 3b=0 7, je+ Sd=20 
a+ 3b=0 2c + Sd = 20 
Solve by using multiplication with the addition-or-subtraction method. 
8. s+) sf 9. 2x + 3y 12 


3y— 81 =7 ix + 2y = 13 


Check your answers with those at the back of the book 


Obj. 9-1, p 


Obj. 9-2, p. 


Obj. 9-3, p. 


Obj. 9-4, p. 


Obj. 9-5, p. 


413 


426 


430 
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Challenge 


The diagrams show some equalities of mass among spheres, cubes, cylinders, 


and. cones 


ee 
ae? Sete 


What is the least number of objects that will balance the final scale? 
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Applications 


Pe erse cere sree | 
9-6 Wind and Water Current Problems 


Objective To usc systems of cquations to solve wind and water current 
problems 


Suppose that you can paddle a canoe at the rate, or speed, of 3 mi/h in still 
water. If you paddle downstream on a river with @ current of | mi/h, your 
speed is increased to 3 + 1, or 4 mi/h, If you paddle upstream against the cur- 
tent. your speed is reduced to 3 — |, or 2 mi/h. Since the current increases 
your speed downstream by as much as it decreases your speed upstream, you 
might think that the current has no effect on the total travel time. However, the 
calculations below show that the current actually increases the total time for the 
round trip and decreases the average speed for the round trip. 

Suppose that you travel 12 mi downstream and 12 
he relationship 


ni back upstream. ‘The 


lime for euch trip can be found by usin 


Time = Distance + Rate, 


which is another f 


m for the basic relationship 


Distance = Rate x Time 


No current 1 mi/h current 
Rate x Time = Distance | __Rate x ‘Time _ = Distance 
Downstream | 3 | 4 12 | 
Upstream | 3 4 2 ata 
Total distance = 2 + 12 = 24 (miles) Total distance = 12 + 12 = 24 (miles) 


Total time = 4 + 4 


8 (hours) Total time 9 (hours) 


y mish 


Total distance 


Average speed 
rage Speed = oe tim 


Average speed = 


The principles illustrated above apply to wind curtents as well as water 
currents. Thus, if 


y= the rate of a plane when there is no wind 


and 

w= the rate of the wind, 
then 

r+ w= the rate of the plane flying with the wind 
and 


r—w = the rate of the plane flying against the wind 
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WBraimple 4 ex can travel the 6800 kim distance betw. 


Step 1 The problem asks for the rate of the jet in still air and the rate of the wind 


n New York and Paris in 
6 h 48 min with the wind. The retum trip against the same wind takes 
8h. Find the rate of the jet in still air and the rate of the wind. 


Step 2 Let r = the rate in knv/h of the jet in still air and let w = the rate in km/h of 


Step 3 


Step 4 


Step 5 


the wind. The time 6 h 48 min is 62° h, or 6.8 h 


Use the information in the chart to write two equations 


6.8(r + w) = 6800, or r+ w 1000 
8(r — w) = 6800. or r— w= 850 
‘The check is left to you 
+ the rate of the jet is 925 km/h and the rate of the wind is 75 km/h. 


Answer 


Oral Exercises 


Complete the table. All rates are in km/h, 


Rate of plane | pose oy | Rate of plane | Rate of plane 
in stilt aie | PME WINE | with wind inst wind 
L | > ; 
= | 7 , 
2. Wis, a a ? 
4. Pp | » ze: | 
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following rates are given in km/h. 


r= rate of a rowboat in still water 
s = rate of a swimmer in still water 
¢ = rate of the current of Silver River 


Explain what rate 


‘h expression represents, 


rte 6&r-c 7. 8+¢ Bye 


ach equation below states some fact about a rewboat or swimmer. What 
is this fact 


B.is—c=3} 


9, r+c=12 10. r—- c= 1. s+¢ 


ich each equation with its corresponding statement on the 


Hine: Pstnee — rime) 
x 
13, 0 =2 a. A rowboat traveled 20 km upstream and 
30 km downstream in 2 h. 
14, 2-2 b. A rowboat traveled 30 km upstream in 2h 
15, 20 = 20 ‘A rowboat traveled 30 km downstream in 2h 
16, 0. + 0 =2 d. A rowboat traveled 30 km downstream and 


20 km upstream in the same amount of time 


oS OS Sa 
Problems 


Let r= rate in kn/h of the rowboat in still water and ¢ 
the current. Write an equation that expresses each 


kiwh, 


A A. The rate of the rowboat going downstream is 


The rate of the rowboat going upstream is 10 knv/h. 


3. The rowboat takes 3 hours to go 24 km upstream 


4. The rowboat takes 2 hours to go 20 km upstream 


Solve. 


5. Jim’s motorboat travels downstre: 
it travels at 7 km/h. Writ 
rate of the current? 


mat the rate of 15 km/h, Going upstream 


ion that expresses each fact. What is the 


Camille can swim against the current at 1,5 vs and with the current at 
3.5 m/s. Write an equation that expresses each fact. How fast can she swim 
in still water? 
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Complete each table. 


7. A motorboat travels at 10 kavh in still water. The boat makes a trip 30 km 
downstream and 30 km back. 


No current 5 km/h current 


Rate x Time = Distance | Rate * Time = Distance 


Total distance Total distance 
Total time Total time = 
Average speed = 1 Average speed = 


8, In a canoe race Norma travels 300 m upstream and then returns. Norma 
can paddle at a rate of 5 m/s in still water, and the rate of the current is 
I ms. 


Rate x Time = Distance | Total distance = _2_ 


Upscam 2 2 2 Total time = 
Average speed =? 


Downstream | ? ? ? 


9, Flying with no wind, a plane makes a 600 km trip in 3h, On the return 
trip, the plane flies with a 50 km/h wind 


Total distance 
Total tim 


10. Flying with no wind, a plane makes an 840 mi trip in 6h, On the retum 
trip, the plane flies with a 70 mi/h wind 


Total distance = 
Total time = 2 
Average speed = 2 


Solve. 
11. A plane travels 8400 km against the wind in 7 h, With the wind, the plane 
makes the return trip in 6h. Find the speed of the plane in still air and the 


speed of the wind. 
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12 


14. 


16. 


17. 


18. 


19, 


20. 


In a canoe race. a team paddles downstream 480 m in 60 s, The same team 
makes the tip upstream in 80s. Find the team’s rate in still water and the 
rate of the current 

A sailboat trayels 12 mi downstream 
in only 2h. The return trip upstream 
takes 3h. Find the speed of the sail- 
boat in still water and the rate of the 
current 


It takes an airplane 1h 30 min to fly 
600 km against the wind. The return 
trip with the wind takes only | h. Find 
the total flying time for the round trip 
if there was no wind, 

‘The 4200 km trip from New York to 
San Francisco takes 6 h flying against 
the wind but only 5h returning. Find 
the speed of the plane in still air and 
the speed of the wind 


The 1080 km trip from Madrid to Paris takes 2 h flying against the wind 
and 1.5 h flying with the wind, Find the speed of the plane in still air and 
the speed of the wind 


Len is planning a three-hour trip down the Allenem River and back to his 
arting point, He knows that he can paddle in still water at 3 mi/h and that 
the rate of the current is 2 mi/h, How much time can he spend going 


downstream? How far downstream can he 


el? 


A motorboat has a four-hour supply of gasoline, How far from the marina 
can it travel if the rate going out against the current is 20 mish and the rate 
coming back with the current is 30 mi/h? 

A in the same amount of time that it 
lakes to go 24 km upstream. If the current is flowing at 3 km/h, what is 
the rate of the boat in still water? 


notorboat goes 36 km downstrea 


The rate of the current in the Susanna River is 4 kmv/h. If a canoeist can 
paddle 5 km downstream in the same amount of time that she can paddle 
1 km upstream, how fast can she paddle in still water? 


The ste, 


mboat River Queen travels at the rate of 30 knv/h in still water. If 
it can travel 45 km upstream in the same amount of time that it takes to g 
63 km downstream, what is the rate of the current? 


An airplane whose speed in still air is 760 knvh can travel 2000 km with 
the wind in the same amount of time that it takes to fly 1800 km 
the wind. What is the speed of the wind? 


gainst 


A plane has a speed of p knvh in still air. It makes @ round trip. flying 
With and against a wind of w km/h, Show that its average speed 1s 


pe—w 


— kmh 


Chapter 9 


Mixed Review Exercises 


Solve each system u: 
method. 


ig multiplication with the addition-or-subtraction 


1. 3x+2y=11 + 4b =3 4. Ip + 2¢= 10 
= ie 2a + 3b =3 pt 3q=-4 
Simplify. 
4 6. (-2Fp - 
1 
ar in=t 5 a-2 
ce = 5 9, 2a—1— 2-4 


G Biographical Note / Emily Warren Roebling 


Emily Warren Roebling (1843-1903) 
helped supervise the completion of the 
Brooklyn Bridge. She was married to 
Washington Roebli 
father, John Rocbling, was commissioned 
to build the bridge. Emily and Washington 
Roebling went to Europe, where 
Washington studied the experimental 
method of using watertight chambers of 
compressed air to sink underwater 
foundations, Soon after their return to the 
United States, John Roebling died and 
Washington Roebling became the chief 


an engineer whose 


engineer. He was disabled with caisson 
disease (the bends) ten years before the 


bridge was completed. 
| To continue the project. Emily 
| Roebling studied calculus and cable 
construction. She leamed to read brid 


specifications, to determine the stress engineer. As a result of the presentation 
various materials could tolerate, and to Emily Roebling made before the 
calculate catenary curves. As acting chief American Society of Civil Engineers 


Washington Re 


engineer, she negotiated with represen- | bling retained his 
| tatives of construction supply firms: position 


is a tribute to 


inspected the work, and delivered The Brooklyn Bridg 
Emily Roebling’s intense involvement in 
its construction. A pla 
was placed on the bridge in 1950 by the 
Brooklyn Engineers Club. 


instructions to the assistant engineers 
Nine months before the completion 


the board of trustees tried to 


jue in her honor 


of the bri 
dismiss Washington Roebling as chief 
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9-7 Puzzle Problems 


Objective 


444 


To use systems of equations to solve digit, age, and fraction problems. 


Digit problems are based on our decimal system df numeration. Note the value 
of 537, 604, and a number with digits /, 1, and w shown below 


Hundreds di; Units Value 
5 3 7 5+ 100+3+ 10+7 +4 
6 0 4 6+ 100+0- 10+4- 1 
h 1 “ he 100+t - Wtue 1 


Step 3 


Step 4 


Step 5 


Chapter 9 


(Digit Problem) 

The sum of the digits in a two-digit number is 12. The new number obtained 
when the digits are reversed is 36 more than the original number. Find the 
original number. 


The problem asks for the original number. 


Let 1 = the tens digit of the original number. 
Let u = the units digit of the original number 
Tens | Units | Value 
Original number t uw | let 
Number with digits reversed | u t Ou +1 
Use the facts of the problem to write two equations. 
t+ Sum of the digits of the original number is 12 
(Ou + 1) = (10r + w) Difference between new number and original 
10u +4 = 101 =u number is 36 
Ou ~ 91 
%u—1) 
unt 
u—1=4 [Substitute 8 for « in 
8—1=4 — |the second equation. 
t=4 
The check is left to you. 
the original number is 48, Answer 


The technique of using more than one variable and organizing the given 
facts in a chart is also useful when solving age and fraction problems 


Example 2 (Ave problem) 


Mimi is four years older than Ronald. Five years ago she was twice as old as 
he was. Find their ages now 


Step 1 The problem asks for Mimi’s age and Ronald’s age now 


Step 2 Let m = Mimi's age now, and let r= Ronald's age now. Make a chart 


Age | Now | 5 years ago 
Mi 


Ronald |r tan 


ni m m— 


Stop 3 Use the facts of the problem to write two equations 


m=4+r now 
m—5=2(r—5) five years 


Step 4 Simplify the equations and solve 


r -m r 4 
2r-5) 5 
r=9 

m-r=4 

m-9=4 

m= 


Step 5 The check is left to you 
Mimi is 13 years old and Ronald is 9. Answer 


“Example 3. (Fraction problem) 
The numerator of a fraction is 3 less than the denominator. If the numerator 
the value of the resulting fraction is 


and denominator are cach increased by 1 
nal fraction: 


|. Find the o 


Stop 1 ‘The problem asks for the ori 


inal fraction, 


Step 2 Let n = the numerator of the original fraction and d = the denominator of the 


nal fraction, Then a the original fraction 


(Solution continues on nest page.) 
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Step 3 Use the facts of the problem 10 write (wo equations. 


n=d-3 
nt+1_3 eS 
Betat. or Ant =3dt ty 
Step 4 Simplify the equations and solve 
n=d-3 = ne 3 +  4n~4d=~12 
dint = Md+ 1) > an 1 > 41-3d=-1 
d=-1 
d=\l 
n=d-3 
n=11-3 
n=8 


Step 5 The check is left to you 


the original fraction is a 
Oral Exercises 


A two-digit number has tens digit ¢ and units digit u. Express the following 
in terms of f and u. 


1. The value of the two-digit number 


The value of the two-digit number obtained by reversing the digits 


3. The tens digit exceeds the units digit by 5 


1 exceeds the tens digit by 8. 


4. The units digi 
5. The tens digit is one half the units digit 


A three-digit number has ty 
Express the following as equ 


ndreds digit /t, tens digit , and 
tion: 


ts digit u. 


6. The sum of the digits is 20. 
7. ‘The tens digit is three times the sum of the other two digits. 


8. The number obtained by reversing the order of the digits exceeds the origi 
nal number by 99. 


Let 6 = Bob's age now and c = Claire’s age now. Express the following in 


terms of 6 Hc. 
9. Bob's age in 4 years 10. Claire's age in 4 years 
11. Bob's age 2 years ago 12. Claire’s age 2 years ago 
13. ‘The sum of their ages in 4 years 14. The sum of their ages 2 years ago 
15. Bob is half as old as Claire 16. Claire is twice as old as Bob. 
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17. 
18. 


A fraction is represented by a. Expres 


Four years ago, Bob was one-third as old as Claire was. 


Next year, the sum of Bob’s age and Claire’s age will be 26. 


in terms of a and d the new 


fraction obtained by doing each of the following. 


19, 
20. 
2 


22. 


Increase both the numerator and the denominator by 4. 
Decrease both the numerator and the denominator by 7 


1. Interchange the numerator and the denominator. 


Increase the numerator by 5 and decrease the denominator by 3 


(20268) J Se Se eal 
Problems 


A 


Write an equation expressing each fact. 


The sum of the digits of a two-digit number is 15 

The sum of the digits of a three-digit number is 10. 

A two-digit number is four times the sum of its digits 

A three-digit number is sixteen times the sum of its digits 

When the digits of a two-digit number are reversed, the new number is 18 
more than the original number. 


When the digits of a three-digit number are reversed, the new number is 
108 less than the original number 


Solve each of the following problems about two-digit numbers, 


‘ 


8. 


9. 


10. 


A two-digit number is four times the sum of its digits. The tens digit is 3 
less than the units digit. What is the number? 

The sum of the digits of a two-digit number is one third of the number 
The units digit is 5 more than the tens digit. What is the number? 

When the digits of a iwoxligit number are reversed, the new number is 36 
number. The units digit is twice the tens digit. What 


more than the origin: 
is the original number? 


When the digits of a two-digit number are reversed, the new number is S4 
less than the original number. If the sum of its digits is 8, what is the orig 


inal number? 


Solve by using a system of two equations in two variables. 


13. 


Nicole is 5 years older than Pierre. Last year she was twice as old as he 
was, How old is each now? 


» she was halt’ as old as 


Cecilia is 24 years younger than Joe. Six years ag 
he was. How old is each now? 
Steve is three times as old as Theresa. In four years he will be twice ay old 


as she will be. How old is each now? 
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16. 


1%, 


18. 


19, 


20. 


21, 


22. 


Solve 


Four years ago, Marion was § as old as Les was. Now she is 7 as old as 


he is, How old is each now? 


The denominator of a fraction is 8 more than the numerator, If 3 is added 


o both the numerator and the denominator, the value of the resulting frac 

tion is $. What is the original fraction? 

The denominator of a fraction is 9 more than thé nuifierator, If the numera 
tor is decreased by 3 and the denominator is increased by 3, the value of 

the resulting fraction is 4. What ts the original fraction? 

If 1 is subtracted from the numerator of a fraction, the value of the 
ing fraction is 4. However, if 7 is added to the denominator of the original 
fraction, the value of the resulting fraction is {. Find the original fraction 


result 


If the numerator of a fraction is increased by 4. the value of the resulting 
fraction ts {. If the denominator of the original fraction is incre: 
the value of the resulting fraction is 4. Find the original fraction 


sed by 2 


Next year, Lyle will be twice as old as Sean will be, Four years ago, he 
was three times as old as Scan was. How old is cach now? 

Mary is three years older than her twin brothers. Next year, the sum of the 
ages of the three will be exactly 102. How old are they now? 

The Golden Gate Bridge was completed 

54 years after the Brooklyn Brid 
In 1983, the Golden Gate Bridge was 
#8 as old as the Brooklyn Bridge. When 
was cach bridge completed? 


¢ Was. 


In 1985, the Lincoln Memorial was 
+ times as old as the Jefferson 
Memorial. If the Lincoln Memorial 


was built 21 years before the 
Jefferson Memorial, give the year 
when each was built 


‘h of the following problems about three-digit number: 


A number between 300 and 400 is forty times the sum of its digits. The 
lens digit is 6 more than the units digit. Find the number. 

A thr 
one less than its tens digit. The number also is 52 times the sum of its dig- 
its. Find the number 


Jigit number, which is divisible by 10, has a hundreds digit that is 


The sum of the three digits is 12. The tens d 
by the same amount that the units digit exceeds the tens digit. If the digits 
are reversed, the new number exceeds the original number by 198, Find 
the original number 


{exceeds the hundreds digit 


The sum of the three digits is 9. The tens digit is 1 more than the hundreds 
digit. When the digits are reversed, the new number is 99 less than the 
original number. Find the original number 
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Solve by using a system of two equations in two variables. 
27. 


32. 


3M. 


A father, being asked his age and that of his son, said. “‘If you add 4 to 
my age and divide the sum by 4, you will have my son’s age, But 6 years 
ago I was 73 times as old as my son.”’ Find their ages. 

The two digits in the numerator of a fraction whose value is # are reversed 
in its denominator, The reciprocal of the fraction is the value obtained 
when 16 is added to the original numerator and 5 is subtracted from the 
original denominator. Find the origi 


fraction 


The numerator equals the sum of the two digits in the denominator. The 
value of the fraction is 4. When both numerator and denominator are in- 
creased by 3. the resulting fraction has the value 4. Find the original 
fraction 

The two digits in the numerator of a fraction are reversed in its denomina 
tor. If | is subtracted from both the numerator and the denominator, the 
value of the resulting fraction is 4. The fraction whose numerator is the 


difference and whose denominator is the sum of the units and tens digits 


equals #. Find the original fraction. 


Laura is 3 times as old ay Maria was when Laura was as old as Maria is 
now, In 2 years, Laura will be twice as old as Maria was 2 years ago. 
Find their present ages 

Find a two-decimal-place number between 0 and 1 such that the sum of its 
digits is 9 and such that if the digits are reversed the number is increased 
by 0.27. 

Cindy’s age equals the sum of Paul's age and Sue's age. Two years ago, 
Cindy was 4 times as old as Sue was, and two years from now, Cindy will 
be 1,4 times as old as Paul will be, How old is each now? 

(Hint: Use a system of three equations in three variables.) 

A man is three times as old as his son was at the time when the father was 
rs from now. Find the present age 


twice as old as his son will be two y 


of each person if the sum of their ages is 55 years. 


Mixed Review Exercises 


7 244643 3. |10)+ 3 — 2) 
5. [40 + (—4)] + [E+ (-3)] 6. 4°(15 3) 
Solve. 
+4 x 2 in +5 n= 4+e 1 
: : 8. ; 9. 4 4 
7, 44-425 D 5 2 
10. |x 1. 3.3 = 7010.2 12. -1p=14 
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Self-Test 2 


Solve by using a system of two equations in two variables. 


1. A jet travels at a rate of 798 mi/h with the Wind, Going against Obj. 9-6, p. 438 
the same wind, the jet travels at a rate of 762 mi/h. What is the 
rate of the jet in still air? What is the rate of the wind? 


The sum of the digits in a two-digit number is 15. If the digits are Obj. 9 
reversed, the number is decreased by 27. What is the number? 


3. 


Five years ago, Jerry was $ as old as Jeff. ‘Ten years from now, he 
will be § as old as Jeff will be. How old is each now? 


4. The numerator of a fraction is 3 less than the denominator. If $i 
added to each. the value of the resulting fraction is } 
ial fraction. 


‘ind the 


Check your answers with those at the back of the book 


iY Historical Note / The Equality Symbol 


‘The Englishman Robert Recorde is credited with the invention of the equals 
sign. He wrote a mathematics book called Whetstone of Witie, which was pub- 
lished in 1557. In that book he used the symbol = 
repetition of the words “is equal to.” ~~ He said that he chose a pair of line seg- 
ments of the same length because ‘no two things could be more equal.”* Even- 
tually. the segments shortened until the symbol became = 

Another English mathematician, Thomas Harriot, who served as Sir Walter 
Raleigh’s tutor in mathematics, later helped popularize the equality symbol by 
persuading other mathematicians of the day to adopt this notation. It was Har- 
tiot who invented two of the 1 
and 


“to avoid the tedious 


ist useful mathematical symbols, the symbols > 


Ce MS a a 
Chapter Summary 


|. The solution of systems of linear equations in two variables can be estimated 
by using the graphing method. Solutions can be computed algebraically by 
using the following methods 


substitution method 
addition-or-subtraction method 
multiplication with the addition-or-subtraction method 


2. Systems of linear equations in two variables may be used to solve word 


problems involvi 
as other types 


wind, water current, age, fractions, and digits, as well 
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Chapter Review 


Give the letter of the correct answer. 


6. 


‘The solution of the system = 


How are the graphs of the two equations related? 
a. The graphs are parallel 

b. The graphs coincide. 

. The graphs intersect at (5, 3) 

d, The graphs intersect at (5, 0) and (0, 3) 


Solve by the substitution method: 3°", = § 
a. (2, 2) be (-2, c. (3, 0) d. (0, —2) 


Solve by using two equations in two variables: One positive integer is 17 
more than a second positive integer. If the sum of the first integer and. 


twice the second integer is 152. find each integer 


a. 54, 37 b. 45, 28 d, 62, 45 
a+3b=9 
Solve by the addition-or-subtraction method: 4" "37 _ 5 
tert 
a. (=6, 5) b. (1, 6) c. (8, 4) 6.1) 


olve by using multiplication with the addition-or-subtraction method: 
3s — 51= 27 


yt4r=—-8 


a, (14, 3) b. (4,3) 14) d. (4, —3) 


A boat travels downstream at 37 mi/h. The same boat travels upstream at 
17 mi/h. Find the rate of the current 


a, 20 mish b. 10 mi/h c. 27 mi/h d. $4 mi/h 


The sum of the digits of a two-digit number is 8. If the digits are reversed, 
the number is increased by 54. Find the original number 
a. 71 b. 17 26 d. 62 


Two years ago. Rick's age was | year less than twice Burbara’s age. Four 


years from now, Rick will be 8 years more than half Barbara’s age. How 
old is Rick? 
al b.3 7 a9 


The denominator of a fraction is 7 more than the numerator. If 5 is added 
to each, the value of the resulting fraction is 4. Find the original fraction 


a bis 
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6 


9-7 


(De 
Chapter Test 


Solve by the graphing method. 


Solve by the subst 


3.8m + n=3 4, 3a — 4b = 17 


Sm + 2n= a+2b=1 


5. Show that the following system has infi 


ly many solutions: 


6. Show that the followin; 


system has no solution 
y=4x-3 
dy 


7. Solve using two equations in two variables: Jason bought a total of 7 post- 
cards for $1.80. If the small postcards cost 20¢ each and the large ones 
cost 30¢ each, how many postcards of each size did he buy? 


Solve by the addition-or-subtraction method, 


8. 4x — Sy =0 9, 10p + 4g =2 
8x + Sy = —60 10p — 8g = 26 


Solve by using multiplication with the addition-or-subtraction method. 
10. -8r+ 7 I. 2x + Sy = 16 


Sr — 39 =—-6 Sx - 3y= -22 


Solve by using a system of two equations in two variables. 


12. Gretehen paddles 2 canoe upstream at 3 mi/h. Traveling downstream, she 
travels at § mi/h, What is Gretchen's paddling rate in still water and what 
is the rate of the current? 

13. Six years ago, Joe Foster was two years more than five times as old as his 
daughter, Six years from now, he will be 11 years more than twice as old 
as she will be. How old is Joe? 

14. The numerator of a fraction is 4 less than the denominator. If 17 is added 
to each, the value of the fraction is #. Find the original fraction 


ot 


9-4 


9-5 


9-6 


%7 
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Cumulative Review (Chapters 1-9) 


Perform the indicated operations. Express the answers in simplest form. 


Assume that no denominator is zero, 


1, (28p4g* + L6p¥q? — 84p7q°) + (2pq)” 2. (Byer hey? 
3. 4jiCjke — 6j?k + Th) 4. (Se — 3)(2c* + 4e + 1) 
21z— 3)(22 + 4) 6. (7x2 + 3b\(7x = 3) 
, Ase =e [rape eee oh ar EB 
1 14h 


10. (10y* + 27y — 15) + (2y + 7) 


I. (1.7 * 10°\(0.4 * 10%) 


Factor completely. If the polynomial cannot be factored, write prime.” 
13, 49x° + 98xy > B1y* 14, 64x" — Bly 307 + 15x +1 
16. 28y? + 7y + 12 17, By — 26y + 5 18, 16)? — 25° + 10x -1 


Solve, Assume that no denon 
has no solution, say so. 


Write an equation in standard form for each line described. 


28. passes through (1, 0) and (2. ~3) 


4. slope passes through ( 


Solve algebraically. 
26. 4x + 3y = 12 27, Sx=yt3 28. w+ Sy =9 
3) — Rx 2 Iv + 2y = 20 Ww-We=4 


is 6. When the digits are re 


29, The sum of the digits of « two-digit numbe 
versed, the resulting number is 6 greater than 3 times the original number. 


Find t 
30. It took a cyclist 6 h to travel 48 mi going 
on the return trip, it took the eyelist 3h, trave 


was the speed of the cyclist? 


original number 
gainst the wind. The next day 
ing with the wind, What 


31. How many kilograms of nuts worth $5/kg should be mixed with 6 k 
nuts worth $9/kg to produce a mix worth $6.50/ky” 


an 


Systems of Linear Equations 4 


Maintaining Skills 


Simplify. Assume that no denominator is zero, 


ab, a ab a oe ee af _ 788 
fa - 4b" ab * =5x  3x-21 on y+ 6 
m+2 me -Sm+6 5 3 z 6 r=4 2+ 6x 
ieee ee ars P-4 v9 x-2 
an? + 2n 4 yt [y+36 y= Sy~6 
7, > 8. - 
Sv — On 3 36-y 2y? — 2y— 84 


Qm + 1m +2) 2m + 1m +3) ty 
(im = Dm + 1) me 1 


Wa —10b . 2a 


9. ; 
ab é 
+1764 2 op 47 
eee (b+7 
e-0-6 2 —4e 5 by 2 By by 1 
13. : 14. 
er 1s € 25 lay" + Sy-2 r= t 


P+ W-24+HR-4 _ W+b-3) 


ye Beas Leal 20. = #1 oe eee 

r wos Pal vt 
n> 5 ub py as Ox 
22 23. b 4. 

s st -1 res Pree) 
5 d-3 1 ved vt ' 3 
25 26. 2 2 

mei” d+ cacti "any =r serra 
3, e+ bet | 39, #24 x=4 45 39, 2048 1 

Be F x4 243 a= a¢b 
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10. The rectangular by 


11. How many kilograms of water must be evaporated from 8 kg of a 


12. The value of a fra 


14, L have dimes and quarters worth $1.15. How many of each could | hav 


Mixed Problem Solving 


Solve each problem that has a solution. If a problem has no solution, 
explain why. 


1, As the altitude increases from sea level to 6000 m, the air pressure de- 
creases from 101.3 kilopascals to 47.2 kilopascals. Find the approximate 
percent decrease in air pi 

2. The ratio of boys to girls in a sophomore class of 460 students is 11:12. 
How many girls are there? 


sure 


3. The sum of the squares of (wo consecutive even integers is 34. Find the 
integers 

4. Eight ears of corn and a cantaloupe cost $2.37. Six ears of corn and 3 can- 
taloupes cost $3.51. What does a cantaloupe cost’? 

5. An airplane travels 1800 km in 6h flying with the wind. It travels only 
(wo thirds as far in the same time against the wind, Find the speed of the 
wind 

6. At 9:00 a.m. two boys began hiking at 6 km/h. At 10:30 a.m. their mother 
started after them in her car at 60 km/h, bringing a friend to join them. At 
what time did she catch up with them’? 

7. The amount of tax is directly proportional to the cost of an item. If the tax 
on a $12,300 car is $738, find the tax on a $9450 car 

8. The tens digit of a two-digit number is | more than 3 times the units digit 
Subtracting 45 from the number reverses it. Find the original number. 


9, Ramon can do the weekly bill Luann needs 3h. If Ramon works 
for 30 min and is then joined by Luann, how tong will it take them to 
finish’? 


¢ of a radio receiver is twice as long as it is wide. A 


design engineer finds that in order to fit the receiver into the space ayail- 
able on an airplane, she must decrease the length by 7 in, and increase the 
width by 2 in. If this change decreases the area of the base by 32 in”. 
what were the original dimensions of the receiver? 


f salt 
solution to produce a 40% salt solution’! 

jon is $. When 7 is added to its numerator, the result 
ing fraction is equal to the reciprocal of the original fraction, Find the orig 


inal fraction. 


13. The Kwons invested $6000, part at 74% and part at 10%, and earned $567 


in interest. How much did they invest at each rate? 


(Hint: There is more than one solution.) 
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am Inequalities 


Steam 


tel lee — 


Above the boiling point (t > 212°F) 
water is steam. Below the freezing 
point (t < 32°F) it's ice. In between 
(32°F < t < 212°F), it’s liquid. 


456 


Inequalities in One Variable 


ee 
10-1 Order of Real Numbers 


Objective To review the concept of order and to graph inequalities in one 
variable 


A number line shows order relationships among real numbers 


Steir tt to 
8 -7 eT Re te oe a a a 
—4 is to the lefl of 3 5 is to the right of —2 
4 is less than 3 5 is greater than —2 
4<3 5>-2 


The value of a variable may be unknown, but you may know that it's 
greater than or equal to another number. For example, 


s read ‘*y is greater than or equal to 5." 


5 is another way of writing ‘x > S orx © 5 


Example 1 ‘ranstate the statement into symbols 


er than —S. b,x is less than or equal to & 


a. —3 is are 


Solution a. -3>-5 b. x 


which is read 


+ <4 js less than x and iy less than 


or 
x is greater than ~4 and less than 2 


The same comparisons are stated in the sentence 2> x > —4 


When all the numbers are known, you can determine whether the stat 


ments are true or false. 


Example 2° Classity cach statement as true or false 


4<1<2 b. -4<8 


1=6 d. 6=6 olution ix on next page.) 


Inequalities 457 


Solution a. —4 <1 <2 is true since both —4.< 1 and 1 <2 are woe. 


is false since —4 <8 is true but § < 2 is false 


x 


For 7 =6 to be true, either 7 > 6 or 7 = 6 must be true. 


7 =6 is tue since 7 > 6 is true 


d. 6 = 6 is true since 6 = 6 is true 


The statements given in Examples 1 and 2 are inequalities. An inequality 
is formed by placing an inequality symbol (>. <, =, =) between numerical or 
variable expressions, called the sides of the inequality 


0 c= i5 >} y=ort4 


sides sides 


As with equations, an inequality containing a variable is called an open 
sentence (page 10). You solve an inequality by finding the values from the do: 
main of the variable for which the inequality is a true statement. Such values 
are called solutions of the inequality. All the solutions make up the solution 
set of the inequality. 


Example 3 Solve y +5=7 ify €{- 


Solution — Replace y with each of its values in turn: 


y+5=7 

—1+5=7 Tre a+ 

0+5<7 Tre 3+ 

1+557 Tme 44557 Fake 


the solution set is {—1, 0, | 


Answer 


When you graph the numbers in the solution set of an inequality on a 
number line, you are drawing the graph of the inequality. The graph of the 
inequality y + 57 in Example 3 is shown below 


+++ 4 4+ 
, oO 


1 2003 4 


os 
es 


Example 4 Graph —3 = x <2 over the domain {the real numbers} 
Solution — For the inequa 


tween —3 and 


iy to be a Hue statement, ¥ must represent any number be- 
including —3 but not 2 


tier 
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Notice that the graph in Example 4 includes all the points on the number line 
from the graph of —3 up to, but not including, the graph of 2. The open circle 
shows that 2 is not a solution, 


MGI SS a Ee ee) 
Oral Exercises 


Classify each statement as true or false. 


1.623 3. ~10s =15 
8.4>-4> 9 7.3>0>-5 
9. |-4=0 10. |-2) > |-8) Ih. <4 


Match each graph with ity description. 


13. a. The real numbers greater than or equal t0 0 
b. {—2, 0, 2] 
M. c. The numbers between ~1 and 3 
@. {—3, —1,:0, 2) 
18. e. The real numbers less than 0 
f, The real numbers greater than ~1 and 
16, less than of equal to 2 
g. The real numbers greater than or equal to =I 
uy: h. The real numbers less than or equal to —2 


Written Exercises 


‘Translate each statement into symbols. 


A 1. 4 is greater than —7 2. —5 is less than —3 
3, —12 is less than or equal to —9 4. 6 is greater than or equal to 2 
5. 3 is greater than 2 and less than 3.5. 6. 0 is greater than ~ + and tess than 1 
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Translate each statement into symbols. 


7, —8 is between 0 and —10. 8. 5 is between —9 and 9. 

9, 4.6 is greater than 4 and 4 is greater 10, = 1.5 is less than —1 and —1 is less 
than 0. than 2 

11. The number n is greater than 10. 12, The number 1 is less than 20. 

13, The absolute value of —2 is greater 14, The absolute value of 1 is less than 
than 1 or equal ton 


Classify each statement as true or false. 


25| < |—10} 


19. |- 5) =0 21.6>0>2 22. 4<4 
Solve each inequality if x € (4, —3, -2, -1, 0, 1, 2, 3, 4}. 
23. 4 <8 24. Bv=6 25. -3r=9 26. 3 
27.-5-x<1 2% 1-x20 29. 7 = 10 0. 
Graph cach inequality over the given domain. 

B 31. 1 =x 56; (the positive integers} 32. 2<h <8; {the positive integers} 
33. —5 =x <I; {thie integers} 34. 3 = 16> 1; {the integers} 
35. 6 > «> 0; {the real numbers} 36. —2< m <2; {the real numbers} 
37. 5 sh < 1; {the negative integers} 38, 4 =n > —5; {the negative integers} 

h statement in Exercises 39-42: 

a. Find a pair of values of x and y for which the statement is true, 
b. Find a pair of values of x and y for which the statement is false, 

C 39. ifx=y, then xj < ly 40. If. <0 and y > 0, then xy = 0. 


41, Ife > y, then xy > 7. 42. Int >axty 


Computer Exercises For students wih some programming experience 
P 


Write t BASIC program to find the solution set of an inequality for a specified 
domain of the vari 
following inequalities for the given domain 


le. Run the program to find the solution set of each of the 


Re 10} 


0. 1, 2, 3} 
8.9, 10} 
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Mixed Review Exercises 


Solve. 
Lx 
4.2 10 
7. 5(2 +n) = 4in — 6) 
x 23 yp 
ocala Te 


3. 5-2a=17 

6 etl 22+ R 
+sy 9. 2+8=b 

12. L(+ 9) =3 


Biographical Note 


Daniel Hale Williams (1856-1931) was 
4 pioneer in heart surgery. After serving 
on’s apprentice for almost two 


as a sui 
years, Williams attended Chicago 
Medical College, and received his di 
ploma in 1883. Dr. Williams opened a 
medical practice in Chicago's South 
Side, where he often performed surgery 
in his office or in patients’ homes. 
Realizing a need for a hospital that 
would admit and give quality care to all 
as well as provide waining for doctors 
and nurses, Williams helped found 
Provident Hospital, the first interracial 
hospital in the United States, Williams's 
cs, impressed by his extraor 


colle 
dinary techniques and skill, often 
observed him as he performed surgery 
Dr. Williams's most famous case 
occurred on July 9, 1893. A young m: 
who had been stabbed in the chest was 
admitted to the hospital. Risking both 
his career and his reputation, Williams 
opened the patient's chest cavity, some 


thing no doctor had done before. He 
cl rejoined an artery, 
and stitched the membrane surroundir 
the heart. The operation saved the 

patient’s life and won Williams the praise 


sed the wound 


of the medical world 


/ Daniel Hale Williams 


The following year Williams was 
appointed chief surgeon of Freedmen’s 
Hospital in Washington, D.C. Williams 
completely reorganized and modernized 
the hospi 
bacteriology 
tuting trainin 


and interns. 


I, adding departments in 

ind pathology. and insti 
programs for nurses 

In addition to the many 
Williams was elected 


honors he received 
¢ president of the National Medical 
Association, which he had actively helped 


to organize 
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10-2 Solving Inequalities 
Objective To transform inequalities in order to solve them. 


Only the first of the following statements is true: 


1<4 7=4 —T>4 


Tru False False 


When you compare real numbers, you take the property of comparison for granted 


OSS OS A 
Property of Comparison 


For all real numbers @ and b, one and only one of the following statements is 
true 


ash, a=b, or a>b. 


Suppose you know two facts about the graphs of three numbers a, b, and c. 
1. ‘The graph of a is to the left of the graph of by a<b 
2. The graph of h is to the left of the graph of c: bb <c 


ae ¢ 


From the graphs above, you can see that the graph of a is to the left of the 
graph of ¢ a <¢ 


The facts above illustrate the following property 


Se err 
Transitive Property of Order 


For all real numbers a, b, and ¢: 


1. Ifa<b and b<c, then a<c; 


2. Ihc > b and b> a, then e > a, 


What happens when the same number is added to or subtracted from each 


side of an inequality’? 


3 6 3 6 
J+4_2 644 34 26 
7 10 ‘| 2 


These numerical examples sugg 


st the property of order stated on the next 
page. (Remember that subtracting a number is the same as adding the opposite 
of that number.) 
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Addition Property of Order 
For all real numbers, a, b, and c: 
1, Wa<b, thena+e<b+e; 
2, Wa>b, thenat+ce>b+e 


What happens when each side of the inequality 
nonzero real number? 


3 is multiplied by a 
Multiply by 2: Multiply by —2: 
Is 2-4) = 203)? —2(3)? 


Yes, -8< 6 No, 8 


These examples su 


st that multiplying each side of an inequality by a nega- 
tive number reverses the direction, or order, of the inequality 


era en ee et 
Multiplication Property of Order 


For all real numbers, a. b, and ¢ such that 


¢ > 0 (cis positive) © <0 (c is negative): 
1, a<b, then ae < be; 1. Ifa <b, then ae > be; 
2. Iha>b, then ae > he 2. Ifa>b, then we < be. 


Multiplying both sides of an inequality by zero does not produce an in 
equality; the result is the identity 0 = 0 

‘The properties that have been stated guarantee that the following transfor 
mations of a given inequality always produce an equivalent inequality, that is, 


‘one with the same solution sei 


rn 
Transformations That Produce an Equivalent Inequality 
1. Substituting for either side of the inequality an expression equivalent to that 
side. 
2. Adding to (or subtracting from) each side of the inequality the same real 
number 
3, Multiplying (or dividing) each side of the inequality by the same positive 
number. 
4, Multiplying (or dividing) each side of the inequality by the same negative 
number and reversing the direction of the inequality. 


nsform it into a simple equiv 


To solve an inequality, you usually try to t 
alent inequality whose solution set can be easily seen 
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Example 1 Tell how to transform the first inequality into the second one 
a m-9<2 8k 16 
m<l ke 


Solution a. Add 9 two each side. b. Divide each side by —8 and reverse the 
direction of the inequality 


You may assume that the domain of all variables is the set of real numbers 
unless otherwise stated. 


Example 2 Solve 6x — 3 <7 + 4x and graph its solution set 
Solution 6x -3<7 44x 


6x —34+3<744r4+3 Add 3 to each side 
fx 10 + 4x 
6y~4v<10 +40 —4y Subtract 4x from each side 
10 
Je, Divide each side by 2. 
r<5 


the solution set is {the real numbers less than 5} 


The graph is: —$—${ —} fnfnffeten —t}s Answer 
ara = pr a9 a) a 5s a 


To solve an inequality, you take the same steps used to solve equations: 


ae oe ee SIE ES SE Pee eet oar ee ET 
1. Simplify each side of the inequality as needed. 


2. Use the inverse operations to undo any additions or subtraction 


3. Use the inverse operations to undo any multiplications or divisions. 


Example 3 Solve Xw — 8) +9 > 34 — w) — 4 and graph its solution set 


Solution = %w-s) +9 
2w-16 +9 


2w-7 


the solution set is {the real numbers greater than or equal to 3} 
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The graph is: 


Answer 


Some inequalities haye no solution, and some inequalities are true for all 
real numbers. 


Example 4 Solve 4x > 4(v + 2) and graph its solution set 


Solution 4x > 4r +2) 
4x> de +8 
o>8 
Since 0 > 8 is false, the original inequality has no solution 
There is no graph. Answer 


Example 5 Solve y + 5 < Ty — 6(y — 1) and graph its solution set 


<Ty-6ly— 1) 
y+5S<TW-6r+6 
y+6 

<6 


Since 5 <6 is true. the original inequality is ue for every real number. 


», the solution set is {the real numbers}, and the graph is the entire number 


line 


Aer 


Oral Exercises 


Tell how to transform the first inequality to obtain the second one. 


t+3<7 2¢-35>7 % ~tey=t 4oy+6<0 
<4 r>12 1<x y 6 
8. 4p < 20 6. 3m< —18 7. 6a <18 $24. 
p<s m<—6 a>-3 en 
9 2>4 10. 5 = -5 i. ay =4 12. -Le0 
l4>y r215 ae 1=0 
z 6 
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Explain how to transform each inequality in order to solve it. Then state 
the transformed inequali 


13. y-5<8 14. 6<x"41 18. 10p > 100 


10. 1+ 2>141 £44 t+ + coe 
5 bs 3S 4-3-2 - 0 1 2 45 


Solve each inequality. Graph the solution set, if there is one. 


en 


amit 12,4+3<11 13. 


14. 4q < 12 16. -6>4 


17. —6m =6 19, 


20. 2v+1>7 2. —4>0 22. 
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25. -1<94 3¢ 
28. 0>6- 2d 
<Sr +7 
b 34. 8 < 214 — m) 
35. —S(x + 3)< Se +1 37. 11-9 = 4-0 
38. (2 —) = (vy - 5) 9. Sr+ 124 4.5 <6-4u 
42, 4) = 2% — 3) 
6) 44. 3w - Law +8) >0 
48. 55 —k)-— 717+ kK) <0 46. Sv -— 1) > Hv +4)—5 
47. ar $)-3=5u-1) +4 48, 40+ 1) =2-1)<3-4 
49. 5— a+ (a - 2)=S(a +1) $0. 5b + 1) — 3+ 1) <7 4 5 


Given that a and } are real numbers such that a > b, 
numbers c, if any, for which each staten 


Sl.atc>bte S2.a=c<b-¢ 


55. ae = be £ 


Given that a and 6 are real n 


describe the real 


bers such that a > b > 0, classify each of 


the following statements as true or false. If you classify a statement as 


false, give an example of values for which it is false. 


59%. a> 0 60. >a 61. & 
63. a >b 64.a—b>0 65. + 


Mixed Review Exercises 


Classify each statement as true or false. 


1, —(=2)<1-3 8 
4. 5/443 10 = 2 + 5) 
Solve. 

LY-4=3+5 $. O=2r+5 

10. 4y — %y + 1) = -6 MH. p= 26—p) = -p 


3. 13) 12 

6. (v + 3x + 7) = + 108 

9. ala + 5) = (a = 9a = 7) 

12. 3b + Ub + 1) =b+6 
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EL PL AP A 
Reading Algebra / Inequalities 


When working with inequalitics, it is important to read both the symbols and 
the words slowly and carefully, Unlike equations, which, involve only one sign, 
y of the four inequality symbols, <, >, =, or 


, inequalities can contain 
>. Whichever symbol is used determines what your answer will be, For exam- 
ple, the equation 2x + 6 = 14 is equivalent to x = 4, and the solution set is 
simply {4}. However, the inequalities 


2+6h< 14, 2r +6 > 14, 2x+6= 14, and 2y+6= 14 


all have different solution sets. 


2x + 6 < 14 is equivalent to x <4. The solution set is 
{the real numbers less than 4} 


2x + 6 > 14 is equivalent to x > 4. The solution set is 
{the real numbers greater than 4}. 


2x + 6 = 14 is equivalent to v = 4. The solution set is 
{the real numbers less than or equal to 4}. 


2y + 6 = 14 is equivalent to x = 4. The solution set is 
{the real numbers greater than or equal to 4} 


Word problems involving inequalities also require very careful reading. An 
important step in solving this type of problem is determining which inequality 
symbol to use, Is the problem asking for a number that is less than, greater 
than, less than or equal to, or greater than or equal to a particular number or 
expression? Before you write your inequality you should be certain that you 
will use the correct symbol. 


Exercises 


For each of the following: 


. Determine whether the inequality symbol means less than, greater than, less 
than or equal to, or greater than or equal to 


b. Determine whether the graph has a closed circle or an open circle and 
whether the graph goes to the right or the left of that circle, 


¢. Solve and graph the solution 


=24 
6. -6<6-k 
8.143 
10, 2) — iix< -8&—-7 
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(ELSE i SEES ETT oo ee 
10-3 Solving Problems Involving 


Inequalities 


Objective — To solve problems that involve inequalities. 


Example 1 Molly sct her car's trip odometer at zero at the start of her trip home, When 
the odometer showed that she had driven 16 mi, a highway sign showed her 
that she was still more than 25 mi from her home. What is the minimum total 


most” 


or 


distance, to the nearest mile. that she will have traveled When she arrives 


home? 


Step 1 The problem asks for the 


Step 2 Choose a variable to represent the total distance 
Let d = the total distance in miles 
Then d — 16 = the distance from the sign to home. 


Step 3 Use the variable to write an inequality based on the given information. 


The distance from the sign to home is more than 25 mi 


d- 16 25 


Step 4 Solve the open sentence: — d — 16 > 25 
d>4t 


The smallest integer that is greater than 41 is 42 
Thus the minimum distance traveled is 42 mi 


gt to home more than 25 mi? 


Step § Check: Is the distance from the 
42~ 16 > 25 


26 


Is the distance the least possible? 
Suppose the distance is the next smaller integer, 41 


H1 — 16 2 25 
25 >25 False 


imum total distance Molly will have traveled 


the minimum total distance Molly will have traveled is 42 mi. Amswer 


To translate phrases such as “is at Ieast"* and “‘is no less than” or ‘is at 
id “is no more than” into mathematical terms, you use the symbols 


For example: 


The age of the tree is at least 70 years: 10 
The rent is no less than $400 per month: r= 400 
The price of the paperback book is at most $5.95: 5.95 
Her time in the 10 km race was no more than 40 min r= 40 
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Example 2 Mike wants to rent a car tor bis vacation, The tental costs $125 a week plus 


$,15 a mile, How far to the nearest mile can Mike travel if he wants to spend 
at most $2007 


Step 1 ‘The problem asks for the number of miles Mike can tr 


Step 2 Let m= the number of miles Mike can travel 


Stop 3 Cost of car rental is at most $200 


125 + 0,15 


4 125 + 0.15m <2 
O.15m = 75 


m 


Mike can travel S00 mi or less and still spend no more than $200. 


Step § Check: Is the number of miles the most possible? 
Suppose Mike traveled SOL mi 
125 + O.1S(501) 200 
200.15 = 200 False 


. Mike cun travel at most 500 mi, Anywer 


Example 3 ‘the width of a rectangular 


| computer screen is 20 cm 

less than twice the length 
The perimeter is at least 
53 cm. Find the minimum 
dimensions, in centimeters, 
of the screen if each dimen 
sion is an integer 


Step 1 The problems asks for the 


minimum length and width 


in centimeters 


You are told that 


a. the length and width are int 
b. the width is 20 cm less than twice the length 
€. the perimeter is at least 53 em 
ep 2 Let J = the length in centimeters. 
| Then 2/ ~ 20 = the width in centimeters 
Step 3. The perimeter is at least 53 em 


2121 — 20) = 33 7 
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Step 4 21 + 2(2) — 20) 
2+ 4 — 4 

61 — 40 = 

6l 


I 


the minimum integral Jengih is 16 em. 
The minimum width is 216) ~ 20, or 12 em 


Step 5 Check- Is the perimeter at least 56 em? 
(16) + 2(12) = 56 
56 = 56 
Are the dimensions the least possible? 
Suppose the length is the next smaller integer, 15, 


Then the width would be 2(15) ~ 20, or 10 cm 
Is the perimeter at least 56 cm? 


2(15) + 2110) = 56 
50> 56 False 


<, the dimensions are 16 cm and 12 em, Answer 


MRS See 
Written Exercises 


For each of the following: 

a. Choose a variable to represent the number indicated in color. 

b. Use the variable to write an inequality based on the 
(Do not solve.) 


Tene, who is not yet 21 years old, is two years older than Ida. 
Ida's agy 
2, Afier addressing 75 envelopes, a political volunteer has fewer than 26 en 
velopes left to address 
the total number of cnveloy 01 needs to addr 
3. A sales executive traveled a certain number of kilometers by airplane and 
then one tenth as far by automobile. Her total trip was more than 3000 km 
4. Clark and John cut the grass of a neighbor's lawn. Clark started the job 
and then John finished the job, working 4 hour longer than Clark. The job 
took at least 2 hours 
the numbe hours € k worke 


Beth’s balance in her checking account is $75, She must deposit enough 
money in her account to be able to pay the telephone bill, which is $110 
the amount of depo: 
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For each of the follow 

a. Choose a variable to rep! 

b. Use the variable to write an inequality bi 
(Do not solve.) 


esent the number indicated in color. 
ised on the given inform 


tion. 


6. The length of a rectar 


no more than 28 em 


is 4 cm longer than (he with. The perimeter is 


7. Ina marathon Peter ran 15 more kilometers than balf the qumber lus 
Peter ran at most 36 km 


8. The cost for Rhoda to operate her car for one month was at least $190. 
The cost for gas and repairs was one half je amount of the monthly pay 
ment on the car loan. 


9. ‘The sum of three consecutive odd integers is no less than 51 
(the middle integer) 

10. ‘The product of two consecutive odd integers is at most 255. 
(the greater integer) 


B LL. Two tricks start from the same point at the same time, but travel in oppo: 
site directions, One truck travels at 86 km/h, the other at 78 km/h, After 
some hours of traveling, the trucks are at least 650 km apart. 

12. If a motorist drove 10 mi/h faster, then he would travel farther in 3 h than 
he does in 4h at his present speed 


Ts has twice as 


13. A coin bank containing only nickels. dimes, and quar 
many nickels as dimes and one third as many quarters as nickels. The total 
value of the coins does not exceed $2.80. 

(the aumber of dimes) 

14. Ata school cafeteria, a student paid $1.25 for a whole-wheat muffin and 
a glass of milk. The milk cost less than two thirds of (he cost of the 
muffin 


15. A dowel 25 cm long is cut into two pieces. One piece is at least | em 
longer than twice the lenzth of the shorter pices 

16. The greater of two consecutive even integers is at most 50 less than five 
times the smaller 

17. The sum of two consceutive even integers iy no more than 100 less than 


‘one eighth of the smaller integer 


18. The sum of three consecutive odd integers is more than 60 decreased by 
twice the smallest of the three 
(the greatest integer) 


integers. 


In Exercises 19-20, express in symbols the property that is stated in 
words. 
C 19. The absolute value of the sum of two real numbers is no greater than the 
sum of the absolute values of the numbers, 


20. The sum of the squares of Wwo integers is no less than twice the product of 
the integers. 
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Solve. 


A 1, After selling a dozen copies of the Daily Bulletin, a newsdealer had fewer 
than 75 copies left, How many copies did the newsdealer have originally? 
2. A house and lot together cost more than $89,000. The house costs $1000 
more than seven times the cost of the lot. How much does the lot cost? 
3. Martha wants to ren $130. How 
far can she drive if the car rental costs $94 a week plus $.12 a mile? 


a car for a week and to pay no more tha 


@ commission on all his sales. 
What must the amount of his sales be to earn at least $1500 cach month? 


4. Jordan's salary is $1250 a month plus a 


5. The sum of two consecutive integers is less than 5 
gers with the 


Find the pair of inte: 


ealest sum. 


6. The sum of two consecutive even integers is at most 400. Find the pair of 
integers with the greatest sum, 


7. Two trucks start from the same point at the same time and go in opposite 
directions. One truck travels at 8 km/h and the other travels at 72 km/h 
How long must they travel to be at least 672 km apart? 


8. Between them, Terry and Shelley mH 
+ 


have 50 cassettes, If Shelley has 


more than two thirds as many cas 
settes ay Terry, at least how many 
cassettes does Shelley have? At 


most how many does Terry have’? 


9, A bag contains 100 marbles, some 
red. the rest blue. If there are no 
more than 14 times as many red 
marbles as blue ones in the bag, at 
most how many red marbles are in 
the bag? At least how many blue 


ones are in the bag’ 

10. Ken has 22 coins, some of which are dimes and the rest are quarters. Alto: 
gether, the coins are worth more than $3.40. At least how many of the 
coins are quarters? At most how many are dimes? 

11. The length of a rectangle is 4 cm longer than the width, and the perimeter 
is at least 48 cm. What are the smallest possible dimensions for the 


rectangle? 


rs has the property that 7 times the smaller is 


12, A pair of consecutive inte 
less than 6 times the greater, What are the greatest such integers? 


B 13. At 1 p.w. two trains, traveling toward cach other, leave from towns that 
are 312 km apart. One train averages at most 82 km/h, and the other at 


oy them ? 


most 74 km/h, What is the earliest possible time ) meet 
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14. If Maura were able to increase her average cycling speed by 3.5 km/h, 
would be able to cover in 2 ha distance at least as great as that which now 


takes 3h. What is her best average speed at present? 


A student received grades of 


There are three exams in a marking perio 


grade must. the student earn on the 


5 and 81 on the first two exams, What 
last exam to get an average of no less than 80 for the marking period? 

16. Betty cams a salary of $14,000 per year plus an 8% commission on all her 
sales. How much must her sales be if her annual income is to be no less 
than $15,600? 


17. A mechanic earns $20 an hour, but 


% of his earnings are deducted f 
taxes and various types of insurance. 
What is the least number of hours 


the mechanic must work in order 10 
have no less than $450 in after-tax 
income? 

18, Atleast how many 
must be alloyed with 3 
silver to produce an alloy that is no 


ramis of copper 


7 g of pure 


more than 90% pure silver? 


19, Randy walked 
in a straight path from his campsite 


the rate of 5.2 km/h 


to a ranch, He returned immediately 
on horseback at the rate of 7.8 km/h 
Upon his return, he found that he had 
been gone no more than 3.5 h, At 

most how 


to the 


ris it from his campsite 


anch? 


The length of a rectangle exceeds the width by 10 cm. If each dimension 


were increased by 3 em, the area would be no less than I] cm? more 


What are the least possible dimensions of the rectangle’? 


C 21. During the first week of their vacation trip. the Gomez family spent $200 
more than three fifths of their vacation money and had more than $400 less 
than half of it left. If they started their trip with a whole number of dol 
ars. whut was the greatest amount of vacation money they could have had’? 


22. Three consecutive integers have the property that the difference of the 
squares of the middle integer and the least integer exceeds the largest inte 
ger by more than 3, Find the three smallest consecutive integers having this 
propert 

23. Verna decided to sell her collection of paperback books. To Fred, she sold 


and one fifth of what was left. Later to Joan she sold 6 books, 
and one fifth of what then remained. If she sold more books to Fred thi 


to Joan, what was the least possible number of books in her original 


collection’ 
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Mixed Review Exercises 


Solve. 

1, js) =7 2 k 

4. 3 x =|-2 — {—-On 

Factor completely. 

1. x + 15x + 36 Soa = ah nee 9. 4917 — 25 
10, 2 =, 11, x7 + Gay + 997 12. 160° — 4x 


BES Ee ES 
Self-Test 1 


Vocabulary inequality (p. 458) solution set of an inequality (p. 458) 
sides of an inequality (p. 458) graph of an inequality (p. 458) 
solutions of an inequality (p, 458) equivalent inequalities (p. 463) 
1, Translate **—3 is between —7 and —2" into symbols. Obj. 10-1, p. 457 


15 if the domain of x is { 2, -1,.0, 1,2, 3} 


2. Solve 4x + 


Solve and graph, 


3-4 3 4. 5= 31520 Obj, 10-2, p. 462 
Solve. 
5. A purse contains 26 coins, some of which are dimes and the rest Obj. 10-3, p. 469 


nickels, Altogether, the coins are worth more than $2.10, At least 


in the purse? 


how many dime; 


Check your answers with those at the back of the book 


(MFM BEE LEE LE SFL LLL EP NEF PEF AE 
Challenge 


What is wrong with the following “proof’’ that 0 > 3? 


a>3 
3a > 313) 

Ra > 9 
a(3=a)>G a3 +a) 
a>3+a 

0>3 
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Extra / Intersection and Union of Sets 


The diagrams below, called Venn diagrams, show how shading can be used to 
represent the relationships among the sets: 


A =I, 2, 3, 4, 3} 


B= {2, 4, 6} 
C={7.8} 


2 


©) 


AM B= (2,4) AUB=(1.2,3, 4.5.6) 


To find the intersection of A and B, we shade the region consisting of 
those members and only those members common to both set A and set B. From 
the diagram at the left above, you can see that the intersection of {1, 2, 3, 4, 5} 


and (2, 4, 6} is (2. 4}. This is written 
{1 2.3. 4. 5} {2. 4, 6} = {2. 4} 


Notice in the diagrams that the regions A and C do not overlap. Two sets, 
such as A and C, that have no members in common are called disjoint sets 
Their intersection is the empty set: AC = 9, 

In the diagram at the right above, we shade the region consisting of the 
members that belong to ar east one of the sets A and B, in order to find the 
union of A and B. This diagram shows that the union of {1, 2, 3,4, 5} and 
{2. 4. 6} is (1, 2. 3.4. 5, 6}. This is written 


{1, 2, 3, 4, 5} U [2, 4, 6} = {1, 2, 3, 4, 5, 6} 


Exercises 


Refer to the diagram and list the members of each of the fol 


1, DOE 2. DUE 
3. 


EUF 4. EOF 

(DN EVN F 6, DU(ENF) (3) 
7. DO(EUF) 8. (DUE)UF < (> 
9, (DN FYULENF) ) 


10, Express {6, 7, 8, 9} in terms of D, E, and F 
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Speci 
disjoint, say so. 

i eek eer a 
13. {3. 5. 7}, {4. 6. 8} 
15. {3, 4, 6, 8, 12}, (2, 4, 6, 8, 


10} 


the union and the intersection of the given sets. If the sets are 


12. {=1,.0, 1}, 40, 1, 2. 3} 
14. {6, 8}. {5. 6. 7. 8. 9} 


16. { 


4 


3}, {-2, — 1,0} 


In Exercises 17-24, refer to the number lines shown and describe each set. 


P= {the real numbers greater than —1} 


Q = {the real numbers between 
R = {the real numbers less than 


17, POR 8. POO 
20. PUR 2. OR 
23. PN(ONR) 24, P 


—3 and 3} 
2 
19. PUG 
22. QUR 
U(@NR) 


For each of Exercises 25 and 26, make two enlarged copies of the diagram 
shown at the right, Shade the regions representing the sets named. 


5. XO(YUZ(XAYVUXA 


6. XU(KAZ (XUN) NXUZ) 


Z) 


27. State a “distributive axiom” that appears to be 


true on the basis of Exercise 


28. State a “distributive axiom’ that appears to be 


true on the basis of Exercise 26, 


29. Copy the diagram at the ri 


remaining members of these sets 


To check the uniform slope of the fa 
Seqt 
ratio to describe slope.) The units of measurement were 


determined the pyra 
architects use the s: 


nid’'s seqt 


and write in the 


CS 
io) 


The Seqt of a Pyramid 


sof a pyramid, the ancient Egyptians 
was the ratio of rise to run. (Modern 


fingers, hands, and cubits. There were four fingery in a hand and seven hands 


in a cubit 


Problems 56 and 57 of the Rhind mathe 
practical problems copied from an earlier document by the scribe Ahmes about 


ul papyrus. a collection of 


1550 B.c., deal with the seqt of a pyramid, Problem 56 asks for the seqt of a 


pyramid 250 cubits high having 


37 asks for the height of a pyramid having a square 


A square base of 360 ¢ 


and a seqt of 5 hands and I finger per cubit 


pits on a side. Problem 


140 cubits on a side 
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Combining Open Sentences 


10-4 Solving Combined Inequalities 
Objective To {ind the solution sets of combined inequalities 


Each of the four sentences below involves one or (wo inequalities. 


Graph 

(a) -2<s Pe ne 
LeeLee 

(by <3 ie ete et Ce 
ee er ee et 

©) rand «<3 Set ES ae ie se 
2S ee eas 

@) -2<xorx <3 ooh 


The sentence in (c) is formed by joining the sentences in (a) and (b) by 
the word and. Such a sentence is called a conjunction. To solve a conjunction 
you find the values of the variable 
for which both sentences are true. Note that the conjunction =2 <x and . <3 
can be written as 


of two open sentences in a given variabl 


The graph of the conjunction consists of the points common to both the graph 
of —2 <x und the graph of ©< 3, (Notice where the graphs in (a) and (b) 
overlap.) 

In (d) above, the inequalities in (a) and (b) haye been joined by the word 
vr. Such a sentence is called a disj disjunetion of two open 
sentences, you find the values of the variable for which ar least one of the sen- 
ences is true (that is, one or the other or both are true). The graph consists of 
all points that are in the graph of (a), the graph of (b), or both. 


Remember (page 457) that the disjunction 


y>2ory=2 


is usually written “y= 2." Similarly, “'y = 2°" means 


Example 1 Draw the graph of each open sentence 


a. conjunction: r< 5S and 16> 5 b. disjunction: 1< 5 or f= 
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“Solution a. No real number can be less than 5 and also greater than or equal to 5 
:, the solution set is the empty set. and it has no graph. Answer 


b, Every real number is either less than 5 or greater than or equal to 5. 


the solution set is {the real numbers}. and its g 


ph contains every point 
te feenfiemfimmie Answer 
3-2 . ae 2 3 4 6 


To solve conjunctions and disjunctions of inequalities, you use the transfor 


mations listed on page 463 


4 and graph its solution set 


“Example 2 SoWve the conjunction — 


Solution Yo solve the inequality ~3 = x — 2< 4, you solve the conjunction: 


Aer and x—-2<4 
3+2=x-2+2 | r-2+2<4+2 
isz r= 6 
l=x<6 
the solution set is [~1, and all the real numbers between —! and 6} 


The graph is 
ttt tine 
obo Nepeal) diya 4 o 7 


Below is a more compact way of solving the conjunction in Example 2 


—3=5-2<4 
G+2Sx-2+25442 
l=x<6 


aph its solution set 


Example 3 Sotve the disjunction 2 


Solution w—1<3 m tw > w+ 10 
2w 1 1 3+] Iw + 10> w 
twed 


the solution set is (5, and the real numbers greater than 5 or less than 2} 


The graph is 


et iver 
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OD. | Dit 
Oral Exercises 


Match each graph with one of the open sentences in a-g. 


1>2 


\ 


Match each open sentence with an equivalent inequality in a-% 


8. x=30rx<3 
9 x<3andx>-1 
10, x3 andx>-1 
M. x=30ra>3 


Written Exercises 


Draw the graph of each open sentence. 
A L-35r 


2.r>3o0rrs 3. 1s055 4. 5<-2ors2=0 


Solve each open sentence. Graph the solution set, if there is one. 


5. 6. 

7. 8. 

9 2b—-1= 

1, 8<3n+7=1 

ay — —Sory-2>5 14. h4+5<—lorh+5>=2 
tel = — Fine er ed 16. 1+ 2y<—9or | +2y>9 
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18. 2d -5< -7 or 7< 2d — 


23. -S<|—-2%=7 24. -7< -1-3x158 
<4 and 12+ 2m<0 26. —6r > 18 or 12+ 3r=0 
27. -R=-1-s<-3 2B. 9 <-10=p=-4 
29. 5-v>Torv 7 30. 1-5 = 2or5- 
5—2p=1l orS-2p<-1 32. 7 = 3q = 10 and 39-722 
33. 2d —5 = —8 and -2d — 3 M.9-y 


3.— 2y and — 2y 


C 35. 6-c<2e+3=8+¢ 36.5-d=3 


2d ord +2>3d-—2 


37. 1 — w) = 6 or dw — 5 <3w-1 38. 1 ~ 4m =3—Smsm-—3 


39. Find an example of real values of a, b, ¢, and d for which the following 
statement is (a) true and (b) false 


If a> band ¢ > d, then ae > bd. 


40. Find a value of & so that the solution set of 


k=S5sx-6 
will be the same as the solution set of 
3x =2(1 +x) and 5x —7 = 23. 


Computer Exercises For students with some programming experience 
The sum of two positive integers must be no more than 10, but their product 


must be at least 9. Write a BASIC program to list all the ordered pairs (x, y) 
that satisfy these requirements, 


EERE 2 ae SS eS eee 
Mixed Review Exercises 


Choose a variable and use the variable to write an inequality. 


1. The net is at least 10 yd away 2. The temperature cannot exceed 78°F 
3. The weight is at most 150 Ib. 4, The trip takes at least 3h 

5, The cost is not less than $17 6. The gap Is smaller than 2 em. 

7. Her score was at most 340 points 8. Jane owns at least 5 pairs of shoes. 
Evaluate each expression if k = —4, m = 7, and x = 

9. |k— m| 10. jm ~ k 1h. jn 3 

12, Le — m| 13. [k — x] 14. [x — kj 
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10-5 Absolute Value in Open Sentences 


Objective — To solve equations and inequalities involving absolute value. 


You learned in Lesson 1-9 (page 37) that [aj is the distance between the graph 
of a number a and the origin on a number line 


= 3 means x is 3 units from 0: x 3 or x =3. 
{x| <3 means x is less than 3 units from 0: vad 
jx) > 3 means x is more than 3 units from 0: x < —3 or 4 > 3. 


On a number line, the dis 
and b is the absolute value o 
la — b| = |b —al, 


ance between the graphs of two numbers 
the difference of a und b, Notice that 


‘The following examples show how to solve equations and inequalities by 
two methods: (1) by graphing and (2) by writing the open sentence as a con- 
junction or a disjunction: 


Example 1 Soive \y 


Solution 1 To satisfy the equation |y — 2) = 4, y must be a number whose distance from 
is 4. Thus, to arrive at y, start at 2 and move 4 units in either direction on 
the number line. 


You arrive at 6 and —2 as the values of y 


the solution set is {=2, 6}. Answer 


Solution 2 Note that \y — 2) = 4 is equivalent to the disjunction 
4 


or y=6 


ory 


©. the solution set is {—2, 6} 
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Solve [x + 1| = 3 and graph its solution set 


Because x + 1 =x — (=), |x + I] <3 is equivalent to 


Therefore, the distance between x and —| must be no more than 3 


So, starting at 1, the numbers up to and including 2 will s: 
inequality, along with the numbers down to and including ~4. 


given inequality is equivalent to 


4= 


f 


isfy the given 
hus, the 


». the solution set is {=4. 2, and the real numbers between —4 and 2} 


‘The graph is shown above. Answer 
WSoMIIOM? |x + 1) =3 is equivalent 10 the conjunction: 
tart i= 
3 lsx+l 1<3 
4sx52 


+, the solution set and graph are as in Solution | 


[Example 3 seve 3 


aph its solution set 


below 


Answer 


shown in the graph 


the solution set is {the real numbers less than 1 or greater than 


The graph is shown above. Answer 


3 2 o 1-3 
a | or t 


the solution set and graph are as in Solution | 


Answer 
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RE SS eS es 
Oral Exercises 


In Exercises 1- 

ranslate the equation or inequality into a word sentence about the 
distance between numbers. 

b. State a conjunction or disjunction equivalent to the given sentence. 


a 


r+ 37 


L 


a, The distance between » und —2 is greater than 7 
bort2>7 or r+2<-7 


1. Ky =4 2. I =3 3. Inri>s 
4. [pl <6 5. jn — 13 6. |n— 2) >3 
7. w+ 5|>2 8. fv +5] <2 9% 4=(1-5| 
10. 3> 2-4 Me 1 > [2+ mi) 12. 8=[3 + w| 


In Exercises 13-18, match each open sentence with its graph, 


197i ht So a a Ss 
ie pie3 ee ie ee ee 
fy 3)=2 
e+ 1j>1 
je- 1] =2 
18. (3-2, <2 


Written Exercises 


In Exercises 1-6; 
a, Translate the equation or inequality into a word sentence about the 
distance between numbers, 


b. State a conjunction or disjunction equivalent to the given sentence. 
A i. e-5j=1 2. |y +2) =2 3. +3) >5 
4. |p -—7<4 5, n-4=1 6. in + 6 =3 
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Write an eq: 
each graph. Use x as the variable. 


Sample 4) gp 
SSek: A, oO: V2 3 


ion or an inequality involving absolute value to deseribe 


Solution —_The center point of the graph is 1. Since 1 is 2 units from 3 and 2 units from 
=I, and x represents a number benveen —L and 3, the distance between x and 


1 must be less than 2 


~~ <2 Answer 


7. + -$ +++ + > te 
3 -2 -1 © 1 2 3 


o 


—- 
1 


Solve each open sentence and graph its solution set. 


13. |m— 6) =8 14. |k +7) 
16. 7 -=4 17, (<2.5 

19, jy +5) >8 20. |r + 4) < 10 
22. 4#—vw=s 23. |-2-al\=4 


25. 3)9 1 
28. 2-g -3<1 7 
M6 -(2-pls4 |>7 
34. jx -2)=4 35. |y + = 4 

37. w-4]> 0-4 38. In + Sjan45 


5. h+1= Work 


Simpl 
7 20 Sxy sg. (2¢)'. (# 9. 


15. [3 +1 = 
18, |x| > 1-5 
21, |6- p) 
24, |-1 — | 
27, |2- 3 4 
30. 4 — 3iy 
36. ly = 4 
9, Int 5 
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CO ST 
10-6 Absolute Values of Products in 
Open Sentences 


jective To extend your skill in solving open sentences that involve 
y I 
absolute value 


“Solittion —\2p — 3) = 7 is equivalent to the disjunction 


%»-3=-7 2p-3=7 
Ip-34+3=-743 Ip-343=743 
Ip=—4 
4 


Answer 


You can use a number line to solve the open sentence in Example 1. First 
consider the following statements about the absolute value of a product of two 
numbers, 


| = |-28| = 28 =7-4=|-7]- 
(—5) «(—3)| = |15) = 15 =5°3= 


The statements above suggest that the absolute value of a product of numbers 
equals the products of their absolute values: jab| = al - |b]. Using this property, 
you see that: 


Pp-3)=7 
2(p—4)] =7 
(a-lp-3l=7 

5| 3| 

2\p— 3) =7 

\p-4|= 
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Starting at 4 the numbers —2 und 5 ure exactly 7 units away in either direction. 
Therefore, the solution set is {—2, 5} 


“Example 2 soive \10 — 24 = 6 and graph its solution set 
Solution? §— \\0- 2% >6 


2k ~ S| = 6 


| \ 5/26 
| 3|=6 
\k 3 


| The distance between « and 5 must be 3 of more, as shown 
above. Thus the given inequality is equivalent to the 
disjunction 

kS2ork=s, 


the solution set is (2. 8. and the real numbers less than 


eater than 8}, ‘The graph is shown above 
Answer 


“Solution 2. \\0 — 2k; = 6 is equivalent to the disjunction 


10~2k= 6 f 10 — 2k 
—2k=—16 2k 
kek n k 


+, the solution set and graph are as given in Solution 1. Answer 


EE a Ne 
Oral Exercises 


Express cach given absolute yalue as the product of a number and the 
absolute value of a difference. 


1 2, (Sm — 20 3. (22 = Ip) 4. [12 = 4e 
5. 6. [Tn + 42 7. \Sr—4 & [2b — 9) 
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an Seite pend OY SHEL. eR pe ee 
Written Exercises 


Solve each open sentence and graph its solution set. 


A t.py=12 2. [591 = 35 3. 2)=1 
4, jf) =2 5. 2a- |=9 6. (3b -2)=7 
7. (dd — 1 <3 B. [5h - 2) =8 9. [3 + 4n| = 15 
10. |1 + Se) > 23 i. [2 -2) 24 12, |£ -3)=2 
B 13. |! — G3 - w)/<18 14, [6 — Qy — 3) = 9 
18. 44 3)5n + = 13 16. 2(3k — 7) + 11 = 19 
17. 5 — 42-31 > 21 18. 21 — 4/2 — Sw] > 13 


Classify each of the following sentences as true for all real values of the 
variable or false for some real value, If you classify a sentence as false, 
give at least one value of the variable for which it is false. 


C 9. jj =@ 20. |-a"| = a 
21. |€ Ps 22. 3] <\a + 3) 
a. |$) = 4 22, ja — 3) t 
23. ja + WS lal +1 24. jal 1 <a 


25. During January in Colton the 
absolute value of the temperature in 
degrees Celsius never exceeded 10 
In dh Fahrenheit, what were 
the greatest and least possible 
temperatures in Colton that month? 


(Him: C = 2(F ~ 32), where C 


and F a 
degrees C 


© the temp 
sius and Fahrenheit, 


respectively.) 


atures in 


Mixed Review Exercise: 


Give the slope and y-intercept of each line, 
I y=4x+2 2. 4y = 20x —8 3. e+ 3y +9=0 
ay=9 3r—y-11=0 6. x= —2y+8 


488 Chapter 10 


Graph each equation. 
T. y=-2x4+1 8 y= 3x-—2 9, s=-6 


10. y=5 MH. y= 


Self-Test 2 


Vocabulary conjunction (p. 478) disjunction (p. 478) 
solve a conjunction (p. 478) solve a disjunction (p. 478) 


Solve each open sentence and graph its solution set. 


1, 3x -—1>80r2—x>0 2. -2< Obj. 10-4, p. 478 
3. 3m+1<=- = 4 -3s 

§. |p—2\=3 6. [3 =n Obj. 10-5, p. 482 
7 Wo =6 8 t+4<2 

9. |4s — 13) =7 10. 2p — 4] = 10 Obj. 10-6, p. 486 
11. 4m —7)=1 12. |1 — 6aj< 13 


Check your answers with those at the back of the book 


r Not Pharmacist 


The primary responsibility of a pharmacist 
is to prepare and dispense medicine pre 
scribed by doctors. Pharmacists are experts 
in the use, composition, and effect of 
drugs. Occasionally, it is necessary for 
pharmacists to ‘*compound”” or mix ingre- 
dients for a prescription. However, the 
vast majority of medicines are now prepared 
by manufacturers rather than by pharmacists, 
Many pharmacies offer more than 
medical and health supplies. An individual 
such a pharmacy orders 


owning or managi 
and sells merchandise. supervises personnel, 
and handles the finances of the business 

AL least five years of study beyond high 
school are required to receive a degree from a 
college of pharmacy. During the first few 
years of study, mathematics and basic sci- 


ence courses are emphasized 


Inequalities 489 


490 


Inequalities in Two Variables 


10-7 Graphing Linear Inequalities 
Objective To graph linear inequalities in two variables. 


‘The graph of the linear equation 
yax43 
separates the coordinate plane into three sets of points: 


the points on the tine, 
the points above the line 


the points helow the line 


The regions above and below the line are called open half-planes, and the 

line is the boundary of each half-plane. 
If you start at any point on the line. say P(2, 5). 

and move upward from P, the y-coordinate increases 

If you move downward from P, the y-coordinate 

de 


Thus. the upper open half-plane is the graph of 
the inequality 


and the lower open half-plane is the graph of the 
inequality 


The graphs of 


+3, and yoxt3 


completely cover the coordinate plane. The upper half-plane and the boundary 


aph of 


line together form the 


The lower half-plane and the boundary line together form the graph of 
y + 3: 


‘The graph of an open half-plane and its boundary is called a closed 
half-plane, 


The graphs of inequalities are shown by shading. If the boundary line is 
part of a graph, it is drawn as a solid line. If the boundary line is not part of 
the graph, it is drawn as a dashed line. This is shown by the diagrams at the 
top of the next page 


Chapter 10 


(ayy>a+3 (b) y2a43 (c)y<xt3 (d) ySx43 


y 
4 
iN 
v 


7) 


+ you follow these steps. 


‘To graph a linear inequality in the variables x and y, when the coefficient of y 
is not zero: 


1, Transform the given inequality into an equivalent inequality that has y alone 
as one side 

2. Graph the equation of the boundary. Use a solid line if the symbol = or = 
is used; use @ dashed line if > or < is used. 

3. Shade the appropriate region. 


Example 1 Graph 3x 
Solution |. Transform the inequality 


3x — 2y2 -4 


—ty= -4-3x 


y 


2. Draw the boundary line y = 2 


as a solid line, since the symbol 
includes the equals sign. 


Shade the region below the line 
since the symbol = includes the 


n 


less than si; 


Check: Choose a point of the gr 


iph not on the boundary, say (0, 0) 


Sce whether its coordinates satisfy the given inequality 
3x -2y=—-4 
30) — 200) = 4 
o=-4 


Thus, (0, 0) is in the solution set, and the correct region has been shaded 
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Example 2) Graph y > 2 


Solution — Graph y = 2 as a dashed horizontal 
line. Any point above that hori- 
zontal line has a y-coordinate that 
satisfies y > 2. Therefore, the graph ~ 
of y > 2 is the open half-plane above 


the graph of y = 2 


Example 3) Graph 1 < -3. 


Solution — Graph x = —3 as a dashed vertical 
line. Any point to the lefi of that 
vertical line has an x-coordinate that 
satisties x< —3, Therefore, the 
graph of ¢ <—3 is the open half- 
plane to the left of the graph of 

3. 


Se 


Oral Exercises 


State whether the given points belong to the graph of the given inequality. 


1. x2 2; (2, 3), (—2, 3), (0, 0) 2. y<—3; (2, —3), (4, 4), (0, 0) 
3 y sat 4 (4, 2), (-1, 4), 0, 0) 4 y S20 - 1; (2.0), (1, 1), 0, 0) 
5. 2x +y <0; (-1, —1), (1, 1), (0, 0) 6. x — 3y = —2; (1, —1), (-1, 1), ©, 0) 


‘Transform each inequality into an equivalent inequality having y alone as 
one side. Then state the equation of the boundary of the graph. 


Texty<5 8. -xt+y>I1 9% 4r+y27 
10. 2x+ys Il. 2x +3y>0 12. 15x + Sy <0 
13. Sy<x 14. 20> 15. x-y21 
16. 12x — by =0 17. x ~ 6y> 24 18. 6>x—-y 


Written Exercises 


Graph each inequality. 


2y>4 3.x<1 
6. y<0 7.y2-1 
+ 5 0, y>—xt+1 i. y=3—x 


Chapter 10 


‘Transform each inequality into an equivalent inequality with y as one side. 
‘Then graph the inequality. 


I3.xty<l MM. y—y>3 
y 4 17. 4v—y>6 
19, 3x—2y>8 20. 3y 0 
220 3y — > 2x7 23. 4(x — y) = 3x +2 


26. y 


y 30. 


(a) 
3h y 32. y 33. y 
=a 
an 
2 
2 
- 
— — 
Fadl Oo} * i) x 
r 7 
Graph each of the following in a coordi fe plane. 
C 3. y= 35. y x 6. y> x 


37. y= 38. [yl] >2 
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Solve each system by whatever method you prefer. 


6 6 3. 10p + 4g = 2 
x-y=4 m—n=5 lop = 12q = 34 


FD AT ADE LIS IE EPI EF PEPE SG, TIA 
Extra / The Graph of y = |ax + b| +c 


The graph of y = jaj is the V-shape shown in black in the drawings below. You 
can verify this by making a table of yalues and plotting the corresponding 
points. Study the different graphs shown in color below, Compare cach graph 
with the graph of y = |y 


You can see that if you move the graph of y = |x| fo the left or to the right 
6 units, you get the graph of y = |x + bj or of y = |v ~ b). If you move the 
graph of y = |x] wp or down © units, you get the graph of y = |x| + € or of 

| — ¢. Also, you can see that the graph of y = jax] is narrower or wider 
aph of y = ly], depending on the factor a. 

If you have a computer or a graphing calculator, you may wish to explore 


raph of 


ch set of equations in the same coordinate plane, You may w 
check your graphs using a computer or a graphing calculator, 


Lacy=—p—3 +2 bey 
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CERES SEES SS 
10-8 Systems of Linear Inequalities 


Objective 


You can use graphs to find the solution set of a system of linear ineq 


————— 


To graph the solution set of a system of two linear inequalities in 
two variables 


Graph the solution set of the system: y~x-3=0 


oy 


6—y 


Draw the graph of y =v + 3, the boundary for the first inequality. Use a 
solid line and shade the region below this line to show the graph of 
y =x + 3 (red shading) 


2, the 


id shade the re. 


3. In the same coordinate system, draw the graph of y 
'y for the second inequality. Use a dashed line 


bound: 
gion above this line to show the graph of y x — 2 (blue shudin; 


4. The doubly shaded region (the intersection of the red and blue shadings) is 


the graph of the solution set of the given system. 
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© 4 system of two linear inequ 
shaded region in each graph. 


jes whose solution set is shown by the 


State whether or not each ordered pair is a solution of the system: y = 4 


and x <5. 

4. (0, 0) 5. (5, 4) 6. (4.4) 7. (=2, 4) 8. (—2, -4) 
9. (4,5) 10. (5.9) AL. (4, 3) 12. (0. 8) (0. 4) 
State whether each point belongs to the graph of the solution set of the 

system: y S2and x—y <5. 

14. (0, ~5) 15. (8, 2) 16. (—8, 2) 17. (—8, 3) 18. (0, 2) 
19, (0, 0) 20. (7, 2) 21. (0, 6) 2. (-4, -) 23. (-9, 2) 


(RL TE SR Se Re ee 
Written Exercises 


Graph each pair of inequalities and indicate the solution set of the system 
with crosshatching or shading. 


A Ly<0 2 3, y>3 ay<-4 
r=0 x 2 s>4 
§.x<y 6. y>3x 25 8. x>-2 
yr? x<l y y=2e+ 
9 ysutl 10. ys 4r+4 Ik, x 12. y<5x+3 
y22-x y de+4 y p> 35 —Se 
Boiix-ya4 Mort yes 15. 3x-y>-1 
r+ys6 x-2y>8 x y 4 
4 e- y<7 17. 3x — 4y Rn 18, 2, —S5y>0 
37 15 3x + 4y 0 x 4y=-8 
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Write a system of linear inequalities whose solution set is shown by the 
shaded region in each graph. 
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Graph each system of inequalities. Determine exactly the corner points of 
the graph of the solution set of the system, that is, the points where 
houndary lines intersec 


35, ysx 26. 


Mixed Review Exercis 


Rewrite each group of fractions with their LCD. 


4b ae 3,4. 2 a4 k 3k 
ear a Ley 1 Sanat “RS + 10k + 25 
2y+3 4 y 5 8 1 5 x 
y=6" "5 HEY RAE 16" 4—x' 44x 


b= 
8. be - a %a-(bte) 
Me c+ 12. b-1(a—b) 


ES PS 
Self-Test 3 


Vocabulary open half-plane (p. 490) closed half-plane (p, 490) 
boundary (p. 490) 


3raph each inequality in a coordinate plane. 


Obj. 10-7, p. 490 
-8, p. 495 


Graph the solution set of the system: x — y > 5 Obj. 1 
aty=-1 


Check your answers with those at the back of the book 


You can compare two fractions with the aid of a calculator. First change each 
fraction to a decimal hy dividing the numerator by the denominator, 
pare the decimals 


hen com- 


True or false? 


Wee Chee t 


18 19 9. 91S 92 
8” 207 13 3 


24 ~ 25 “yor ~ 102 ~ 103 
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Application / Linear Programming 
Business decisions aim at making some quantities, such as profit, as large as 
possible, and other quantities. such as cost, as small as possible. A decision to 
maximize or minimize a quantity is usually subject to conditions (constraints). 
If the quantity can be represented by a linear equation, and the constraints can 


be represented by a system of linear inequalities, the decision problem can be 
solved by using @ branch of mathematics called linear programming. 


“Example A machine shop makes two parts, | and II, each requiring the use of three 
machines, A, B, and C. Each Part TI requires 4 min on Machine A, 4 min on 
Machine B, and 5 min on Machine C. Each Part II requires 5 min on Ma- 
chine A, | min on Machine B, and 6 min on Machine C. The shop makes a 
profit of $8 on each Part I and $5 on each Part Il. However, the number of 
units of Part IT produced must not be less than half the number of Part 1 
Also, each day, the shop has only 120 min of Machine A. 72 min of Ma- 
chine B, and 180 min of Machine C available for the production of Parts I 
and II What should the daily production be o maximize the shop’s profit? 


“Solution Let x = the number of units of Part | 


Let y = the number of units of Part ID 
Let P = the total profit on Parts | and IT 


The data in the problem are summarized in the following chart 


Minutes 
on Machine Profit 
per Unit 
Part | Number | A | B | C 
1 x 4 4 5 $s 
1 y Soltis 35 
Available Time | 120 | 72 180 | 


‘The information in the chart can be expressed by these inequalities: 


dx + Sy = 120, (Total time on Machine A must not exceed 120 min.) 


ax+ (Total time on Machine B must not exceed 72 min.) 

Sx + 6 (Total time on Machine C must not exceed 180 niin.) 

bees (Number of units of Part I must not be less than half 
the number of Past 1.) 

* =o (A negative number of parts cannot be produced.) 

y20 


You want to find values of x and y that are subject to these inequalities (con: 
straints) and that maximize the total profit, P. where P = 8x + Sy 
(Solution continues on the next page.) 
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Step 1 Graph the solution set of this 
system of inequalities. The 
solution set, which is shaded, 
is called the feasible region 


Step 2 Find the points of the feasible 
region where the boundary lines 
intersect. These points, called 
corner points, are (0, 0). 

(16, 8), (15, 12), and (0, 24) 

A remarkable fact, proved 
in more advanced mathematics 
courses, is that if a maximum, 
or minimum value of a linear 
expression ax + by exis 
must occur at a corner point of 
the feasible region. You use 
this fact in the next step 


Step 9 Evaluate P = 8x + Sy at each corner point 
(0,0): P =8(0) + 5) =0 (1S, 12); P= R15) + $12) = 180 
(16, 8): P= 8(16) + 518) = 168 (0, 24): P= B(0) + 5(24) = 120 


The maximum value of P, $180, occurs at ({5, 12), The shop should produc 
15 units of Part | and 12 units of Part H each day. Answer 


Exercises 


1. a. Draw the graph of the solution set of the system: 


vty2 
dvtys4 
b. Find the corner points of the solution set. 
¢. Find the maximum and minimum values of 4x + 7y subject to the 
inequalities in part (a) 


2. Find x and y to maximize R = x + 3y subject to the constraints ¥ = 2, 


yElx+2ys8, andxt+y=6 
3. a. A farmer plants two crops, com and soybeans. The expenses are $6 for 
each acre of corn and $12 for each acre of soybeans, Each acre of com 
requires 12 bushels of storage. and each acre of soybeans requires 16 
bushels of storage. The farmer has at most 3600 bushels of storage 
available and $2400 to spend on expenses. Choose variables for the 
number of acres of com and soybeans planted, Write four inequalities 
that express the conditions of the problem. 
Graph the solution set of the system of inequalities described in part (a) 
State the coordinates of the comer points for this feasible region 
Suppose that the farmer earns a profit of $24 for each acre of corn and 
‘M8 for each acre of soybeans. Find two ways the farmer can satisfy the 
conditions while maximizing the profits. (Notice that a linear program 
ming problem can have more than one solution.) 
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Chapter Summary 


1. The symbols >, <, =, and = are used to express inequalities. 
<4 <9 (or 9>4 > —2) means that 4 is between —2 and 9. 


2. Open inequalities can be solved by t 
alent inequalities whose solution sets can be seen at a glani 


nsformations to obtain simpler equiv- 
s. The graph of 
the solution set of an inequality in one variable can be shown on a number 
line 


3. Sentences joined by “*and’” are conjunctions, A conjunction of two state- 
ments is true if and only if both statements are true, Sentences joined by 
“or” are disjunctions. A disjunction of two statements is true if at least 
one of the statements is true 

4. The distance between the g 
is the absolute value of the difference between a and 6, This concept can 
be used {0 solve open sentences involving the absolute value of a variable 
These open sentences also may be written as equivalent conjunctions or 
disjunctions. 


aphs of two numbers a and b on a number line 


5. The solution set of a linear inequality in two variables is an open or closed 
half-plane 

6. The graph of the solution set of a system of inequalities consists of the 
points common to the graphs of all the inequalities in the system 


Chapter Review 


ve the letter of the correct answer. 


1. Which statement is truc? 10-4 
a. 3-2 5 7 b. 6 4>2 
« -9 4<0 a. -S>2 1 
2. Find the solution set of | — r= Oif x {[-4 
{-4, -2, 0, 2, 4} b. {-4, -2} a. {0} 
3. Find an inequality equivalent to 4x < 12 10-2 
a. x > —48 be vs 16 1>-3 a. xe-3 
4. Find an inequality equivalent to 33 + y) < 505 # y) 
ay 8 b. y & ey 8 d.y 8 
5, Write as an inequality: “The sum of two consecutive odd integers is at 10-3 
most 35,"" 
aontin el) 35 bo nt(n+ ly a5 
conte 2235 d. n+ (n+ 2)= 35 
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6. Which is the graph of the disjunction x 


ana a a os a ote 


46 420246 420246 


a a 
i 0 


7. Which is the graph of the conjunction —6 =x and. <4 


K-42 024 6 


8. Which open sentence states that the distance from r to 3 is greater than 4? 


ar-3>4 b. r-324 ec. jr—3)>4 d, jp—3)>4 

9. Which inequality is equivalent to |8n ~ 4] < 12? 10-6 
a. 2n— 1, < 12 b. I 3 
ec. Wn 2)< 12 d, (2n—1 3 

10, What is the equation of the boundary of the graph of x ~ 2y > 4? 10-7 
ay=t-4 py=te-2  ayste-2 4 


08 


Chapter Test 


1, Classify the statement as true or false: 4 = 2 10-1 


Find the solution set of y+ 1 <3 if y € {- 


3. Solve the inequality 3 >2y—3 and graph the solution set on a number 10-2 
line. 
4, Of all pairs of consecutive odd integers whose sum is greater than 75, find 10-3 


the pair whose sum is the least 


Solve cach open sentence and graph its 


I +1<5 6. k+55-Zork+ 523 10-4 
2-y=3 8. ly + I< 12 10-5 
9% 16 8 10. 2m — 1,57 10-6 
Graph each inequality in a coordinate plane. 
i, x=-3 12, y=3-x 10-7 
13. Graph the solution set of the system: y <2 +2 10-8 


ee ES ay 
Cumulative Review (Chapters 1-10) 


plify. Assume that no denominator is zero. 

1. (-7h + 2) + (8b - 5) De Beth — Ot — 1) 
Gry? + (9%) 4. (Bx + Sy)(7x — 4y) 
Ge — ded + 8d* Ke — 2d) 6. (51 = Tv? 


nt 


&-3 dpSat 3 a2 ; 
Eee 8. (12e8n? — 112m? + 13) 


4.8 10% 
2.0 ¥ 10" 2472+ 12 


rae tay | y+ 3y 
Il. => 12, 2+ 


yt+Ty+ 0 Y +2y b-1 P-1 
Factor completely. 


13, 302° + 2402 + 96 14. 817-1 15. 16:7 — y? = 10y — 25 


Write an equation in standard form for each line described. 
16. The line that contains (~1, 10) and (4, —5) 


1 . 
17. The line that has slope — and contains (5, 6) 


aph each inequality. 
18. x -—3)<7 19. dy + 5< Tor 2y—1>3 
20. Graph the solution set of the system x+y<2 


2x—y=0 


Solve each equation, inequality, or system, Assume that no denominator is 


zero. 
21. 22. 5q—8 = 22 + 1) =10 
24. b-8=1 25. S(d — 3) = 3(2d — 5) 2-1) =0 
27, 9° + lly + 10=0 28. 2b +0h-5=0 + lo: =0 
wo, 4 = 34% ai, BEL bt2_ 1 2 ql =3- 
33. y=Sx-1 34. Sr 4 2s = 4 35. 6m +5n=4 

2+ 3v= 14 4dr — 2s 10 4m +3n=2 
3. 1+ 35S 10 37.2-—b>7 38. 23x I] #1<5 


39. Marcy can do a job alone in 5h. If Mark helps her, they can do the job 
together in 3 h. How long would Mark take working alone’? 


40. The units’ digit of a two-digit number is I less than the tens’ digit. Nine 
ith the digits reversed. Find 


times the tens’ digit is less than the number 


the least such number 


n 
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Maintaining Skills 


n is an identity o 
inator is zero. 


Solve. If the equa n, say So. Assume that 


no denor 


Solution 12? —51-3=0 


(r= G14 =0 


4 3=0 v ut 
4r=3 
3 i 
1=3 oo t=—4 
13 
The check is left to you. .. the sotution set is {3., ~ 4] 
— 61-40 =0 2. = 15x — 56 sy + 12y + 36 =0 


42=1 6, 10m? + 29m + 10 =0 
8. 21b* + 25b +6=0 9. 9d? + Td = 16 


4. P+ 400 = 40n 
7.8 + 14z= 15 


& Iz ~ 2)( 
+ 1) 
+2 
The check is left to you. «. the solution set is (—2} 
wo, +4324 =10 2, 4 
ae u y) 
13, +5422) 4 : : Lh 1_=0 
ae a SY y4T yl ™ 4b—6 2-9 
ax 1 x I b-2 b 1 1 1+2 
16. 17. + 2 8. 
rtl r b+2'b-2 Lae er +t 
© 12 3 5 10 * ee b 
19, = 20, = 291, ‘ 
x 4 x-2 1-2 d 1 d 1 ; b 1 b-1 1 
Chapier 10 - - 7 


Preparing for College Entrance Exams 


Strategy for Success 
Remember that you are asked to determine the best answer, More than one an: 
swer may be “right” to some degree, Do not choose the first answer that 
seems reasonable. Be sure to check all possible choices before determining 
which is the best answer 


Decide which is the best of the choices given and write the corresponding 
letter on your answer sheet. 


1, Which method(s) could be used to solve: 3x —y = 6 
x+y=6 
1. Graphing Il Multiplication with Addition-or-Subtraction Ill. Substitution 
(A) | only (B) Il only (C) Ill only 


(D) 1, Tl, and Tl (E) | and II only 


2. The length of a rectangle is 3 em less than twice its width, A second 
rectangle is such that cach of its dimensions is the reciprocal of the 
corresponding dimension of the first rectangle. The perimeter of the 
second rectangle is } the perimeter of the first. Find the perimeter of 
the first rectangle 
(A) 6 om (B) 9 em (C) 120m (D) 18 em 

3. How many sets of three consecutive positive even integers are there such 
that three times the sum of the first two integers is less than five times the 
third integer? 

(A) none (B) two (C) four (D) six (E) eight 

4. Two notebooks and three packages of pencils cost $7. It would cost $3 
more to buy three notebooks and four packages of pencils. How much 
would it cost to buy one notebook and one package of pencils? 

(A) $1 (B) 82 (C) 83 (D) S4 

5. The sum of a positive integer and the square of the next consecutive inte- 

ger is 131. Find the sum of the two integers: 


(Ay 19 (B) 20 (c) 21 (Dp) 22 (E) 23 

6. Identify the inequality whose graph is shown at the right y 
(A) x+3y=6 (B) 1+ 3y=6 
(C) 3x- y=3 (D) 3x— y=3 
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Rational Numbers 


MES Ses SS 
11-1 Properties of Rational Numbers 


Objective To learn and apply some properties of rational numbers. 


In Chapter 1, you learned that the positive numbers, the negative numbers, and 
zero are called real numbers. 


A real number that can be expressed as the quotient of two integers is called a 
rational number. 


Each number below is @ rational number 
0 
0 5 

re ss 


A tational number can be writien as a quotient of integers in an unlimited num 
ber of ways. 


43 4 4 
100 9” 9 


0.43 


Example 1 Write as a quotient of integers: a. 3b. —14 c. 48% d. 0.6 


SMM) 2-5-2-=5-... » 8-2-4 


2 4 3 5 =10 
4g 24 6_12 

3. 48% . 0.6 

c. 48 100. sO a. 0. 10 20 


To determine which of two rational numbers is greater, you can write them 
with the same positive denominator and compare their numerators 


Example 2. Which tational number is 2 
| 


Solution =the LCD is 


8 = 56 ang 12 = 5) 

Compare 57 and 5) 

Since S6 $1 :T] aT] 
: : Answer 
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a SL 
For all integers @ and 6 and all positive integers c and.d: 


1 4 >A if and only if ad > be. 


a b, FP 
2. £< Fit and only if ad < be. 


Exercise 36 on page 511 for a proof of the second statement.) 


, 
Thus, 4 > + because (48) > (37): 
§ < $ because (7015) < (49) 


or > to make a true statement 


Example 3 Replace the —2— with <, = 
5 ae! b. 6+ 33 


9 


46 
7 


b. Write 0 as 


33 
9 


(469) 2 (5307) 


65 < 414 > 371 
| ma 8 
| 2 < 9 
| Answer Answer 


Rational numbers differ from integers in several ways. For example, given 
any integer, there is a next greater integer: =8 follows —9, 1 follows 0, 24 fol- 
lows 23, and so on. However, there is no “next greater’” rational number after 
a given rational number. This property of rational numbers is called the density 


property 


OE 
The Density Property for Rational Numbers 
Between every pair of different rational numbers there is another rational 
number. 


The density property implies that it is possible to find an unlimited or end 
less number of rational numbers between {wo given rational numbers. For ex- 
ample, if a and > are rational numbers and a <b, then the number halfway 


1 a 
from a to b is a + >(b — a); the number one third of the way from a to b is 


1 
a + L(b = a); and so on 
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id a rational number between } and >. 


a 
4 


Choose, for example, the number halfway between 
can be expressed as: 


Check: wise bi<3? 
Is (324) = (19)(4)? Is (196) = (524)? 
R<76 4 14< 120, 


ere 
- 22 is a rational number between 3 and =. Answer 


The number halfway between two numbers is also their average since 
a_atb 


Express each number as a quotient of two integers. 


534 
"Sample s31 Solution 7, 


= 
n 
' 


i 10. —4. 


21.4 13. 3,3 14. -3, 


15. How many integers are between —4 and Yow many rational numbers? 
16. How many integers are between 100 and 101? How many rational numbers? 


17. Is —7 a real number? an integer? a rational number? 


and}. This number 
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Written Exercises 


Replace the 2 with <, =, or > to make a true statement. 
iW,» 2 3» zm) I» 

ee Eee ss 

5 3. 3. See 13 4 & 


12 Th 


Arrange each group of numbers in order from least to greatest. 
435 3 Si 28 
: 10, 2 


>», 


di Lt 
4° 15° 167 2 


12. —3.8, —=, —3 13. 


id the number halfway between the given numbers. 


4 naa 

15. 2 and + and 3 
5 6 3. 3 

18. = and ~ 595 and —34 


If x € {0, 1, 2, 3}, state whether each fraction increases or decreases in 
value as x takes on its values in increasing order. 


ae) 


£ 2. 
3 Bs t 


. «the fraction increases. 


Pare 


Sew 
14 
12 —3x 


g 


7 v4 9 
cs a. at 25. 


27. Find the number one-third of the way from 1 to 2. 


28. Find the number one-fourth of the way from 
29. Find the number one-fifth of the way from ~2 to 


30. Find the number three-fourths of the way from + to S 


31. Find a rational number between + and > 


32, Find a rational number between ~ 1 a 


3a 

33. Write an expression in simplest form for the number halfway between 3 
and — 4 
my acts 

34. Write an expression in simplest form for the number two-thirds of the Way 
from ~ 1 to ~ 2 
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a, Brian and Lou agreed to share equally the profits from their lawn mow- 
ing business. At the end of one week, Brian had earned $27.50 and Lou 
had eamed $35.50. Brian said, “You owe me half the difference, which 
is $4.00." Was he right? 

b. In general, suppose Brian received a dollars and Lou received » dollars, 
where b > a. Show that if Lou gives Brian 4(b ~ a) dollars, then each 
will have exactly the same amount of money 


C 36. Supply the missing reasons in the proof of the following theorem: 


bh 


For all integers a und and all positive imegers ¢ and d. : <j if and only if ad < be. 


Proof If 4 <", then ad < he 


1. $<8 1. Given 
2 theta (ane Hee Z 
2, Be (since S i} jee 
3. ad <be 3 
it <4. then ad < be 

Proof? Mad <be, © <4 
1, ad < be 1. Given 
2, th < ME (since ed > 0) Dee 
3. 4<8 aot 


cif ad < be, then 4 <4 


<4 it and only if ad < be 


Mixed Review Exercise 


Solve each inequality and graph its solution, 
1. 3y+4=10 2. (0.5 +4) < 10 3, 10 + 612 — K=22 
4. 2+2)=5 5. 


Write as a fraction in simplest form. 


7. 35% 8. 0.6 9. 4.4 10, 3-104 Te 
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11-2 Decimal Forms of Rational Numbers 


Objective To express rational numbers as decimals or fractions. 


Any common fraction can be written ay a decimal by dividing the numerator by 
the denominator, If the remainder is zero, the decimal is called a term 
ending, or finite decimal. 


Example 1 Express 3 as a deci: 


0.375 
Solution —8)3.000 The division at the left shows that 2 


24 
aa can be expressed as the terminating 
tee decimal 0.375. Answer 
56 
40 
40 
0 


If you don’t reach a remainder of zero when dividing the numerator by the de- 
nominator, continue to divide until the remainders begin to repeat 


Example 2 express cach rational number as a decimal: a. > by 


0.833 0.6363 ee 2857142 
Solution a. >—-6)5.000 bf 17.0000. 28 7723.0000000 
48 66 21 
20 40 20 
18 3 14 
20 70 wo 
ny 6 
2 40 
35 
50 
7 49 
| 7, = 0.6363. . 10 
H 
30 
28 
20 
M4 
6 


= 3.285714285714 
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‘The decimal quotients shown in Example 2 are nonterminating, 
unending, or infinite. The dots indicate that the decimals continue without end. 
We write: 


0.833:... q 0.6363 3.2857 14285714 


They are also called repeating or periodic bee: 
digits repeats unendingly. A bar is used to indi 
peat. as shown below 


e the same digit or block of 
te the block of digits that re- 


== 0,83 
canes V1 


When you divide a positive integer # by a positive integer d, the remain- 
der r at each step must be zero or a positive integer less than d. For example, 
if the divisor is 6, the remainders will be 0, 1, 4, or 5, and the division 
will terminate or begin repeating within 5 steps after only zeros remain to be 
brought down. In general: 


cee asm Pe ee ee ee 
For every integer and every positive integer d, the decimal form of the ra- 


tional number a either terminates or eventually repeats in a block of fewer than 
d digits. 


To express a terminating decimal ay a common fraction, express the deci- 
mal as a common fraction with a power of ten as the denominator, This frac~ 


tion is then usually expressed in simplest form 


| Example 3° express each terminating decimal as « fraction in simplest form 
| a, 0.38 b. 0.425 


— 3 1B: Be a HES eT 
Solution 3. 0.38= j= 5 © 425 = shy = aD 


‘The following examples show how to express a repeating decimal as a 
common fraction. 


| Example 4 txpress 0.542 as a fraction in simplest form 
Solution et N = the number 0.542 


Let n = the number of digits in the block of repeating digits 

Multiply V by 10" 

Since 0.542 has 2 digits in the repeating block, n = 2 

Therefore, multiply both sides of the equation N = 0.542 by 10”, 
100N = 100(0.542) 


(Solution continues on the next page.) 


or 100. 
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Since 0.542 = 0.54242 . . . , 0.542 can also be written as 0.54242 


Then 100(0.54242) 
= $4,242 
Subtract N from 100N_ JOON = 54.242 
N= 0.542 
\  99N = $3.7 


sa eT ey Ste LTD. 


Solve for N, 9 9 330. 


_ 179 
330 


+ 0,542 Answer 


Example § express —0.375 as a fraction in simplest form. 


Solution — First, express 0.375 as a common fraction 


Let N = the number. 

aa Since there are 3 digits in the repeating 
5.375 block, multiply N by 10°, or 1000. 
Then subtract. 


1000N 


33-0375 = — 


oe ieee: 
Since 0.375 3b 


All terminating decimals and all repeating decimals represent rational numbers 


that can be written in the form 4 


4. where 1 is an integer and d is a positive in- 


teger. 


It is often convenient to use an approximation of a lengthy decimal, For exam- 


Ty 88 0.53846, 0.538, or 0.54. 


ple, you may approximate 


(SS SS 
‘To round a decimal: 


1. If the first digit dropped is greater than or equal to 5, add | to the last digit 
retained. 


2. If the first digit dropped is less than 5, don’t change the last digit retained. 


Example 6 shows decimals being rounded to various decimal places. The 
symbol ~ means *‘is approximately equal to."" 
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(to the nearest thousandth) 
(to the nearest hundredth) 


b. 0,416 ~ 0.416 (to the nearest thousandth) 
~0.42 (to the nearest hundredth) 


c 0.53 ~ 0.54 (to the nearest hundredth) 
=0.5 (to the nearest tenth) 


(to the nearest tenth) 
(to the nearest unit) 


(to the nearest tenth) 
(to the nearest unit) 


Round each number to the nearest tenth. 
1, 5.358 2. —0.729 3.46 4. 3,482 


6-10. Round the numbers in Exercises 1—S to the nearest hundredth. 


Tell whether the decimal form terminates or repeats. 


59 1s 
“4 1. 000 7 


oa = 3a. -d 
9 4 
» 500 > 9900 
6. i 15 


2 
3 3 5, ~ 18 
13. 4 14. 6) 1s. ~35 


Express each rational number as @ fraction in simplest form, 
17. 0.2 18. 0.66 19, 0.325 
1.0.4 22. 1.15 23, —0.2 
25, 0.07 26. —1.36 27,2. 


20. 
24. 2 
28. 


§. 0.27 


0.857142 
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Find the number halfway between the given numbers. 


Sample — > and 0.756 Solution > = = 0.75 


4 100 


0.75 + 4(0,756 — 0.75) = 0.75 + 410.006) 


0.75 + 0.003 
0.753 Answer 


29. {and 0.259 and 0.634 31. 0.44 and 04 


32. 0.77 and 0.7 33. 0.83 and M4. 0.121 and} 


alin 


Express both numbers as fractions, Then find their product. 


38. 3 and 0.75 36, 0.875 and 5 37. 0.6 and 
38. 5 and 0.5 39. 0.407 and 0.27 40, (0.35 and 1.336 


41. a. Express £. 2, and © as repeating decimals 


3 
b. Express ra s and z as rep 


ting decimals 


¢. What is the relationship between the numbers in (a) and (b)? 


42. 


. Express + and as repeating decimals. 

b. What is the relationship between the blocks of digits that repeat in (a)? 
3 , 

c. Express 2, 4, and + as decimals 


43. Since dy = 0.07. 2 = 0.01) for 1 


rs = 87 
a. Confirm the fact above by expressing, 35. and $2 as decimals 


b. Express 1 as $9 to show that 0.9 = 1. 


¢. Use the method of Example 4 to show that 0.9 = 1 


Mixed Review Exercises 


Find the prime factorization of each number. 


1, 200 2, 98 3. 1089 4. S. 392 
Solve. 
7. (y + 3-4) =0 8. 9, 7 = —36 
10. kK — 16k = 0 11, jv + 2) =10 12.k+4<16 
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11-3 Rational Square Roots 


Objective 


© find the square roots of numbers that have rational square 


roots 


On page 107, you learned that subtraction “‘undoes’’ addition, and that division 
by a nonzero number “undoes’” multiplication. Similarly, squaring a number 


can be undone by finding @ square root 


I es SS EE 
If a? = b, then a is a square root of b. 


Because 7°? = 49 and (~7)° = 49, both 7 and —7 are square roots of 49. 
The symbol Vis used to write the principal, or positive, square root of 
a positive number. 
V49 = 7 is read “The positive square root of 49 equals 7.°7 


A negative square root is associated with the symbol —V— 


V49 = —7 is read “*The negative square root of 49 equals — 


It is often convenient to use pliss-or-minus notation: 


V9 means the positive or negative square root of 49. 
In the expression V49, the number written beneath the radical sign, such 
as 49, is called the radicand, On scientific calculators you press the key la- 


beled V_ to find the square root of a number 


For all positive real numbers a: 


are roots: Va and —Va. 


Every positive real number a has two sqi 
The symbol Va denotes the principal square root of «. 
Zero has only one square root, namely zero itself; that Is, VO = 0. 


It follows from the definition of square root that (Va) = a. 

Because the square of every real number is either positive or zero. 
negative numbers do not have square roots in the set of real numbers 
re Tool of @ negative number on a calculator, 


If you try to take the squi 


the display will indicate an error. 
= V/100 = 10 and V4- V25 


10. Therefore 


For any nonnegative real numbers a and b: 
Vab=Va- Vb 


Rational and Irrational Numbers 517 


‘Solution 225 ~ v9 


=15 Answer 


If you cannot see any squares that divide the radicand, begin by factoring 
the radicand (page 185). 


= 48 Answer 


100 is VI00 10 > teecceee . 100 _ 00 
Notice that "35" = V4 = 2 and “= = 5 = 2. Therefore "55° =~ 55 


This result suggests another property of square roots. 


Quotient Property of Square Roots 


For any nonnegative real number a and any positive real number b: 


Va 


Ces 
Ve~ 


‘Brample 3 rind the indicated square root: a. Vb ey HE 


* Naan > ar 


1. V6 3. V25 4 -Vi 5. +V169 
6 VIS 8, -V52" 9% (V6) 10. (V3) 

i ht _ | 100. Rl ea 
Ie 55 Ve Be N79 Te Nie 


~ N56 


16.VS-4 17. V8S-Ve 18. VIF—S? 19. VIR? - VS? 20. 


318 Chapter 11 


Find the indicated square root. 


1. V30 2. Vod 3. V100 
5. —\400 6. —V196 7. VIS 
— TBE 
1 Me 1600 
14. 18, y 
361 
Le 1%. \ 308 


48 =3 
V22 4 
21. 22, 
25. 26. 28. Veo 
wf 2 + | 180 _ | tos2 
Bsa ir BR 73 32. y 30,000 
Find the indicated square root. Express as a decimal, You may wish to use 
a calculator to check your answers. 
64 Vod 8& 
64 = \/ = = VS 
(Sample 2 064 — V ttn = Son > 0 
33. V0.04 34. -V0,09 36. —V0.64 
37, Vi 38. V/2;25 40. +V12.25 
41, V0.0196 42. V0.0289 43. 0.0009 44. 0.000049, 


Evaluate the expression Vie — y? — (Vr)? for the given values of x and y. 
4. x=5,y9=3 46. x= 17, y= 15 
47, x= 20, y = 16 48. v= 37, y = 12 
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Expres 

1. 0.125 2. -6.4 3.03 aeate 1(4-2) ; =] 
Factor completely, 

7. 4b? — 12b — 72 8. 16P — 8 9, 64k — k 

10. Sw? — 24wy + Loy 11, 2x7 = 9xy 12. 3 — 2ab — Sa*b 


IES BEE SOF OS TE LE LIND LF EF A ST 
Challenge 


Solve the systems if a, b, and © are positive integers: 4a ~ 11h + 120 = 22 
at Sb de 7 


ree 
Self-Test 1 


Vocabulary rational number (p. 507) 
terminating decimal (p. 512) 
repeating decimal (p. 513) 
square root (p, 517) 


prineipal square root (p, 517) 
radical sign (p. 517) 

radical (p. 517) 

radicand (p. 517) 


Find the number halfway between the given numbers. 


pea Syd 
a 2. it 
1. > and 5 F and 3 


3. 44 and Obj. 1-1, p. 507 


Replace the _2_ with <, =, or > to make a true statement, 


I. Express 0.202 as a fraction in simplest form: 


Find the indicated square root. 


12, V 1089 13, 30h 


Check your answers with those at the back of the 


4 0 


6 
19. #4 Obj. 11-2 2 
. 24 pj. 11-2, p. S12 
14. 2.56 Obj, 11-3, p. 
book 


520, Chapter 11 
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11-4 Irrational Square Roots 


Objective —_To simplify radicals and to find decimal approximations of 
irrational square roots 


You can use the product property of square roots to simplify radicals when the 
radicand has a factor that is the square of an integer other than I 


Example 1 Simplity a. V3240 ob. 75. DVDs ds. V9 
Solution a. V324 = V9-36 = V9-V36=3-6=18 


b. V75 = 


ec. 2V112 = 2V16-7 =2-4V7 = 8V7 


d. V891 = V81- 11 =9V11 


Since integers such as 3, 7, and 11 are not squares of integers, numbers 
such as V3, V7, and VII are not in the set of rational numbers. These num 
bers are in another major subset of the real numbers called the set of irrational 
numbers. Their exact values cannot be expressed as either terminating or repeat 
ing decimals, However, you can use a calculator or the table of square roots at 
the back of the book to find the decimal approximation of an irrational square 
ple, V3 ~ 1.732. V7 ~ 2.646, and V11 ~ 3.317 


root. For e’ 


3 y 1 
+ + + +1 —s- |e = 
0 2 3 4 
mm SS 


nal numbers are real numbers thal cannot be expressed in the form +, 


Irrat 
where a and b are integers 


Irrational square roots are not the only irrational numbers. For example. 7 ts an 
irrational number, as 1s 0.13579 111315 
The set of real numbers is made up of the rational numbers and the irra: 


< have all the properties that you have studied 


tional numbers. The real numb 
so far in this course, In addition, the set of real numbers has the property of 


completeness 


a Rational and Irrational Numbers 521 


eT 
Property of Completeness 


Every decimal number represents a real number, and every real number can be 
represented as a decimal, 


The product and quotient properties of square roots can be used with a 
table of square roots o approximate irrational square roots if you don't have a 
calculator. 


Example 2 Approximate each square root to the nearest hundredth 


b. V0.8 
b. VO8= V80 
Vi100 
| _ 8.944 
“0 0.8944 
From the table: V9 ~ 4.359 = VOB =0.89 Answer 


| 6V 19 = 6(4.359) = 26.154 


. VO84 = 26.15 Answer 


RSP i RE ERE DE SE VOR] 
Oral Exercises 


State whether each number represents a rational or an irrat 


1. Vi7 2. V49 3. Vil 4. 542 
6. (V2)! 1. V3-V3 8. 77 92 123456789. 
Simplify. 

I. 50 12. V150 13. V08 14. V128 15. 30 


Approximate each square root to the nearest tenth. Use your calculator or 
the table at the back of the book. 


16. V500 


18. V2800 19. V4300 20. V6300 


implify 
A 1, V6 2, V28 3. VOR 4. V50 VIS 
6. V24 7. V256 8. V120 9. 2V48 10. 6V 108 
11. 5V72 12. 060 13. V529 14. 324 15. 6V/45 
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16. 14V75 17. V361 18. 864 19. 10/125 20. 3V160 
21. V192 22. V432 23. 5V.600 24. 4V 363 25, 6V 245 
26. 5V567 27. V5625 28. V9200 29. 7V1200 MW. SV 2050 


In Exercises 31-50, use your calculator or the table at the back of the 
book. 


Approximate each square root to the nearest tenth. 


B 31. 300 32. V500 33, —V700 34. —V600 
35, —V5900 36. —V4800. 37. =V 7800 38. + V5600 


Approximate each square root to the nearest hundredth. 
39, Vo8 40. V42 41, —V05 
43. +V0.87 44, +V0.73 45, —V0.07 46. —V/0.08 


Approximate each square root to the nearest whole number. 
47. V/150,000 48. 240,000 49. 420,000 50. 580,000 


Mixed Review Exercises 


Find the indicated square roots. 


2. -V169 
5. VITe 
8.3 9 (e+ 37 
10. [15(a + 2) I. (Mla*beP 12. (62° + Sy*(62* 


The number 7 occurs naturally as the ratio of the circumference of a circle to 
its diameter. It is not possible to get an exact value for 7 since it is an irra- 
tional number. 

The first known approximation (other than just using 3) way given in the 
Rhind mathematical papyrus as (4)*, or 3.1604 This was used until 240 
8.¢. when Archimedes calculated 7 to be betwe . or 3.14, to two 
ces. Four hundred years later this approximation was improved 
< or 3.1416. In China, Tsu Ch'ung-chib gave a value for 7 of 
or 3.1415929 . which is correct to Six dk laces. Indian mathe 


#32. although this was later refined to 


ans used $2 
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Vj Wistorical Note / 7 


mn 


a 


Following the Middle Ages, European mathematicians once again tried to 
get better approximations for 7. In 1706, the calculation had reached 100 deci- 
mal places. William Jones became the first person to use the symbol 7 to rep- 
resent the number, By 1737, was in general use. 

In 1767 7 was shown to be an irrational number, This did not stop people 
from calculating more decimal places. In 1948 the last calculation by hand was 
done to 808 places. Since 1949 computers have been used to approximate 7 
‘The first attempt in 1949 produced 2037 decimal places (after 70 hours of com- 
puter time). By 1967 the value had been calculated to over 500,000 places, 


Extra / Irrationality of 2 


The following proof shows that 2 does not have a rational square root. You 
begin by assuming that 2 has a rational square root and then show that this as- 
sumption leads to a contradiction, Hence, the original assumption that 2 has a 
rational square root must be false. 


|. Assume that 2 has a rational square root 


2. Then, V2 =, where a and b are positive integers that have no common 


prime factor; that is, fa is in simplest form 


a ie 
Thus. 45 is in simplest form 
) 


4. Multiplying both sides of the equation 4 = 2 by b*, you have a® = 26°. 


‘Thus, @ must be even because its square is even, (Recall that the square of 
an even integer is even and that the square of an odd integer is odd.) 


5. Since a is even, you can write a = 2n for some integer m. Then, substituting 
2n for a in a* = 2b, you have (2ny? = 2b? 4? = 2b®, or 2n? = Bb? 


6. Since 21° = b°, b must be even because its square is even. Therefore, you 
may write ) = 2m for some integer m. 


7. ‘Therefore, both a and b have 2 as a factor, This contradicts the fact that a 
and » have no common prime factor. 


§&. Hence the assumption that 2 has a rational root is false since it leads to a 
contradiction, 


Exercise 


Prove that V 3 is irrational 


324 Chapter IT 


ES eS ET 
11-5 Square Roots of Variable Expressions 


Objective To find square roots of variable expressions and to use them to 
solve equations and problems. 


Ts it always true that V Recall that the symbol V" names the princi- 
pal, or positive, square root of a positive number. Thus, when += —9, you 
have 


‘Therefore, it is not always true that Vit = x. If x is positive, V 
x is negative, then Vie = —x. In either case, it is true that 


Ve 


{x} 


When you are finding square roots of variable expressions, you must be 
carefull to use absolute value signs when needed to ensure that your answer is 
positive. 


| Example 1 simpity: 


196y? ob. V36x5 oe Vi 


Solution a, V'1965 


b. V368 = V36- Va"? = ox! (xt is always nonnegative.) 


6m +9 d, VI8a> 


= V196- Vi = 14}y} 


ce. Vin? = 6m + 9 = Vim — 3P = in — 3} 


@ a= N9- Var > Va = 3aV2a 


d. Via’ = V9 


64. 


or — 64 = 0 
(Gr + 8)Gx—8) =0 
3y=—8 or dx=8 
au 8 
v=—Sor x= 8 
Check: 9(8) 2 64 and 9( *) 2 64 
64 = 64 and 64 = 64 
{x _x| 
= the solution set is |*.—%}, Answer 


The second solution of Example 2 is based upon the following property 


Rational and Irrational Numbers 525 


0 ee 
Property of Square Roots of Equal Numbers 


For any real numbers r and s 


P= 8 if and only if r= 9 or r= 


LSS ee ee er ee 
Oral Exercises 


implify. 

1. V25x" 2. V144y? 3. V8la* 4. V64e47 5. 0.09" 
[xe 16 ye m'* 

6 Va Ve Be Vise 9 Ne 1 Toon" 


Written Exercises 


Simplify, 
A 1. Vi2te 3. V28e 4, V3208 
5, —Voe 1. V5 8. —V 16d" 
9. V800"b* 10. V490 1. V75r* 12. V80n° 
13, +V547y° 14. = VSb6r's* 18. —Vi4ar2? 16. —V/400a°* 
Voor”? 256 xy" [ 45m'n? 
7. + a 5 9. 20, y 
BN aD 1B Joost? DONG ON sant 
Oe 23. -Vi24e 24. V1.96K" 
26. Vin? — 12m + 36 
28. 1° = 64 29. 7 -4=0 30, d?-49=0 
32. 0=m? 81 =0 34, 50/7 ~ 450 = 0 
36. 9? — 64 = 0 49 38. 0 = 80p? = 125 
Find both roots of each equation to the nearest tenth. 
B 39, -618 40. a? = 154 41, 0.38 = 77 42. 0,29 =? 
43. « =0 44. w? — 204 = 0 45. — 10.25 =0 46. n> — 13.08 = 0 
47. 9, 48. 72 = 133 49. 0 = 4h? ~ 0.48 50, 0 = 6n* — 0.42 


C 51. 0.13n" = 9.36 
53. &t 1P + (e—-1F 


. Oh = 168 


34. (a+ 3h + la 
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Problems 


Solve. Find each answer to the nearest tenth. Use 3.14 for m. A calculator 
may be helpful. 


A 1. Find the length of a side of a square 
Whose area 1s 300 em* a 

2. Find the length of a side of a square 
whose area is the same as that of a 
rectangle 24 cm by 30 cm. 

3. The length of the base of a triangle is 
3 times the length of its altitude 
Find the length of the base if the area 
of the triangle is 54 m?. 

4. Find the length of a side of a square if 
its area is the same as the area of a 
triangle with an altitude of 18 em and 
a base of [1 em 

5. The search for a missing boat covered 
a circular region with an area of 
164 km?, What was the radius of the 
search region? 


6. If the area of the figure at the right 
below is 600 mm*, find »: 


B 7. The formula s = 4.9F gives the 
approximate distance traveled in 
rseconds by an object falling from 
rest. How long does it uke a rock 
falling from rest to travel 1587.6 m? 


8. A circle inside a square just touches Ex.6 
its sides. If the area of the circle is 
341.9 em*, what is the length of a 
side of the square? 

9. An old water pipe is to be replaced by a new one so that twice ay much 
water can flow through the pipe. What is the ratio of the radius of the new 
pipe to that of the old pipe? 


Let a, b, and ¢ be the lengths of the sides of a triangle. Let 
y=3a+b +c). Then the area, A, of the triangle is 

A = Vas —as — bis — c. Find the area, to the nearest tenth, of a 
triangle with sides of the given lengths. 


C 10. Sem, 10 cm, and 14 em 
1. 14m, 19 m, and 25 m 


6 em, 6 cm, and 6 cm 
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[LS ae 
Mixed Review Exercises 


2. -6V76 , 8 3. 5V306 

5. 67-3 6. 4x28) * 
Evaluate if x =9, y =4, and n= 1. 

Lety 8..xry 9-9 

10. 7 i. y+ 12. (Vyy4 


Use a calculator and the formula A = Vs(s — a)is — bis — c) where 
y= Ma+b +e) to find the approximate area of each triangle whose sides 
are given, Give your answers to the nearest hundredth. 


D 


SN 


1. 7m, Il em, and 14 em 2. 13 mm, 18 mm, and 27 mm 


+ 


3. 12m, 12 m, and 16 m 
§, 2.8m, 3.9 m, and 5.7 m 
7. 9.2 em, 11.8 cm, and 17.1 em 


. 48 mm, 64 mm, and 84 mm. 


2 


» 15.8 em, 16.9 em, and 23.4 em 
. 37.1 m, 46.4 m. and 69.7 m 


ry 


G Career Note / Operations Research Analyst 


Operations research analysts find more 
efficient ways for companies to control 
inventory, schedule personnel, predict 
future needs. and allocate resources. An 
operations research analyst may be asked 
to find the ideal number of parts for a 
manufacturing company to have on hand. 
When working on such problems math- 
ematicians often use a method called 
linear programming (see the Extra on 
pages 499-500) 

Operations research analysts approach 
4 problem by breaking it down and leaming 


everythi 


hey can about each part of the 
problem. They then use computers and 
stalistics to examine possible solutions 
When their analysis is complete, they make 
recommendations to the decision-making 
managers of the company 
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11-6 The Pythagorean Theorem 


Objective ‘To use the Pythagorean theorem and its converse to solve 
geometric problems. 


‘The Pythagorean theorem can be used to find the lengths of sides of right trian. 
gles, The hypotenuse of a right triangle is the side opposite the right angle. It 
is the longest side. The other two sides of a right triangle are called the legs of 
the triangle. 


The Pythagorean Theorem 

In any right triangle, the square of the length of 

the hypotenuse equals the sum of the squares of a 
the lengths of the legs. For the triangle shown, 


+b =c. ? 


¢ (hypotenuse) 


The diagrams below suggest a proof of the Pythagorean theorem. 
gram shows a square, (a + h) units on a side, divided into other figures. 1 
diagrams suggest different expressions for the area of the square. Equating these 
expressions leads to the equation a* + b= °°. 


a b 
a 
b 
» 
| Iv ty 
b a 
(at by =a +b? + 4( 0b) (a+ bP = + 4( Jab) 


e+e +4(Les) = 2 + 4(Lap) 


La + Bm 


Example 1 The length of one side of a right triangle is 28 cm. The length of the hypote- 


nuse is 53 em. Write and solve an equation for the length of the unknown 
side. 


a=Ve - 
Seni V532 — 28° 
V2809 — 784 = V2025 = 45 (Check on next page.) 
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Check: 28° + 4: 
2809 


the Jength of the third side of 
2809 the right triangle is 45cm. Answer 


To draw a line segment with a length of V2 units, draw a right triangle 
whose legs are cach 1 unit long, as shown in the following diagram. 


Then: 


vs the length of the hypotenuse is ‘V2 units 


The following diagrams show that a segment V2 units long can be used to 
construct a segment V3 units long, that a segment V3 units ong ean be used 
to construct @ segment V4 units long, and so on. 


S 4-2 5 6 
Vz \3 2 \5 


A series of such triangles can be used (0 locate irrational square roots such as 
V2, V3, and V5 on the number line, The ares are drawn to transfer the 
length of the hypotenuse of each triangle to the x-axis. Note that ~V2 is lo- 
cated V2 units to the left of 0. 


‘The converse of the Pythagorean theorem is also true. It can be used to see if a 
given triangle is a right triangle 


Converse of the Pythagorean Theorem 

If the sum of the squares of the lengths of the two shorter sides of a triangle is 
equal to the square of the length of the longest, then the triangle is a right tri- 
angle. The right angle is opposite the longest side. 
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State whether or not the three given numbers could represent the Jengths of 
the sides of a right triangle 


a. 8,15, 17 b. 16, 24, 30 
‘Solution a. @t+hh=e bBo ata 
S495? 2 17? 167 + 247 2 30° 
64 + 225 2 289 256 + 576 2 900 
289 = 289, 832 + 900 
, and 17 could form — , 16, 24, and 30 could not form 
aright triangle. Answer aright triangle, Answer 


Example 3 To the nearest hundredth, what is the length of a diagonal of a rectangle 
whose width is 18 cm and whose length is 30 em? 


18cm 
30cm 
6V34 = : 
6(5.831) = ¢ Check: 18? + 30? = (34,99) 
34.99 ~ ¢ 1224 ~ 1224.3 


+. the length of a diagonal of the rectangle is 34.99 cm. Answer 


4 + om =e 
5 : +(-2¥ 
% BES 
@ + 
10, f 7 
h 
8 
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In Exercises 1-10, refer to the triangle at the right. Find the missing A. 
length correct to the nearest hundredth, A calculator may be helpful. 7 
1. a= 10,b=24,¢=_2 2.4=5,b=12.c=_1 
3, a=8,b=5,c= 2 13,b=9,¢= 2 
5.a=8,b=8,c=_t 6. a= 16, b=8,¢=_2 

8 a=_1,b=11 


State whether or not the three given numbers could represent the lengths 
of the sides of a right triangle. 


11. 20, 21, 29 12. 3,.9,.11 

13, 12, 16, 20 14, 16, 32, 36 

15. 15, 20, 25 16. 17. 34, 39 

17. 2a, 3a, 4a 18. 3a, 4a, Sa 

19. 8a, 15a, 17a 20. 6a, Ta, 8a 

In Exercises 21-26, refer to the diagram for Exercises 1-10, Find the 


missing length correct to the nearest hundredth. 


2a 2.4 


23, a wa 


” 
5 


26. a=5b, b 


In Exercises 27-30, refer to the diagram for Exercises 1-10. Find @ and b 
correct to the nearest hundredth. 


27, a= b,c = 60 28. a = 3b, c= 20 


29, a= +b, c= 30 30. a= 


Computer Exercises 


Write a BASIC program that will report whether three positive numbers entered 
with INPUT statements could represent the lengths of the sides of a right tri- 
angle. RUN the program for the following series of numbers 


1. 14, 48, 50 2. 0.8, 1.5, 1.7 3. 27, 36, 45 


53, 
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Problems 


Make a sketch for each problem. Approximate each square root to the 
arest hundredth. A calculator may be helpful. 


A 1. Find the length of each diagonal of a 
rectangle whose dimensions are 33 em 
by 56cm 


2. A guywire 20 m long is attached to the 


top of a telephone pole, The guywire 


is just able to reach @ point on the 
ground 12 m from the base of the tel 
phone pole. Find the height of the 


telephone pole 

3. A baseball diamond is a square 90 ft 
‘on a side. What is the length from 
first base to third base? 

4, The dimensions of a rectangular door 
way are 200 em by 90 em. Can a 
table top with a diameter of 210 cm 
be carried through the doorway? 


5. The base of an isosceles triang 


18 cm long. The equal sides are 
24 em long. Find the altitude 


B 6.Ar 


ht triangle has sides whose lengths in feet are consecutive even inte 


Determine the length of each side 


7. The longer leg of a right triangle is 6 cm longer than 6 times the shorter 
leg and also | em shorter than the hypotenuse, Find the perimeter of the 


triangle 


8. Find the area of « triangle with three sides of length 4 cm. (Hint; Find the 
height first.) 


CY, What is the length of each diagonal of 
a cube that is 45 cm on euch side? 


10. Show that a triangle with sides of lengths»? + y*, 2xy, and 3° ~ y? is a 
right triangle. Assume that x > y 

11. What is the length of each diagonal of a rectangular box with length 
55 cm, width 48 em, and height 70 cm Would a meter stick fit in the 
box? 


12. Gary is standing on a dock 2.0 m above the water, He is pulling in a boat 


that ix attached to the end of «5.2 m rope. If he pulls in 2.3 m of rope. 


how far did he move the boat’? 
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Mixed Review Exercises 


1. 16x!" 2. Ve e+ 25 * 3. V50a%(b + 4° 
ine) 6. ro 5 
a=, 3=28 85 eek $e 
iy ecient} BO) ha ‘7 oe 
k ir 10¢ 28r Os —5 
to. (——) i. aid ey 


Self-Test 2 


Vocabulary irrational numbers (p. 


ean theorem (p, 529) 


Approximate each square root to the nearest tenth, Use a calculator or th 
table al the back of the book as necessary. 


1. V081 2. 1700. 3. — VO0.88 Obj. 1, p. 


Simplify. 

4. Vie? 5. —V8ix%)* Obj. 11-5, p. 
Solve. 

7. w= 64 8. wr —49=0 9, 36y° - 25=0 

10. Find © correct to the nearest Obj. 11-6, p. $29 


hundredth if @ = 14 and b= 17 & i" 
1. Is a triangle with sides 9, 12, and 


14 units long a right tria 


Check your answers with those at the back of the book. 


SLE EL II AT APT ALE LO PL AB 
Challenge 


The followin 


Problem of the Hundred Fowl" dates to sixth-century China: 
If a rooster is worth 5 yuan, a hen is worth 3 yuan, and 3 chicks are worth 


| yuan, how many of each, 100 in all, would be worth 100 yuan? Assume that 
at least 5 roosters are required. 
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Extra / The Distance Formula 


The distance between two points on the axis or on a line parallel to that axis 
is the absolute value of the difference between their x-coordinates. Using the 
notation A'B’ to denote the distance from A’ to B', you can write the following: 


AED TAGES 


A'B’ = 


AB 


B-W=(7-31= 


The distance between two points on the y-axis or on a Tine parallel to that 
axis is the absolute value of the difference between their y-coordinates. 


AC’ = 2-8) =8- 


— 8 = (8-2 =6 


To find the distance between two points not on an axis or a line parallel to an 
axis, use the Pythagorean theorem: 

AC = V(ABY + (BCP 
=VO—3° + 6-4" 
=VEF2 
=V367T4 
=va40 
=2V10 


C19, 6) 


34 (9,4) 


This method for finding the distance between any two points ean be 
in the distance formula. 


The Distance Formula 
For any points Pi(v), ¥)) and Po(r2, Y2). 


P\Ps = Vin 


10 Answer 


=VES—3F + 4— 
= V8)" + (6) 

= Vor + 36 
=V100 

=10 


Solution 2 oP 


Answer 


Exercises 


Use the distance formula to find the distane 


the nearest tenth. 


1. (—6, 0), (4.0) 

3. 3, 4), (9,7) 

5. is — 8). C— 9, 8). 
7. (—4, 6). (5. 2) 

9 (4, 4), (9, —8) 
ii, (—2. 1): (8.3) 


13. Use the distance formula to show that the 
from points AG, 9) and B(—7, ~ 15) 


14. Show that the points R(—4, —1), Si3, 6), 


right triangle. 


Challenge — 


iB 

x 

x 

6 x 

y 1s x 

x—3y = -27,35x=15 5 
Sx + 3y 7, sx =18 

2. Draw a picture on graph paper using line 


tions and inequalities to describe your pic 


the distance between points P( 


5. 4) and Q3, —2) 


PCS. 4) 


¢ between the given points to 


2. @, —9), (0, 7) 
4. (10, 3), (-4, 9) 


6. (7, —2). (4, —6) 
8. (—4, 7), (-9, —5) 
10, (3, —7), (12, —8) 


12. (10, —11), (—9, 3) 


point M(—2. —3) is equidistant 


and 7(2, 7) are the vertices of a 


On the same set of axes, graph the following line segments to draw a picture 


=6,0s 5 
+3y=6,0=x=6 

=4.0. 3 
= 9. 6=x= 18 
x + 3y = 45, 35% 


segments. Write a sel of equa- 
ture as in Exercise 1 
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Radical Expressions 


GEE Sr Se 
11-7 Multiplying, Dividing, and 
Simplifying Radicals 
Objective To simplify products and quotients of radicals. 


You can use the product and quotient properties of square roots together with 
the commutative, associative, and distributive properties to multiply, divide 
and simplify square-root radicals. 


+ 4VI8 = (3-402 = V8) 
= 1236 
12-6 


x 
re) 


Example 1 simplify 3V2-4V 18 Solution 


72 Answer 


2 Simplify y 


rf 


a radi 


You can eliminate the radical from the denominator by multiplyin 
cal expression by an appropriate value of |. For example: 


5 pone 
Vv V7 (v7 no radical in denominator 
3 vis ee 
The process of expressing > as =" is called rationalizing the 


5 
denominator. As you can sce, it is easier to name the decimal value of 39 


than of Y2_ Of course with a calculator it may not matter. In general 


“ee 
An expression having « square-root radical is in simplest form when: 
1. no integral radicand has a perfect-square factor other than 1 
2. no fractions are under a radical sign, and 


3. no radicals are in a denominator. 
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‘Example 2 Simplify: a. 


b. Ve « 
Solution aoe A 
iy 5 


es ee ee 9Vo-3 _ 9-3V2 _ ov? 
" Vit 26 2:6 2-6 4 
a. V8 =2V2 


Example 4 Multiply. Assume that all variables represent positive real numbers. 
a, 3Vab(-2Va) db. VS — Vi 


Solution a. 3Vab(-2V/a) = X{—-2)Val 


b. Vr(S — Vr) = SV — (VP = SV 


va = —6Vab’ = —bah 


Oral Exercises 
Simplify. 
1, V2+V5 3. 4. 4V2°V3 5. V3: V6 
6. V3-Vi2 % ee » fe 
8. ». Vis 10. \7 


ssume that all variables represent positive real numbers. 


2v3 3. V3-V3- V4 
vi 7.V3-V2 
vV44 Il. 6V72 


4. 18 
V3 Mong Vig 

3 8 4 10 

In VE V5 18. V5" V6 
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2g, 248 


v0 
1sv6 
V90 

29, V5(V5 — 2) 30. V6 — V2) 

31. (BV 2-283 27) 32, (3V5)(—V 1027) 

33. (AV a7 b\3V) 34. (SVu?)(—2V'in) 

(Vin) 36. (=r VP —sV 8) 

37. Vin Vin’ + 6) 38. Vax" + 7) 

(39. (V5x(V20BV10F) 40. (V3a)(V 20260") 

41. 42. V27- V3n+ V5n 

4a. 44. nV Iny? 


el 
MeN Ne 


45. 3 


47. W3atV 12a — 28a") 48. Ver(V3e — 4V8e) 

49, 3V8mF(2VIm ~ SVE") 50, 2VOr'i3VEx — SV3x) 

$1. 2V3y')5 52, (SV2x) 

53. (V 0m) \rVSiry — yV 100") 54. (V18ab)(aV 30° + bV Sab") 


Rationalize the numerator. 


Simplify. 
7. Wx + 23x 4) +5 8. 124+ 7 — (Ba — 17) 9. 4(2b = 6) — Sib ~ 4) 
10, (-Se7d(—4ed") Mh. 4m +34 1lm—4 0 12 aie + 24 4204 
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2 ee 
11-8 Adding and Subtracting Radicals 


Objective ‘To simplify sums and differences of radicals. 


You can use the distributive property to simplify the sum of 4V7 and 5V7 
because each term has V7 as a common factor 


Example 1 simplify 4V7 + 5V7 
Solution § 4V7+5V7=(4+5)V7=9V7 


On the other hand, terms that have unlike radicands cannot be combined. 


Example 2. simplity 3V6 — 2V'13 + 5V6. 
Solution 3\- 


134+ 5V6 = + 5)V6 = 2V19 =8V6—-2\ 


By expressing each radical in simplest form, you can sometimes combine 
terms in sums and differences 


of radicals, 


Example 3 simplify 7V3 — 4V6 + 2V48 — 6V54. 
Solution 7/3 —4V6 + 2V48 - 6V5 


TV3 —4V6 + 2V16-3-—6V9-6 
= 1V3 —4V6 + (4V3) — 63+ V6) 
V+ 8V3—18VE 

6 Answer 


‘To simplify sums or differences of square-root radical 
|. Express each radical in simplest form. 
2. Use the distributive property to add or subtract radicals with like radicands, 


SS ES a 
Oral Exercises 


State the terms in each expression that can be expressed with the same 
radicand. Simplify the expression if possible. 


1. 3VS + 2V5 2. 8V3 —5V3 3. AVIT-8VI1 
4. 6V7+9V7 + 2V7 5. 8VI4—SV14 + V3 6. 3V17 — 3V13 + SVIT 


7. 12V3 -7N3 8. 8V15 — SV15 + 7V15 9, 6V17 — 5V17 + 3V17 
10, V27— V3 ML. V48 + V3 12. V24 + V6 
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Written Exercises 
Simplify. 
1. 8V3 —6V3 3. -13V17 -7V 17 


80 — 12V 6, -2V aN6 
32 3 9, 3V28 -— 2/45 

10. —4V75 + 3V147 WM, -11V8 - 7V12 12. V150 — 5V96 

13, 9V13 ~— 6V11 + VIB 14. -4V2 + 6V72 — 8V32 

15. SV28 + 2V7 — V4 16. —3V72 + 6V52 — 7V 128 


18. 4V112 + 5V56 - 9V 


3Vi0 + 5y qh 


oes 
29, 30. 3y 75 ~4+V60 
uM 32, SV2(4V8 — 2V'12) 
Simplify. Assume that all variables represent positive real numbers. 

33. 2V498 — BV 160° 34. 4V 72s — 29200 


3%. \ 55 ~ TI 


BVE-NG 
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Mixed Review Exercises 


Write each equation in slope-intercept form. 


6x + 10 2. Sy r+ 1050 3. 
sy =4 5.x +6 6. 
Tx=-ytl 8. 7-x+ My=0 9. y 
For each parabola whose equation is given, find the coordinates of the 
ex and the equation of the axis of symmetry. 
10. y= —4r Ih y= - or +9 12. y=5 
Solve. Assume that no denominator is zero. 
4y Wx 4 1 10 
= ER 
Lasts 79 aT cee) es} bane leis 
3 7 1 2-3 1 pt2 Pp 
Oo 1 Ee a Toner a 18. 4p-1 4p+3 


Juan de Ia Cierva was bom in Murcia, 
Spain, in 1895. He attended school 
there and later graduated from the 
Special Technical College in Madrid 
Juan de la Cierva was interested in 
At age 17, de la Cierva 
and two friends assembled a biplane 


aireraft design de 


¢ from a French air- 


using the wreck 
This airplane became the first 
Spanish-built plane to fly. De la Cierva 
later designed and built a monoplane and 


crart 


the world’s second trimotor, a plane 
powered by three engines 

After the crash of the trimotor, de la 
Cierva des 


ed a new type of aircraft, 


the autogiro 


This aireraft resembled a 
cross between a helicopter and an air 
plane. the top of the 
plane was not powered, but moved when 
De la Cierva 
) Would eliminate 


The large rotor a 


uir passed over the blades 


hoped that this desi 


crashes caused by engines stalling 


at low 
speeds. In 1923, one of his autogiros 


flew successfully 


In 1928 de 


la Cierva was able to fly 
an autogiro across the English Channel 
The concept of the autogiro reached its 
high point in 1933 with a model that 
could take 
was capable of a speed of 100 mi/h 


f in a space of six yards and 


5. 


4 


> 
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Extra / Proving Divisibility Tests 


You may have learned the following divisibility tests in an earlier course. 


‘These tests rely on our decimal system of numeration, They can be proved by 
writing expressions for the values of the numbers involved. 


‘Brample Prove the divisibilty test for 9 for a three-digit number, 
“Solution — A three-digit number with digits 4, and w hay a value of 


100h + 101+ w= 99h + 9 + he +O. 


Since 99h + 9r is divisible by 9 the entire right-hand side 
of the equation is divisible by 9 if and only if the sum of 
the digits. + 1+ u, is divisible by 9. 


Exercises 


1. Prove the test for divisibility by 3 for a three-digit number 

2. The number 87,154,316 can be written as (871.543) + 100 + 16, Explain 
why you need look only at the last wo digits to see if the original number 
is divisible by 4. 

3. Prove the test for divisibility by 4 for a six-digit number. 

4. Prove the test for divisibility by 8 for a six-digit number. 

(Hint: See Exercise 3.) 

5, Prove that a six-digit number is divisible by 11 if and only if the sum of 
the first, third, and fifth digits minus the sum of the second, fourth, and 
sixth digits is divisible by 11 

6. Devise a test to check whether cleven-igit numbers are divisible by 11 
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SS 
11-9 Multiplication of Binomials 
Containing Radicals 


Objective — To multiply binomials containing Squiire-root radicals and to 
rationalize binomial denominators that contain square-root 
radicals. 


In Chapter 5, you Iearned some special methods of multiplying binomials, We 
can use these methods when multiplying binomials containing square-root radi- 
cals. 


| Example 1 simplity (6 + Vti6 ~ VIN). 


‘The pattern is (a + b\(a — b) 


(6+ VID6 — VI) 


Example 2 simplity (3 + V5~ 
“Solution — The panem is (a + bP =a? + 2ab + FP, 


(3+ V5P = 3V5)] + VSP 
9+6V545 
14+ 65 Answer 


Example 3 simpiity 2V3 ~ 5V79. 
‘Solution The panem is (a ~ by? = a? ~ 2 


(2V3 — SV7P = (2V3)9? — YAVISV7)| + (SVT)? 


ab + b* 


= (2V3 22MSHV BVT) + (SVP 
= 43) — 20V21 + 25(7) 

= 12- 20V21 +175 

= 187 — 20V Answer 


If b and d are both nonnegative, then the binomials 
aVb + eMd and aVb~ Vd 
are called conjugates of one another, Conjugates differ only in the sign of one 
term, If a, b,c, and d are all integers, then the product 
(aVb + cNdMaNb ~ Vad) 
will be an integer (sce Example 1), Conjugates can be used to rationalize bino- 
mial denominators that contain radicals 
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27 
315 + 2V7) 
3-avir 


15 + 6V7 
~ 35 = 28 


+6N7 
3 
1S, ONT 


=15 4 
3 3 


Example 4 Rationalize the denominator of ——= 


NT 


Complete. Express in simplest form. 


1. (V5 + 3(V5 - 3) =5-—_= 


3. (V2 492 =24+ 2. +9=11+ 


State the conjugate of each binomial. 


5. 


Al. 
3. 


mplit 


B+4V5 6. -7-3V11 


(2+ V32-— V3) 
(V15 + VIS — 6) 


. (V3 = V2"V3 + V2) 


7. 24+ V7) 
9. 2V2—3)" 
i. (V3 — 25° 
13, (2V7 + V3)2V7 -— V3) 
15. (6V'5 — V7KOV9 + V7) 
17. (4V3 — 5)(2V3 + 3) 
B 19. 2V5—6V7)3V5 + V7) 
21. (4V 11 = 2V2K6V 11 + 82) 


2.44 Vila = VID 

4. (V19 = 9-19 + 9) 

6. (VIS — V3\-V15 + V3) 

8. (8 — Vor 

10, (4V 10 + 3)° 

12. V7 — V3)? 

14. (3V5 — V2)3V5 + V2) 

16. (8V 11 + 2VOX8V 11 — 26) 
18. (6V2 + 4372 — 5) 

20. (IV 13 + 2VO6)2V13 + 3V6) 
22. (8V6 — 2V302V6 3V3) 


(8 — VO8 + V6) = 64 
. 6 — VIP = 36-2 + 
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Rationalize the denominator of each fraction, 


i 3 1 


24. 25, 26. — 
2+ V3 US —=2 Nie 5: 
23, 445 29, W3=4 30, YS=2 
pod fi ‘ oT 42 V3e1 
32. —S 33, 442N2 34, B—2N3 
Wwi-s 2¥5'\-3 3V2+3 


— 5x — 7, find the value of each function, 


AND) = (VIP — SV) — 7 


=7-5Vi-7 
=-SV7 Answer 

35. f(V6) 36, fC 10) 37. (V2 + 1) 

38. fiV3 + 2) 39, f(-2+ VIN) 40. (V7 —2) 


41. Show that (4 + V7) and (4 — V7) are roots of the equation 7° ~ 8x + 9 = 0. 
42. Show that (5 + V3) and (5 — V3) are roots of the equation y? — 10y + 22 = 0. 


aN 


43. Show that (2 + 7) ana 1) are roots of the equation 


av? — 4-1 = 0 


C 44. Write an expression in simplest form for the area of a triangle whose base 


5=2 ‘ 
is 4V9.=2 units and whose height is Y9,"° units. 


Simplify each expression, assuming that the value of each variable is 
nonnegati 


47. BaVb ~ eSaVb + 3c) 


48. (6 + Vie = VY) 46. 


a ee SE SD 
Mixed Review Exercises 


Sim Assume the radicands are nonnegative real numbers. 
1. V8" 2. AV 15x + 3V5 3. 6V8 — 4V2 
63 + 5V2 [3.5 5, /gl 
4. 4V63 + SVR 5. V2: \2 6 VI2- Vat 
7.8 - 8. (2p +72)? 9. (Gab + x6ab — x) 


ve. 


10. 7p — 3 = 6(p + 2) — 14x +45 =0 


36g" = 16 
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MEISE SG 5 
11-10 Simple Radical Equations 
Objective — To solve simple radical equations 


Skydivers must plan carefully before 
free-falling from an airplane. The 
formula they use to determine the 
velocity of their free falling is 


v= V2d. where v is the velocity 
in mvs, g = 9.8 m/s*, and d is the 
distance in meters 

An equation like v = V2gd 
that has a variable in the radicand 
is called a radical equation. 
Simple radical equations are solved 


by isolating the radical on one side 
of the equals sign and then squaring 
both sides of the equation 


Example 1 Solve 140 = V 209.8). 
Solution 140 = V29.8)d Check: 140 2 V2(9.8)(1000 


140 = V19.6d 140 = ‘19,600 
(140)? = (V 19.60)? 140 = 140 
19.600 = 19.6d 

1000 = d 
the solution set is {1000}. Answer 


Example 2 solve VSx + 1+2=6 
Solution §=\V5i+1+2=6 Check: ViQVF14+226 


V5y 
Sx+1= 16 Vib+226 
| 5x = 15 $4226 
r=3 6=6 
the solution set is {3}. Answer 
When you square both sides of an equation, the new equation may not he 
equivalent to the 01 al equation, Therefore, you must check every possible 
root in the original equation to see whether it is indeed a root By the multipli 


cation property of equality, any rot of the original equation is also a root of 
the squared equation, Thus, you are sure to find all the roots of the original 


equation among the roots of the squared equation 
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Example 3 Solve Vie ~ 63 ~ 2v=0 
“Solution Viie 


Vile = 63 = 2x 


-63—2%=0 


{Set apart the radi 
one side of the: equation, 


11? = 63 = 4x? {Square both sides. 


= 63 
9 
or 
Check: VUIGF = 63 ~ 23) 20 Vie 3 = 63 — 2-3) 20 
V09— 63-620 V99 63 +620 
V3 -620 V%H +620 
6-6=0 6+660 


—3 is not a solution 
~. the solution set is {3}. Answer 


Oral Exercises 
. Vy =8 3. Va=10 
5. V4a= 10 6. V4m =8 
8 VE=0 9.Nz 


State the first step in the solution of each equation. 
0. \ 9 iv 
13. Vx—5+1=8 14. 2V5b = 6 


Written Exercises 


Solve. 

A LVx=3 2. Vy=14 
4.9=V3a 5. Vix=2 
7.1=Vm-3 8 7=V:r-2 
10, Vy-4+=2 HM. 3 = 4 
13. Vet 1=3 14. Vn +5=1 
16. 5 = 2V3x 17. V4x+2=6 
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A 


Solve each system of equation: 


49, 


15V2=5V1 
V2m* — 10 = 4 
V5i7 — 36 = 2b 


Vx + 6 = Vier 


3Va + 5Vb= 
SVa-SVb 


50. 


2Vx + 3Vy = 13V2 


Solve. 


Us 
2. 


The square root of three times @ number is 15, Find the number. 
Twice the square root of a number is 22. Find the number. 
is 3. Find the number. 


One eighth of the square root of a numbet 
‘The square root of one eighth of number is 3. Find the number. 

When 4 times a number is increased by 5, the square root of the result is 
11, Find the number, 

When 23 is subtracted from the square root of three times a number, the 
result is 16. Find the number 


The radius (7) of a cylinder is related to its volume (V) and its height (1) 
by the formula r=.) 4. Find the volume of a eylinder whose radius is 


15 em and whose height is 36 cm, Express your answer in terms of 7. 


‘The time it takes a free-falling object to full can be found by using the for. 
2 


where ris in seconds, y= 9.8 m/s, und y is the distance 
& 
in meters. Find the distance an object falls in 15 s. 


mula t= 
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9. The current / that flows thro 


sh an electrical appliance is determined by 


1 = \E. where P is the power required and R is the resistance of the ap 


pliance. The current is mea 


ured in amperes (A), the power in watts (W) 


and the resistance in ohms (Q). An electric hair dryer has a resistance of 


60 © and draws 4.5 A of current. How much power does i 


C 10. The geometric mean of two positive numbers is the pos 


itive square root of their product, Find two consecutive 
1s whose geometric mean is 4/39. 


positive even int 

11. The period of a pendulum (7) is the amount of time 
(in seconds) it takes the pendulum to make a complete 
swing back and forth. The period is determined by the 


formula T = 2ary 5 where / is the lengih of the 


pendulum in meters. Find the length of a pendulum 
with a period of 8 seconds. Give your answer to the 
nearest tenth, (Use 3.14 for 7.) 


Express in simplest form. 


1. (5 + VO\S — V6) 2; V5) 

4,273 2V5) 
i} v5 

Factor completely. 

7. Te? ~ 14a +7 8. 8-4? - 457 


10. y9 + y? — 6y — 6 Il. 4e° — 100g 


Self-Test 3 


Vocabulary simplest form of a radical (p. 537) conjugate (p 
rationalizing the denominator (p. 537) _ radical equation (p 

Simplify. 

1. 2V3-5V3 2 

3. 6\ VB -4viB +17 4. 

5. (3 — Vor 6. 


Chapter 17 


use? 


% Ox 
12. 36x? + 24xy 


344) 


Obj. 1 


Obj. 1-8, p. $40 
Obj. 11-9, p. 544 


Rationalize the denominator. 


1.2 
V7I-3 
Solve. 
94+ Vin =9 10. V5r—343=6 Obj. 11-10, p. 347 


Check your answers with those at the back of the book. 


WE PME OEP PIES. FLT ALE SP PA A 
Extra / Fractional Exponents 


In Chapter 4. you learned the rule of exponents for products of powers: 


nen 


For all eee integers m and n, a= a" 
Thus. you can simplify 24 - 2° as follows: 


ee 59 


If the rule of exponents for products of powers were to hold for all positive 
numbers, and not just for positive integers, what would be the value of 1 in the 


equation 2” + 2” = 2? OF course, n = 4, as the following shows 
Since 2" 2k ott = 

you have Pr = 2! 

The bases are equal (and not —|, 0, oF 1), Therefore, the exponents must be 


equal. Thus. 2n = 1, or n= 4, and you have 2"? 2! = 2 


,,, Because V2+ V2 =2 and (—V2)\(—V2) = 2. it makes sense to define 
2! as either the positive or negative square root of 2. Selecting the positive. or 
principal, square root, we define 


2'? = V2, 

Radicals are not restricted 10 square roots, The symbol Wa is used to indi- 
cate the principal nth root of a, where 1 is a positive integer, Thus, you can 
have third (or cube) roots, fourth roots, fifth roots, and so on, As you have 
seen, the root index, n, is omitted when n = 2. 

Just as the inverse of squaring a number is finding the square root of that 
number, the inverse of cubing a number is finding the cube root, For example, 
since 2 = 8, WR, read “the cube root of 8."" is 2. Likewise. since 

—2)' =—8, V—8 = -2 

While W/—8 is a real number, V—8 is not. In general, you can find odd 

roots of negative numbers but not even roots. 


an odd positive integer, Va" =a. 
as Ws 
an even positive integer, Wa" = jal. 
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Example 1 Solve 4"-4"-4"= 4 
Solution 4" 4"- 


4 
=4! Since the bases are equal, the exponents are equal. 
=I 


n= L 
3 
Is it always possible to find the nth Tool’ of a? Think of iis Since a" is 

$ positive when 1 is an even integer, Va. and hence a’, its exponential 
form, do not name a real number if n is even and a <0. For example, since 
2 = (2) = 16, Y= 16, or 16)", does not name a real number. Thus, we 
have the following definition. 


a a A A 
For all integers n> 1, 


alt = Wa. 


When a <0 and n is even, neither a” nor Wa names a real number. 


Example 2 Write cach of the following radicals in exponential form. 
a VS b.V7 «V2 a V—1 


You know that V7 = 7! How would you write (V7)? in exponential form? If 
the rule of exponents for a power of a power is to be true for all positive expo- 
nents. then 


Hise = Ps 


If Wa is a real number and m and 1 are positive integers, then Way" 
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Write each of the following radicals in exponential form 


a. (VSP ob. (V6). (V2 a. (W10) 


Solution a, 5 


b. (V6 = 679 = 6 


c. (1/2)! = 5)! = 2° d. (WTO) = 0") = 10% 


Simplify 


a? 


e. (=27)"8 — d. (~ 106) 


(Vay == 


e (2 ((-27)'6P 


d. (—16)°? = {(—16)'?) = (V=16)", which does not name a real number, 


Exercises 


Write each of the following radicals in exponential form. 


A 1.V6 2. V10 
5. V; 6.N3 
9. V10 10, V-12 


13, (V2) 14. (V7)5 


Simplify. If the expression does not name a real number, say so. 


B 17, 64'? 18. 3/9 19, 27/8 
20. 100! 21, (—64)'" 22. (—625)'* 
23. (—1296)'4 24. (—343)'9 25. 335 
26. 16° ri as 28. s+ 
29, (-9)'7 30. (— 1000)" 31, 36" 

32. 25°72 33, 125° 34, 2435 


6. 3" ED. i 


=36 39, alsin. glY3n — 16 40, 70/5. Sn = 343 
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Many calculators have a square-root key. It is possible to use this key to find 
the fourth root, eighth root, sixteenth root, and so on, of a number. You'do 
this by working with powers of 2. If you have a scientific calculator you may 
be able to use a special key to find Va for other values of 1 that are not pow: 
ery of two 


Find the ing 


‘ated roots of each number. 


Sample — kighth rot of 32 
Solution — Express ¥ as a power of 2: 8 


This tells you that you need to press the V_ key three times: 


15422108 Answer 


1, Fourth root of 48 


Fourth root of 196 
3. Eighth root of 150 4. Eighth root of 38 
5. Sixteenth root of 164 6. Thirty-second root of 200 


Chapter Summary 


|, A rational number can be expressed as a fraction in simplest form, 


bt 
where a and b are integers and b > 0. Rational numbers in fractional form 
can be expressed as either terminating or repeating decimals by dividin; 


2. Irrational numbers are represented by nonterminating, nonre 
Which may be rounded to convenient number of places for use in computa- 
tion, These numbers cannot be represented in fractional form. 

3. Square roots may be rational or irrational. Irrational square roots may be 

approximated using a calculator or a table of square roots, 


4. Some quadratic equations can be solved using the property of square roots 
of equal numbers (page 526) 


5, Many problems involving right triangles ean P 
be solved using the Pythagorean theorem: 
+h =e. b 


6, Radical expressions can be added. subtracted, multiplied. and divided. The 
product and quotient properties of square roots (pages 517-518) are useful 
in simplifying expressions involving radicals. Divisions can often be simpli 
fied by rationalizing the denominator 
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Chapter Review 


Give the letter of the correct answer. 


1. Find the rational number halfway between 4 and © 
ah eas 4 3 
a6 Dag ai Ly 
2. Compare } and 41 
Siu seat, 
eK P See, 
3. Express 7 as a decimal, 
a. 0.45 b. 0.454 ©. 0.45 d. 0.045 
4. Express 0.37 as a fraction in simplest form. 
rid 7 S15, 9 
& 100 b. oo © [000 as 
5. Find V 1764. 
a. 420 b, 42 «4.2 d. 0.42 
as 8 
». 3 « § a8 


Ts erence V2700 to the nearest hundredth, Use a calculator or the table 
of square roots at the back of the book. 


a. 5.196 b. 51.96 c. 519.6 d. 519 
8. Simplify V96. 2 a ‘ 
a. 6V4 b. 16V6 ce 4V6 d. 8V6 


. Simplify V2.25a°b70. 


: 


a. 1.Sa*be"| b. 1 SVatb*e® ©. 1 Suthe? 
10, Solve Sn* — 405 = 0 

a. {9} b, (9, —9} © {3, -3} d. (81, =8I} 
11. The shorter sides of a right triangle are 16 cm and 30 em long. Find the 

length of the hypotenuse 

a. i4em bh. 460m © 34m d. 1156 em 
12. Can a right triangle have sides 1S m, 36 m, and 20 m long? 

a. yes b. n0 
13. Simplify V 15° VI2. 6 f 

a. 6V5 b. 9V20 e. 12V5 d. 5V6 


14. Simplify VI6 + 3V8 ~ 2V2 


a. 4+ 3V8 — 2V2 b. 44+5 44 4V2 d. 8V2 


1-3 


M4 


11-6 
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15, Multiply @ + W714 — V7) f 11-9 
a. 16 b. 23 ©. 16 -2W7 ao 


16. Rationalize the denominator of 


a 33 b. -3-2V3 d.34+2V3 
17, Solve Van + 1-6 = 8 11-10 
a, 39 b.3 ©. SI 


Chapter Test 


1. Find the rational number halfway between -* and 2. Ml 
2. Arrange 4. 2, and 3 in order from least to greatest 
3. Express 5 as a decimal 112 
4. Express 0.16 as a fraction in simplest form. 

jas 6, Find 0.0089 11-3 
5. Find 235 . Find V0. 3 
7. Approximate V3400 to the nearest tenth, Use a calculator or the table of 14 


square roots at the back of the book. 
8. Simplify V15 
0. Simplify V121a'b”. 1 
12. In a right triangle, the hypotenuse is 19 m long, and one of the shorter 1-6 
sides is 8 m long. Find the length of the other side to the nearest 
hundredth. 


3, Is a triangle with sides 14 units, 40 units, and 50 units long a right 
triangle? 


9, Simplity 4/216. 
Ive 3a” — 108 


Simplify. 
4, (35 
14. +. 1s, S18 117 
Na, Nea 18V6, be 

16. 4V2+V72 17, 3V24 — 4V54 1-8 
18. (V5 + 3)? 19. (V7 — V2XV7 + V2) 9 
20, Rationalize the denominator of — ae 

21, Solve V3x +2 = 4. 11-10 
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Cumulative Review (Chapters 1-11) 


Simplify. Assume that no denominator is zero. 


1. -21-2-6+3 2. aba? + Sab +b?) 3. (ath + 97? 
4, (—3p + 2g) 12p — q) 5. G.2 x 10°47 6. (Gx — 13x — 28) = x—7) 
8 Iau + 15 10x 
FE 10e + 25 = 25 
i. VID ~ V63 12. 2V3(5V6 + 4V2) 
15, 
16. 16y*— 87 +1 17, 407 ~4ed + PP —9 18, 127 — 17¢ — 5 


19, use a number line.) 
—h 


Graph the solution set. (In Exers 
19. 2-x=4 20, 2 


3 wa wey <6 


22, Write an equation in standard form of the line that contains (O, 2) and (~1. 8). 
23, Find the least vi 
24. Express 0.5 and 0 


25, Graph the solution set of the system: r+ y <4 
y 220 


jue of the function fx? = 44 4 


as fractions, Then find their sum. 


Solve each equation, inequality, or system. Assume that no denominator is 
zero. If there is no solution, say so. 


26, 2y— 3 =|-151 27. y% of 15 = 12 28, ty t 

29. 4d? —12d+9=0 30. 2n? + Sn—3 =0 uo A 

32. x—2y=8 33. 2v— Sy=-] Mo v+ lly =3 
3x + 2y=9 ax ly = =I Sx + 28y =7 

35. 55 %-1=9 36, dy — > 12 37. 7-3bh<9 

38. 2V7=3V2 39, Vip—l=p 0. VE+7= 1 

41. The hypotenuse of a right triangle is 9 em long and another side is 5 em 


long. Find the length of the third side to the nearest hundredth, Use a eal- 
culator or the table of square roots at the back of the book 

42. Two groups entering a museum each paid $70. One group included ten 
adults and four children. The other included five adults and sixteen chil- 
dren, Find the admission price for children and for adults 
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Maintaining Skills 


Solve each system. Use either method shown below. 


Sample 1 


a= 2y = 1 
Bx Sy =6 


(Substitution Method) Solve one equation for one of the variables (in this 


case, x), and substitute in the other equation. 
x-2y=1 = 
3x -Sy=6 


203) + b= 7 
‘The check is left to you. .. the solution is (7, 3). 


(Multiplication with the Addition-or-Subtraction Method) 


Tx— 2y. Tx 
oxt+ y 


‘The check is left to you, ~. the solution is (2, 5). 


a. 
6. 
% 
12. = 
i «+72 15. 2+ 3y 
ket 39 = = 3x + 14y = 
17. 4x + 3y =8 18, Sy - oy=1 
Sx + 4y = 13 23} 
20. 2x — 7y ae 
x+8y = 16 
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Mixed Problem Solving 


Solve each problem that has a solution, If a problem has no solution, 
explain why. 


A 1. A boat travels 4 km in 20 min with the current. The return trip takes 24 min, 
Find the speed of the current and the speed of the boat in still water. 


2. Half the square root of twice a number is 5. Find the number. 


3. The base of a triangle of a given arca varies inversely as the height. 
A triangle has a base of 18 cm and a height of 10 em. Find the height of 
a triangle of equal area and with base 15 cm. 


4. Two trains leave a station at noon traveling in opposite direction: 
speeds of the trains are 80 km/h and 100 kmvh. At what time wi 
be 225 km apart? 


5. The average orbital speed of Saturn is 14 kmis slower than the speed of 
Mars. The speed of Saturn is also 7s the speed of Mars, Find each speed, 


6. A fraction’s value is 3. If its numerator and denominator are both increased 
by 3, the resulting fraction equals §. Find the original fraction, 


7. The Robinsons bought a computer at 25% off the usual price. The total 
cost, including a 4% tax on the sale price, was $1170. Find the usual price 
excluding taxes. 

8. How many liters of water should be added to 24 L of an 18% acid solution 
to form a 15% solution? 


. Sandy can complete her paper route in 45 min, When her sister Kris helps 
her, it takes them 18 min to complete the route. How long would it take 
Kris alone to complete the route? 


10. Isabel invested $8000, part in an account paying 6% interest and part in 
bonds paying 8%. If she had reversed the amounts invested, she would 
have received $100 less, How much did she invest in each’? 


23: 


11. The numbers of nickels and quarters in a bank are in the ratio 
the coins are worth $7. how many of each type are there? 


12, The length of a rectangle is 1 cm shorter than a diagonal. The length is 
2 cm longer than twice the width. Find the perimeter of the rectangle. 


13. Find the price per kilogram when 8 kg of almonds worth x dollars per kilo- 
gram are mixed with 4 kg of raisins worth x + 2 dollars per kilogram. 
Give your simplified answer in terms of 
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The path of a ball thrown upward is 
the ball 


Quadratic Equations 


12-1 Quadratic Equations with 
Perfect Squares 


Objective —_To solve quadratic equations involving perfect squares. 


In Chapter 5 you learned how to solve certain quadratic equations by factoring, 
In Chapter 11 you learned how to solve quadratic equations of the form s° = k 
This lesson extends what you learned in Chapter 11 to any quadratic equation 
involving a perfect square. Later in this chapter you'll learn more general meth- 
ods that can be used to solve any quadratic equation and to determine its num- 
ber of roots 

The property of square roots of equal numbers (page 526) leads you to the 
following information about the roots of x7 = k 


(WINNIE Sense 
If k>0, then x° = k has two real-number roots: if 
If k = 0, then x7 = & has one real-number root: 
If k <0, then x° = & has no real-number roots. 


Examples | and 2 show you how to use this information about roots to 
solve some quadratic equations. 


Example 1 Solve: a. m= 49 b. Sr? = 45 


Solution a. »? = 49 b. Sr? = 45 
m=2V99 pao 
m= 27 r=+V9= 33 
. the solution set is {7, ~7} the solution set is (3, —3} 


Example 2 Solve (x + 6)° = 64 
Solution (x + 6? 


r+6 


Check 6)? 2 64 (+14 + 67 2 64 
(8)? 2 64 (-8)? 2 64 
64 = 64 64 = 64 

the solution set is {2, —14}, Answer 
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An expression such as (x + 1)", x, or (Sx — 3)? is called a perfect 
square, Whenever an equation can be expressed in the form 
perfeet square=k (k= 0), 
you can solve the equation by the method shown in Examples | and 2, (You 
may find it helpful to review Lesson 5-6 about squares of binomials.) 


Example 3 Soe: a. 5(x- 4° = 40 b. 2 + 6y +9 =49 


b. 9? + by +9 = 49 


(y + 3) 
y+3 
y=4 or } 
The check is left to you, The check is lef to you. 
©. the solution set is, © the solution set is {4, —10} 
{442V2,4-2V3}. Answer Answer 


The perfect squares occurring in Example 3 are (x — 4)? and (y + 3). 
Note that Example 3(b) could also have been solved by factoring. 

An equation that has a negative number as one side and a perfect square as 
the other side has no real-number solutions, This is so because the square of 
any real number is always a nonnegative real number 


“Example 4 solve 2(3 ~ 5? + 15 =7. 
“Solution 23x —5)'+ 15 =7 


28x — 5)? = —8 
Gx - 57 =-4 


~. there is no real-number solution. Answer 


a a a a 
Oral Exercises 


Express each trinomial as the square of a binomial. 
‘Sample? + 8y + 16=(y +4y 


1+ oxt9 2. xt ae 4 3. x7 + 10x + 25 
4, + 16x + 64 5. x? — 14x + 49 


| 
| 


Solve. 


= 180 
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Written Exercises 


Solve. Express irrational solutions in simplest radical form, If the equation 
has no solution, write ‘‘no solution.”* 


11. 6x7 — 18 =0 
14, 47° -7 = 29 
17. (y- 67 = 13 


23. (x + 3)? = 56 24. 62 + 5)? = 42 
B 25, 7+ 6x+9=16 26. x7 — 14 + 49 = 64 27, 7? — 22+ 121 =4 
2 = fear a la_ 2 
28, y>— I8y +81 = 144 29. Sx elbpys ore 
32. te -4=3 P+ W8r+ 81 = 225 


8 
Se y=s)=—3 
Solve each equation by factoring. 
40. 7y' — 28y = 0 41. 7a’ — 175a = 0 42. fe 16 =0 
43. 465-15 =0 44, 8x5 = 302 45. 8x5 = 512 
Solve. 
C 46. 3(5x- 2)? =27 47, 5(@x — 1)? 20x — 27 +5=11 
49. How many different real-number solutions does a(x + b)° = c have if; 
a. a> 0 and ¢ > 0? b. a<O and ¢ < 0? 
ce. a<Oandce>0? d. a>O and c = 0? 


quam 2 SS EEE 
Mixed Review Exercises 


Express each square as @ trinomial. 


1. @— 1p 2. (y+ 5)? 3. (6x — 7° 4. (-3e + 4? 
: 1)? eee Ms 
s. (x+4) 6. (x +4) ca ear 8. (34 +4) 
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12-2 Completing the Square 


Objective To solve quadratic equations by completing the square. 


In Lesson 12-1 you learned that it is always possible to solve a quadratic equa- 
tion that has the form 


perfect square =k (k=0). 
If a quadratic equation does not have this form, it may be possible to transform 
it into one that does by a method called completing the square. 

Study the perfect squares below, The main idea behind completing the 
square is shown. 


(x +4)? = x7 + 8x + 16 (a—SP= 
. 
(4) =16 


10x + 25 


In each case, notice that the coefficient of x? is 1 and that the constant term is 
the square of half the coefficient of x. 


Method of Completing the Square 


For x7 + bx + 


1. Find half the coefficient of x; & 
+ 
2. Square the result of Step 1: (4) 
3. Add the result of Step 2 to. x2 + bx: x2 + by + (8) 


4. You have completed the square: x? + br + (4)'=(x +4) 


Example 1 Complete the square 


aot + 1dr + 2 be = 9+ 2 
Solution a. + 14x +49 = (x +77 b. 2 - 9x + 2 


' a 
14)? _ t 
(4) =49 . 


who 
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“Example 2 soe «° — 3x — 18 = 0 by completing the square. 
Half the coefficient of 


is —3. Square it and add 
the result to both sides: 


2 9 9 
P= tt 2 = 18+ 
e— St G18 +5 


The check is left to you, 
~. the solution set is {6, ~3}. Answer 


“Example 3. Solve Sx’ + &« + 1 = 0 by completing the square. 
Give irrational rots in simplest form. 


= —1 |Divide both sides by 5 so that 


Sx? + Bx = 


1 (the coefficient of x° will be 1 


The check is left to you 
[-44.VT 


©. the solution set is | 


You can use a calculator or the table of square roots on page 682 to find 
decimal approximations of the irrational roots in Example 3. 
4+ 3.32 _ -0.68 _ _9 136 
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| S220 9) 
Oral Exercises 


Complete the square. 


2 + 182 + 


3, mi? + Sm + 2 = (m + 


At me ae ee ae 8 


Written Exercises 


Solve by completing the square. Give irrational roots in simplest radical 
form and then approximate them to the nearest tenth, You may 
use a calculator. 


A 1 -4x= 2. y? + By = 10 3. w+ 6w = =3 
+ 18e — 175 =0 5. 20v + 19=0 6. 2 — 6z—-307=8 

+ 18y + 32 = 226 . 2b° + 16b=4 9, Sx? — 20x = 10 

MM. x? — Se 12, 2? -Te-2=4 


Solve the equations by (a) completing the square and (b) factoring. 


- 12+ 35=0 14. y? + Sy + 56 =0 Vokee 


x —35=0 
16. 3c? - Te =6 17. 2y 


=oy—9 18. 4n? + 12n+ 5 


Solye. Write irrational roots in simplest radical form. 


Solve for x in terms of a, b, and c. 


C 8. e+ bv+1=0 29. x*- bv to =0 30, ax? 4 by to = 0 


V 188 2. 2400 3. 4. V120a°H"e 
& 
ai 7. (Qe = 1) + (Bx + 55x + 3) 
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Ea 
12-3 The Quadratic Formula 


Objective — To learn the quadra 


In Lesson 5-12, you leamed that the standard form of a quadratic equation is 
given by 


ic formula and use it to solve equations, 


ac + bx te =0, 
where a 0. Solving this equation by completing the square gives a formula 
for finding all real-number solutions of any quadratic equation 
ac +h +e=0 


ax + bx = ~¢ 


roe £+( 2 Complete the square 
Lam = 
a 4a 
ac 
dar 
b BP = sac 
+b=+ If b? — dae > 0 
oy V4 
x=-f+ 
2 ~«V 
__ b . VP = Fac 
2a a 


b+ Via 
ui 


The last equation in the solution above is called the quadratic formuta. It 
gives the roots of the quadratic equation ax? + bx + ¢ = 0 in terms of the 
coefficients a, 6, and ¢, In this solution, notice the assumptions that a # 0 


and that 6° ~ 4ac = 0. 


el 
The Quadratic Formula 


0, a #0, and b* ~ 4ac = 0, 


If ar + bx + ¢ 


then 
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Use the quadratic formula to solve 9x7 + 12v — 1 = 0. 
Give irrational roots in simplest radical form and then 
approximate them to the nearest tenth, 


HbA NY A Aa where a= 9, b= 12, and c= 1 
(12) = VOR = 40xK— “I= Vi44 + 
209) 18 


= —!2+6V5 
ww 


The check is left to you 


+ the solution set is |=24- YS =25 YS). or (0.1, -1.4}. Answer 


Remember to write a quadratic equation in the form 
ae + bxte=0 
before using the quadratic formula, For example, to solve 
ci Pa) 
first rewrite the equation as 
4c -9x+1=0 
so that you can easily identify the values of a, b, and c. 


“Example 2 Use the quadratic formula to solve x? 


Rewrite the equation 
in standard form, 


ac 


Where a = 1, b= ~1, and ¢ = 8. 


=e) VOW 40y) _ 1S VI- 2 eV 


1, and V—31 does not represent a real number, 
the equation has no real-number solution. Answer 
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eee 
Oral Exercises 


Read each equation in standard form. Then tell what the values of a, b, 
and c are for each equation. 


1, 3x2 + Sx — 
4, Sd? + 9d = 2 
7, 8m* =m +5 


0 2. 3-92 + 5=0 


Use the quadratic formula to solve each equation, Give irrational roots in 
simplest radical form and then approximate them to the nearest tenth. You 
may wish to use a calculator. 


A 3. 5? - 117 +2=0 
6. m+ 8m +7=0 
8, 2 - 3k - 9. 2+ 8r+S= 

10. n? — 6n-1=0 11, Tx? + 2e=2 +8 +5=0 
13, —4x7 + 2x +3=0 14, j? — 6 = 13 
16, 4y7 = 10v —5 17. 3° + 8x = 2 
Solve. 

B 


We 25 x-1 Bi int ws 


‘The roots of a quadratic equation ax* + bx + ¢ = 0 are 


Fac 
and, 


—b + Vie — 4ac 
= wie 
C 29. Find the sum of the roots of ax* + bx + ¢ = 0. 
30. Find the product of the roots of ax* + bx + 6 = 0. 
31. Write a quadratic equation whose roots are 2 = V5. (Hint: Find the 
sum and the product of the roots. Then use the results of Exercises 29 
and 30 to find values for a, b, and c.) 
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Mixed Review Exercises 


Solve each open sentence and graph its solution set. 
1. jx —4/ 57 2. y+ H=10 3. Bp +51<7 
4.0<22+1=9 5. Vr=9 6. Von+1 
7. 3VGp = 18 8. 19 + 2k| = 15 9. 44 — m| = 


Solve by completing the squares. 
10. y? — 10y + 16=0 i. 


Computer Exercises For studens with some programming experience 


1, Write a program that will solve quadratic equations by using the quadratic 
formula. Provide an output if b? — dac is negative. 


Use your program to solve the following equations. 
27+7y+3=0 3. 4 -Ix+3=0 


2 
4. 3x7 - 8 + 2=0 S$. x°-4r+2=0 
6. -6x+9=0 4. 2xv+3=0 


Extra / Imaginary Numbers 


You know that there are no real-number solutions to the equation x? = —16 
If you take another course in algebra, you'll learn that equations like this have 


solutions that are Amaginary numbers. The imaginary number i is defined to 

be the square root of —1, All imaginary numbers involve i. Some examples 
Si 

are 37, — 9), and 27V3. 


V-iI, and vet | 


The definition of i allows us to solve 1° = —16 over the set of imaginary 
numbers 


t4V 
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In general: 


| - ee ee 
If r>0, then Vr = ivr, 


We write ‘Vr rather than Vr i to avoid confusion with Vii. 
An interesting pattern occurs when you find i" for increasing powers 
of m: 


(-1y-4) 
(-i-i) = 


(i) = =? i 


(“Ii =1 1 He =hy=t 1 
Likewise, it can be shown that i? =i, i? = —1, i)! = =I, and 
so on, 
Exercises 
Simplify each expression to i, —1, —i, or 1. 
te Gs Sorbo a Se 
Simplify. 


Sample. 
‘Solution. 


b. =v ‘NET 
= 4V6-3iV6 = 121+ 
= At 
os 5 
8. —V—500 9. V96 10, ~V~ 144 
12. V=3-V4R 13, VIB» V=108 14, (V4 V9)? 
25 9 vaso 
- = I. 18. = 
Te Ne sh 8. Va 
Solve. 
19, x = —100 20. 7 +63 =0 21. 
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12-4 Graphs of Quadratic Equations: 
The Discriminant 
Objective To use the discriminant to find the number of roots of the 


equation ax + bx + ¢ = 0 and the number of x-intercepts of the 
graph of the related equation y = ax* + bx + c. 


You leamed in Lesson 8-8 that the graph of the 
function defined by the quadratic equation 


is the parabola shown al the right. The x-coordinate of 
@ point where the curve intersects the x-axis is called 
an x-intercept of the curve. This parabola has two 
acintercepts, —1 and 3, because y = 0 for both of these 
values of x. You can also see that the equation 


0, or (e+ I -3)=0, 


has —1 and 3 as roots. 
(SS Se 
The roots of any quadratic equation of the form 
arv+bxt+c=0 
are the x-intercepts of the graph of the related equation 
y=art+bxte. 


The algebraic fact that a quadratic equation can have two, one, or no real- 
number roots corresponds to the geometrie fact that a parabola can have two, 
one, of no «intercepts, as illustrated in the following examples 


+4x+1=0 Related equation. 


Equation 


Solution Graph y 


= —(4) = Ve 


PI) 


$Vv3 
ws the solution set is {-2 + V3, —2 — V3} 


_ Number of roots: two real-number roots Number of x-intercepts: two 
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Equation: + 2x+1=0 Related equation: y 


Solution: Graph i 
-2) = Var 4) 
2) 

vo 


©. the solution set is {—1}. 


| _ Number of roots: one real-number root Number of x-intercepts: one 
Equation: —4:+7=0 Related equation: y —4x+7 
Solution: Graph 7 
‘There is no real-number root since 
V=12 does not represent a real number. - 

|__ Number of roots: no real-number roots Number of x-intercepts: none 


In Examples 1, 2. and 3. the value of b! ~ 4ae in the quadratic formula is 
shown in color. This value is the key to the number of real foots, as shown in 
the following chart 


Value of | Number of diferent real_| Number of sintereens 
# — dac | roots of ax? + br to = 0 eee 
Case | | positive 2 2 
Case 2| zero 1 (a double root) 1 
Case 3 | negative 0 0 


Note that when b? — 4ue is negative. there is no real-number root of the equi- 
tion ax? + br + ¢ =0 because square roots of negative numbers do not exist in 
the set of real numbers, 

Because the value of 6? ~ 4ac discriminates. or points out differences, 
among the three cases shown in the box, it is called the discriminant of the 


quadratic equation 
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CS. a 
Oral Exercises 


‘The value of the discriminant of an equation is given. Tell how many 
different real-number roots the equation has. 


131 2. —$ an0 41 5. 49 


State the value of the diserimi 


6. 7 — Sx +7=0 7. -2x + 3x4+2=0 8. 6° 


(| LS 5 5 De na ra 
Written Exercises 


Write the value of the discriminant of each equation. Then use it to decide how 
many different real-number roots the equation has. (Do not solve.) 


A 1. P-Sx4+4=0 


ar +9=0 3. 2 — lon + 64=0 


4, 27 452-3=0 y— iy+4=0 6. 3 —464+3=0 
7. 4m? + 20m + 25 = 0 . 3a* — 2a — 6 = 0 9. -SP +b+1=0 
10, —4g? + 3g -2=0 IM. 2c? — L4e $0.1 =0 12, Ld? -2d+2=0 


Without drawing the graph of the given equation, determine (a) how many 
s-intercepts the parabola has and (b) whether its vertex lies above, below, 
or on the x-axis, 


a. The ‘intercepts of the graph are the roots of the equation 
Se=¥+6=0, or —xt+5x+6=0. 
Its discriminant is (5)° — 4(—1)(6), or 49 


The equation has two real-number roots. 
The parabola has two 


intercepts. 

b. Since the coefficient of x? is negative, the parabola opens downward 
(see page 384). Its vertex must be above the x-axis (otherwise the 
parabola would not intersect the x-axis in two points) 


B 13. y=x +5 M4. v=- + 3r+6 
16. y=2P + 4v+3 17, y=7x+2- 32 
C 19, Find & so that the equation 92 + 12x + k = 0 has one real-number 


(double) root 


20. Find & so that the equation 4x7 + 12ky + 9 = 0 has one real-number 
(double) root, 
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Se eee a ee) 
Mixed Review Exercises 


implify. Assume no denominator equals zero. 


Ms— 3 12 ae 5 = 16\/5 7 
ary = 2S Ve 3. 6V8 ~ 15V2 + VIB 
b 5 
s. 2+ 104W8.1 = 10° 
L Depe rer Lila CA serge 6. (6.2 + 1048.1 + 10°) 


Find the vertex and the axis of symmetry of the graph of each equation, 


7. y= 40 8. y = 17 + 10x +25 % y 
10, y= x" + 9x —3 I. y=6—Sx+4x 12. y= 
Computer Exercises For students with some programming experience 


Write a BASIC program that computes the value of the discriminant of a 
quadratic equation AX* + BX + C = 0, where the values of A, B, and C are 
entered with INPUT statements. The program should then report the number 
of real roots of the equation. Run the program for the Following equations, 


—3r-1=0 2. 4x? + 28x + 49 = 0 3.7 e+1—=0 


Self-Test 1 


Vocabulary perfect square (p. 562) x-intercept (p. 572) 
completing the square (p. 564) discriminant (p, 573) 
quadratic formula (p. 567) 


Solve. 

1. 6x? = 54 2 (w-3% =7 Obj, 12-1, p. 561 
Solve by completing the square. 

3. a? - 124 +35=0 4 Or 16=0 Obj. 12-2, p. 
Solve by using the quadratic formula. 

aed 3x —2=0 6. P-31-6=0 Obj. 12-3, p. 567 
Give the number of real roots. 

7. 2y? +8=0 8 2-¢+3=0 Obj. 12-4, p. $72 


Check your answers with those at the back of the book 
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Using Quadratic Equations 


(oS ES TT 
12-5 Methods of Solution ” 


Objective — To choose the best method for solving a quadratic equation 


You have learned four methods for solving quadratic equations. Although the 
quadratic formula can be used to solve any quadratic equation in the form 
ax’ + bx + ¢=0, one of the other methods may be easier. Here are some 
guidelines to help you decide which method to use 


a OP a PRE aT 
Methods for Solving a Quadratic Equation 


Method When to Use the Method 
1, Using the quadratic formula 1, If an equation is in the form 
ae + bx +e=0, 
especially if you use a calculator 
2. Factoring 2. If an equation is in the form 
ax? + bx = 0, 
or if the factors are easily seen. 
3, Using the property of square If an equation is in the form 
roots of equal numbers ax t+c=0. 
4. Completing the square 4. If an equation is in the form 


rtict+c=0 
and b is an even number. 


Example — Solve cach quadratic equation using the most appropriate method 
a, 127 — 108 =0 b, 4° - 12+ 7=0 
ce. 4° — 56r=0 dn? +8 2=0 
Solution a. 108 = 0 Use the property of square 
12.7 = 108 roots of equal numbers, 
r=9 pee the equation has 
x= +3 the form ax’ +e = 0. 
the solution set is (3, —3}. Answer 
b. 4x? — 12x +7=0 Use the quadratic formul 
(12) + VERY = 460) since the equation has the 
: 214) form ar + byt c= 0. 
12 = V3 _ 12*4V3 _ 32 V3 
| 8 3 


the solution set is |7— } Answer 
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ce 4° —56r=0 Form ax’ + bx =0 


4i(r— 14)=0 Factor. 
4 or 1-14=0 
1 or r= 14 


“the solution set is (0, 14}. Answer 


ad, +8n-2=0 Form: x7 +br+e=0 
m48n=2 Complete the square. 
n+ 8n + 16=2+ 16 
(n+ 4? = 18 
n+4=+V18 
n=—4+3V2 
©. the solution set is {4 + 3V2, —4— 32}, Answer 


‘Oral Exercises 


State which method you would use to solve each quadratic equation. 


1, +5x-6=0 

4. 8x7 + IL +Ix+2=0 

Tia? Gs. 8. 22 + n+3=0 

10. (x — 11, O-8r +1 =3 

13, Explain why the quadratic formula can be used to solve all quadratic 
equations, 


A 1-12. Solve the quadratic equations given in Oral Exercises 1-12. Write the 
‘answers in simplest radical form 


Solve each quadratic equation by using the most appropriate method. Write 
irrational answers in simplest radical form. 


14,7 = 8 = 11 


=5 18. 0,75x? — 0,3 + 0,03 = 0 


19, 1.4x2 — 0,7x = 0.2 0. 5 an. 223 

B 22, x(x—3) + 4+ 4) = 391-727 23, 2x(x — 3) + 702 — 1) =2 
9A, (x +3) + Ox + 3) = 16 25, Ax — 47° + 4x — 4) =0 
26. (ax + 2x — 1)— 13 = 2x(2—*) 27. (ax — 5) = (8x + 3)? 


Quadratic Functions 577 


Soly 
irrational 

C 28, ox* — 147 +5 =0 
NRE 0 


Be sure that you haye found all real roots of each equati 
answers in simplest form. (Hint: Substitute y for x*.) 


Write 


+ 217 


31, 9x — 64 =0 


18=0 


Mixed Review Exercises 


Evaluate if x = 1, and z = —9, Write irrs 
simplest radical form, 

1, +Vy? — 4x 2. —Vy? ¥ 4z 

4. V2? + dey 5, V2 — yz 


8, 2d? + 3d 
11, 3p? 


4x—15=0 
4ce-2=0 


4p+1=0 


tional expressions in 


Write irrational roots in simplest radical form. 


0 9% r+ Ayn t+7) 
12. 12y? + 24y =5 


Iya — 9) 


Biographical Note / Albert Einstein 


Albert Einstein was born in Ulm, Germany 


in 1879. He attended school in Munich 
and went to college in Switzerland, As he 
excelled only in mathematics and science, 
Einstein was unable to secure a teaching 
position after his graduation in 1901 and 
ended up working as a minor official in 


the Swiss patent office. The job, however, 


left him time to work on his scientific 
studies, 
In 1905 Einstein published three im 


portant papers that were to have a far 


reaching effect on science. One pi 
helped to establish the quantum, or 
particle. theory of light, and for this 
research Einstein was awarded the 1921 
Nobel Prize in physics. A second paper 
contained equations that described mo. 
lecular motion and that could be used to 
determine the size of molecules 

However, it was Einstein’s paper on 
the special th ty that made 
him famous. This theory replaced Isaac 
Newton's theories of the universe when 


ier 


ry of relati 


dealing with objects whose speeds 


approached that of light 
Einstein became a professor at the 

University of Zurich, He eventually took 
4 position with the Institute of Advanced 
Studies in Princeton, New Jersey, At the 
time of his death in 1955. Einstein, like 
left sei yy different from 
the way it was before his work. 


wion, 


ce gre 
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12-6 Solving Problems Involving 
Quadratic Equations 


Objective To use quadratic equations to solve problems. 


Example — The parks commission wants a 
new rectangular sign with an 
area of 25 m? for the visitor 
center. The length of the sign is 
to be 4m longer than the width 
To the nearest tenth of a meter. 
what will be the le1 
width of the sign? 


h and the 


Solution 


Step 1 The problem asks for the length and width of the sign. 


Step 2 Let x = the width in meters. 
Then x + 4 = the length in meters 


Step 3 Use the formula for the area of a rectangle to write 
an equation. 


x(a + 4) = 25 


| Step # Solve x(x + 4) = 2: 
xt + 4x 


=254+4 Complete the square 
29 

| x+2 +V29 

2+V29 


Use your calculator or the table of square roots on 


page 682 to approximate the roots to the nearest tenth 


24+ VI9~-2+5.39=3.39=3.4 


| 2- V9 ~ -2- 5.39 


Step 5 Discard the negative root since 
no meaning 
Check 3.4 
43.4 + 4) 225 
3.47.4) 
25.16 


The numbers are approximately equal, so the approximate 


solution is correct 


the width of the sign is 3.4 m and the length is 7.4m. Amswer 
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Problems 


Solve. Give irrational roots to the nearest tenth. Use your calculator or the 
table of square roots on page 682 as necessary, 


a 


» 


1. The width of a rectangular park is 5m shorter than its length. If the area 
of the park is 300 m®, find the length and the width. 


2. The length of a rectangle is 3 times the width. The area of the rectangle is 


75 cm*. Find the length and the width. 


3. The sum of a number and its square is 56, Find the number. 
4. The difference of a number and its square is 182, Find the number. 
5. The length of the base of a triangle is 4 times its altitude. If the area of 


the triangle is 162 cm’, find the altitude 
(Hint: Area of a triangle = + x base x height.) 


6. The altitude of a triangle is 5 m less than its base. The area of the triangle 


is 42 m*, Find the base. 


7. If the sides of a square are increased by 3 em, its area becomes 100 cm’, 


Find the length of the sides of the original square. 


Holly has a rectangular garden that measures 12 m by 14 m. She wants to 
increase the area to 255 m? by increasing the width and length by the same 
amount. What will be the dimensions of the new garden? 

Cindy and Olaf leave the same point at the same time. Cindy is bicycling 
west at a rate of 2 mi/h faster than Olaf, who is traveling south. After one 
hour, they are 10 mi apart, How fast is each person traveling? (Hint: Use 
the Pythagorean theorem.) 


10, Working alone, Colleen can paint a house in’ 2h less than James. Working 


together, they can paint the house in 10h, How long would it take James 
to paint the house by himself? 


11, Together Maria and Johannes can pick a bushel of apples in 16 min. Maria 


takes 4 min more to pick a bushel than Johannes does. Find the time it 
takes each person to pick a bushel of apples alone. 


12. The Computer Club went on a field trip to a computer museum. The trip 


cost $240 to be paid for equally by each club member. The day before the 
trip, 4 students decided not to go. This increased the cost by $2 per stu- 
dent. How many students went to the computer museum? 


13. The Math Club bought a $72 calculator for club use. If there had been 2 


more students in the club, each would have had to contribute 50. cents less. 
How many students were in the club? 


14. Judith can ride her bike 2 mi/h faster than Kelly, Judith takes 48 min 


less to travel 50 mi than Kelly does, What is each person's speed in 
miles per hour? 
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Pipe A can fill a tank in 4h. Pipe B can fill the tank in 9 h less than the 
time it takes pipe C, a drain pipe. to empty the tank. When all 3 pipes are 
open, it takes 2 h to fill the tank. How much time is required for pipe C to 
empty the tank if pipes A and B are closed? 


Mixed Review Exercises 


Solve. 
Van _ V5 VE=3 _ 3 Vi 
i. = 2. = ee! 
3 1 ene 2 iSite 
3 _ 20 : 7 
4, B= 8 t= 1d 45 eycel pation 
7 om yt2. yr2 


In Exercises 7-9, (x1, 

variation, Find the mi 

Tm = ley =3 
y= 4.2 = 


CAF A SBE EE LE IEEE DF FP IE EP BF ALDI LE IA 


Extra / Quadratic Inequalities 


‘The graph of the quadratic function y I 

y =x7 = 6x + 8 cun be used to illustrate I 

the solutions of the following: \ I 
(1) xe - 6x +8=0 \ / 


(2) x7 -6r+8>0 
(3) e -— Gr + B <0 


The solution set of quadratic equation (1) 
is {2,4}. These two values of x are 
called the zeros of the quadratic function. 

To solve quadratic inequality (2) 
you reason as follows: 


a. If (x, y) is on the graph, then 

y=x— 6x4 
b. If (x, y) is above the x-axis, then y > 0, 
if (x, 9) is on the graph and above the y-axis, then 
0. 


c. Therefore. 


y= — 6x 
4d. Therefore, the solution set for (2) is fv <2 or x > 4} because these 
values of x give points that are on the graph above the x-axis. 


Similar reasoning shows that the solution set for (3) is {2 <x <4] because 


these values of x give points on the graph below the x-axis 
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() t+ 2v+1=0 
Q) +#2e+ 1 0 
Q) e+ wtl<o 


(SOMIIOA Use the graph of y=? + 2v-+ 1. 


(1) Factor the quadratic equation 
+t l=0 
Since (x + Iya + 1) = 0, 
x=-1. 


(2) Since the graph lies above the 
axis for all x except ~1, 
2e + 1 >0 forall v= —| 


(3) There are no values of x for which 
x? + 2v + 1 <0. since the graph 
does not go below the x4 


Exercises 


Graph each quadratic equation. Solve for x when (1) y = 0, (2) y > 0, 


and (3) y <0. 


2. y=atr 
& 


y=x?— Set 12 


16 = 7 


- P= 37 — Sx— 2 


Find the values of x for which each expression represents a real number, 


7. Vie = 3x 8. Vir t+ 4e4+3 


9. Wie = 10x + 21 


Self-Test 2 


Solve the following quadratic equations using the most 
convenient method. 


1, (y+ 27 = 12 2. 2x? + Ox +3 =0 
x? — 10x = 20 4.3 + Or = 0 


The length of a rectangle is twice the width, The area of the 
rectangle is 200 cm’, Find the length and the width. 

6, The perimeter of a rectangular wading pool is 172 m and its 
area is 1800 m?, Find the length and width of the pool 


Check your answers with those at the back of the book. 


Obj. 12-6, p. 579 
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‘s Gas La’ 


Application / Boyl 


Air and other gases have characteristics of temperature, pressure, and volume 
much the same as do liquids, such as water. Air temperature is measured in 
degrees, volume in cubic centimeters or liters, and pressure in millimeters. 

Robert Boyle, a seventeenth-century English scientist, investigated many 
properties of air and gases. He conducted experiments to see how the pressure 
of a gas in an enclosed space is related to its volume, His discovery is used 
today in the modem internal combustion engine and in a simple pump for in- 
flating basketballs or tires. 

Boyle observed that pressure on a confined gas reduces its yolume. In fact, 
he found that with a constant temperature, the volume of a gas varies inversely 
with the pressure exerted on it. This statement, known as Boyle’s Law, can be 
written in these two ways 


pV =k, where & is a constant, 
V is the volume. and 
p is the pressure 
pV = p'V". where p! and V" are the new 
pressure and the new volume, 
respectively 


or 
BaMPIEH 4 22 has a volume of 600 mL at a pressure of 760 mm. What is the volume 


of the gas at a pressure of 800 mm? 


py 
760 & 600 
Te0 x 600 _ y, 
800 
S70 =V" 


. the volume is 570 mL. 


Exercises 
1. A certain gas has a volume of 420 em’ at a pressure of 720 mm. What 
ased to 840 mm’ 


will its volume be if the pressure is inc 

2. A gas kept at 760 mm of pressure occupies 2 L. What pressure must be 
exerted for the volume to decrease to 1.9 L? 

3. A certain gas has a volume of 500 cm! at a pressure of 750 mm. If the 
pressure is decreased to 625 mm, what is the resulting volume? 

4A gas occupies 2m of space at 760 Leah of pressure, It is compressed to 
1 m? of space. What is the new frome! 


5. An underinflated balloon contains 9 m* of helium when the pressure is 
760 mm, What is the volume of the balloon when it reaches an altitude 


where the pressure is 304 mm? 
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Variation 


SSS SS ST 
12-7 Direct and Inverse Variation 
Involving Squares 


Objective —To use quadratic direct variation and inverse variation as a square 
in problem solvin; 


In Lessons 8-9 and 8-10 you leamed about direct and inverse variation. In the 
world around us, there are many examples in which a quantity varies either 
directly or inversely ay the square of another quantity. For example, the 


of a sphere varies directly as the square of the radius: § = 477 


surface an 


This is an example of a quadratic direct variation 


(a 8 a a ee 
A quadratic direct variation is a function defined by an equation of 
the form 
y = ke, where & is a nonzero constant 


You say that y varies directly as x? or that y is directly proportional to 2. 


If (xy. .y4) and (x9, y2) are ordered pairs of the sia 
and neither x) nor x is zero, then 


quadratic yariation, 


Example 1° Given that a varies directly as the square of d. and a = 45 when d = 3, find 
the value of d when a = 60. 


Solution 1 Use a= kd? Solution 2 Use “ = 


aes a 
5 = ki} 45 
45 = 9k Fie 
5k 45 _ 00 
a 
For a = 60; 
60 = Se? 
= 
tVi2=d d= 22V3 Answer 


+2V3=d Answer 


Remember to examine your solution to see if each one makes sense. For exam 
ple, if d represents a length, you can discard the negative solution since a nega 
tive length has no meani 
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The intensity of sound varies 
inversely as the square of the 
distan 
source of sound, Therefore, if you 
halve the distance between yourself 
and a trumpeter, the intensity of the 
sound that reaches your ears will be 
quadrupled 


of a listener from the 


An inverse vari 
of the form 


ion as the square is a function defined by an equation 


ey 


k, where k is a nonzero constant, 


or 4, where x #0. 


You say that y varies inversely as x or y is inversely proportional to x°. 


If (x;, ¥)) and (2, ys) are ordered pairs of the function defined by 
wy =k, then 


ea) 


of y, and that = 2 when r= 3 


Example 2 Given that h varies inversely as the squ: 


find the value of r when h =>, 
Solution 1 Use Solution 2 Use r7hy =r 
2=4 3(2)= 6 
: ir 
Is =k welts 
10 
hey 4p 
For ht 10 ~ ) 
3 _ 18 =+2V15 Answer 


Answer 


Remember that in a particular situation you must examine each root to see 


if it makes sense 


w 
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PL a a 
Oral Exercise: 


Translate each statement into a formula, Use & as the constant of variation where needed. 


1. The kinetic energy. &. of a moving body varies direcily as the square of its 


velocity. v 


The force, F, between two point charges of static electricity is inversely 
proportional to the square of the distance, d, between them 


The weight, w, of an object is inversely proportional to the square of its 
distance, d. from the center of Earth. 
4, The area, A, of the surface of a steel ball is directly proportional to the 
square of the diameter, d, of the ball 


The time, 1, required to fill a pool varies inversely as the square of the ra- 
dius, r, of the hose 

6. The quantity, Q, of heat energy in an electrical circuit is directly propor 
tional to the square of the current, [ 


Problems 


lve. Give irrational roots to the nearest tenth. You may wish to use a calculator. 


A A. The amount of material needed to cover a ball 
is directly proportional to the square of its 
diameter, A ball with a diameter of 12 cm 
needs 452 cm? of material to cover it. If 
1017 em? of materi 
the diameter of the ball? 


is to be used, what is 


2 


The price of a diamond varies directly us the 
square of its mass in carats, If a 1.5 carat 
diamond costs $2700, find the mass in carats 
of a diamond that costs $4800 


The distance it takes an automobile to stop 
varies directly as the square of its speed. If 
the stopping distance for a car traveling at 
80 km/h is 175 m, what is the stopping 
distance for a car traveling at 64 km/h? 


4. The height that a person is above the water is directly proportional to the 
square of the distance the person can see across the ocean. If the captain of 
a ship is 4 m above the water, he can sce about 30 km across the oce 
How far can the captain see if he is 10 m above the water? 


n 


The height of a cylinder o' 


given volume is inversely proportional to the 
square of the radius, A cylinder of radius 6 cm has a height of 24 em 
What is the radius of a cylinder of equal volume whose height is 96 cm? 
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6. The brightness of the light on an object varies inversely as the square of 
the distance from the object to the light source. At a distance of 1.2 m 
from a light source, the brightness on a book page was measured at 
25 Im/m* (lumens per square meter). If the page were moved 0.4 m 
closer to the light source, what would the brightness measure? 


7. The length of a pendulum varies directly as the square of the time in sec- 
onds that it takes to swing from one side to the other. If it takes a 100 em 
pendulum 1 s to swing from one side to the other, how many seconds does 
it take a 150 cm pendulum to swing? 


8. The exposure time needed for a photograph is inversely proportional to the 
square of the radius of the camera lens. If the lens radius is 1 em, the ex- 
posure time needed is 0.01 s. Find the radius of the lens for an exposure 
time of 0.0025 s 


B 9, The height of a circular cylinder of given volume varies inversely as the 
square of the radius of the base. How many times greater is the radius of a 
cylinder 3 m high than the radius of a cylinder 6 m high with the same 
volume? 

10. The strength of a radio signal is inversely proportional to the square of the 
distance from the source of the signal. An observer is 200 m away from a 
source. She then moves to a position closer to the source. The strength of 
the signal at the second position is 16 times as strong as at the first posi- 
tion. How far is she from the source of the signal? 


C 11. The volume of a sphere varies directly as the cube of the radius. If the 
ratio of the radii of two spheres is 4:3, what is the ratio of the volumes 
of the spheres? 


12. The heat emitted from a star is directly proportional to the fourth power 
of the surface temperature of the star. If the ratio of the amount of heat 
emitted from two stars is 16:81, what is the ratio of their surface 
temperatures? 


Solve for the indicated variable. State any restrictions. 


ib + ©) 


1. 3x? — 2 =e ih 


= ans x 3. 


Write an equation, in standard form, of the line passing through the given 

points. 

7. 4.1), O, -7) 8. 3.2), (-6. -4) 9. (4, 3), (—4. 7) 

10, (= 1, =1), (7. 23) IL. (0, —4), (=12, -6) 12, (0, —10), (13, 5) 
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Bo Sy ET 
12-8 Joint and Combined Variation 


Objective —_ To solve problems involving joint variation and combined 
variation Sak 


If Danalee earns $750 next summer and puts her earnings into @ savings ac 
count, the amount of simple interest, /, she will receive depends on her bank's 
interest rate, r, and on the length of time. f, that she leaves the money in the 
account. That is: 

1 = 750rt 


The interest is directly proportional to the product of the rate and the time, This 

is an example of a joint variation. 
pe 

If a variable varies directly as the product of two or more other variables, the 

resulting relationship is called a joint variation. You can express the relation 

ship in the forms 


and oo 
Hi 


You say that 2 varies jointly as x and y. 


Example 1 The volume of a right circular cone varies jointly as the height, h, and the 
square of the radius, r. If Vj = 3207, fy = 15, ry = 8, ty = 12, and rs = 16, 
find V> 


Solution ves 


lary 


32077 
15(8)* 
15(64)V = 12(256\(3207) 


10247 Answer 


If a variable varies directly as one variable and inversely as another, the result- 
ing relationship is called a combined variation. You can express the relation- 
ship in the forms 


y= kx (orz =), where & is a nonzero constant, 


The power. P, of an electric current varies directly us the square of the 
voltage, V, and inyersely as the resistance, R, If 6 volts applied across a 
resistance of 3 ohms produces 12 watts of power. how much voltage 
applied across a resistance of 6 ohms will produce 13.5 watts of power? 


Let P; = 12, V; = 6, Ry =3, P: 
PiR, _ PoRp 


13.5, and Ry = 6. Vs = 2 


12(3)Vx° = 36(13.5)(6) 
Ve = 81 
fy = *VBI= +9 
Discard the negative root since a negative voltage has no meaning, 
~. the amount of voltage is 9 volts. Answer 


‘Translate each statement into a formula, Use & as the constant of yariation 
where needed, 


1. T varies jointly ass and p 

2. V varies directly as ¢ and inversely as ¢ 

3. a varies directly as the square of b and inversely as ¢ 

4. Q varies directly as m and inversely as the square of ¢ 

5. y varies directly as the square of x and inversely as the square of z. 

6. V varies jointly with /, w, and h. 

7. The otal force, F, of a liquid varies jointly as the area of the surta 
the depth of liquid, A, and the density, d. 

8. The volume, V, of a cylinder varies jointly ay its height, 4, and the square 
of its radius, r. 

9. The heat, H, produced by an clectric lamp varies jointly us the resistance, 
R. and the square of the current, C 

10. The pressure, P, of a gas varies directly as 
versely as its volume. V. 

11. The centrifugal force, F, of an object moving in a circular path is directly 
proportional to the square of its yelocity. ¥, and inversely proportional to 
the diameter, d_ of its path 


12. The acceleration, a, of a moving object is directly proportional to the 
distance, d. it travels and inversely proportional to the square of the 


A, 


s temperature, 7, and in- 


time, f, it travels, 
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‘Translate each statement into a formula. Use & as the constant of variation 
where needed. 


13. ‘The kinetic energy, e. of a moving object varies jointly as the mass, m, of 
the object and the square of the veloc 


14. The wind resistance, R, of an object varies jointly as.the area, A. of its 
surface facing the wind and the square of the speed, s, of the wind 


ES ee a aes ee 
Written Exercises 


Solve. Give irrational roots to the nearest tenth. You may wish to use a calculator, 


A 1. c varies directly as @ and inversely as b. Ife = 15 when a = 18 and 
b = 40, find © when a = 36 and b = 25. 
2. d varies jointly as rand ¢, If d = 45 when r = 15 and ¢= 14, find d when 
r=2l and += 8 


3. m varies jointly as v and the square of w. If m = 9 when v= 15 and 
u = 6, find « when m = 60 and v = 25 
4. © varies inversely as the square of / and directly as n. If ¢ = 1 when 


h= It and n = SO, find h when ¢ = 3.63 and n = 6 

The square of y varies inversely asx and directly as. If y = 3 when 

x= 12 and 21, find y when x = 8 and = 8. 

6. a varies directly as r and inversely as the square of v. If a = 15 when 
r=27 and vy = 8, find v when r = 4.5 and a = 10 


B 7. x varies jointly as w and vy. How does « change when both wand y are dou- 
bled? when w is doubled and y is halved? 
8. m varies directly as the square of rand inversely as s. How does m change 
when both r and » are doubled? when both r and s are tripled? 
ae 


9, In the formula A? = 
ad 


. how does h change when r is doubled and d is 
halved? 


BE. 


10. In the formula 2 = ay how does r change when F remains constant, » is 


tipled, and r is halved? 


ixGuiil? ii: a 
Problems 


Solve, Give irrational roots to the nearest tenth. You may wish to use a calculator, 


AL. The volume of a pyramid varies jointly as the height and the area of the 
base. A pyramid 20 cm high has base area of 63 cm? and a volume of 
420 cm*, What is the volume if the height is 8 cm and the area of the base 
is 39 cm"? 
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2. The lateral surface area of a cylindrical jar varies jointly as the diameter 
and the height of the jar. For a diameter of 10.4 cm and a height of 
18 cm, the lateral surface area is $88 em?. What is the height if the hiteral 
surface area is 294 em? and the diameter is 7.8 em? 


In Exercises 3 and 4, apply the statement: The number of persons needed 
to do a job varies directly as the amount of work to be done and inversely 
as the time in which the job must be done. 


3. If 5 students in a typing pool can type 280 pages in 2 days, how many stu- 
dents will be needed to type 2100 pages in 3 days? 


4, If 3 people can mow 300 
people to mow 7000 m?? 


of grass in 0.5 h, how long will it take 7 


§. ‘The cost of running an appliance varies jointly as the number of watts 
used, the hours of operation, and the cost per kilowatt-hour, A 6000 watt 
convection oven operates for 10 min for 15¢ at a cost of 7.5¢ per 
Kilowatt-hour. What is the cost of cooking two meals if each meal takes 
70 min to cook? 


6. The volume of a cone varies jointly as its height and the square of its ra- 
dius. A certain cone has a volume of 7027 em', a height of 15 em, and a 
radius of 12 cm. Find the radius of another cone that has a height of 27 cm 
and a volume of 5767 em* 

7. The distance @ car travels from rest varies jointly as its acceleration und the 
square of the time of motion. A car travels 250 m from rest in 5s at an 
acceleration of 20 m/s?, How many seconds will it take the car to travel 
1800 m at acceleration of 25 mvs*? 

8. The resistance of a wire to the transmission of electricity varies directly as 
the length of the wire and inversely as the square of the radius of @ cross 
section of the wire, An 800 m wire hus a radius of 0.48 cm and a resis- 
tance of 0.3125 ohms. If another wire made from the sume metal has a 
Iength of 500 m and a resistance of 0.5 ohms, what is its radius? 


9. Using the mass of the sun as the unit of mass. and measuring distance in 
astronomical units (AU) and time in years, the total mass of a double star 
is directly proportional to the cube of the maximum distance between the 
stars and inversely proportional to the square of the period (the ume it 
takes each star to revolve about the other). The double star Sirius has a 
period of 50,0 years, a maximum distance of 41.0 AU, and a total mass of 
3,45. What is the total mass of Capella if its period is (1.285 years and the 
maximum distance is 1.5) AU? 

10. For a two-year period, the growth factor of an investment vuries directly as 
the square root of the final value and inversely as the square root of the 
original investment. A $2000 investment with a growth Factor of 1.5 yields 
$4500 in 2 years. Find the growth factor of a $1600 investment that yields 
$4900 in 2 years 


Quadratic Functions 


591 


H1, The heat lost through a windowpane 
varies jointly as the difference of the 
inside and outside temperatures and the 


window area, and inversely ats the 


thickness of the pane. In one hour, 
49,5 joules of heat are lost through a 
pane 40 em by 28 em that is 0.8 em 
thick, when the temperature difference 
is 44° C. How many joules are lost in 
one hour through a pane 0.5 em thick 
having an area that is 0.25 times the 
area of the other pane, when the 
temperature difference is 40° C? 


12, The wind pressure on a plane varies jointly as the surface area and the 
square of the speed of the wind. With a wind speed of 12 mi/h, the pres- 
sure on a 4 ft by 1.5 ft rectangle is 20 Ib, What is the speed of the wind 
when the pressure on a 2 ft by 2 ft square is 30 Ib? 


C 13. The heat generated by a stove element varies jointly as the resistance and 
the square of the current, What is the effect on the heat generated in the 
following cases? 


a, The current is unchanged but the resistance is doubled 
b. The resistance is unchanged but the current is doubled 
¢. The current is tripled and the resistance is doubled. 
14, The power in an electric circuit varies directly ay the square of the voliage 


and inversely as the resistance. What is the effect on the power in the fol- 
lowing cases? 


a. The resistance is constant and the voltage is halved. 
b. The voltage iy constant and the resistance is halved. 


ec. The voltage is tripled and the resistance is quadrupled 


(32 Sl Re REE eer 
Mixed Review Exercises 


Solve each 


1. 3x-2y =1 2Rxt+ y= 10 
x- y=0 v-2y= 16 
4. 5x + 3y=5 Six 
4x+3y=10 exayeed 
Multiply. 
7. (2e + I4a t+ 2) 8. (8s + 4015 9. (71 — 2yy7t + 2y) 


10. (3p ~ 44)? 11. (r — 27 12. (xy — 2)(3xy + 4) 
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Application / //lumination 


Suppose you had to use a flashlight to help you see an object at a very close 
range. You would need to hold the light close to the object to make it clearer 


and 


light and the obj 


nes 


brighter. To see a larger area, you would put more distance between the 
ect. 
Scientists have measured how illumination is related to distance and bright- 


. The brightness, or intensity (/). of a light source is measured in units 


called candelas (cd). A 100-watt bulb gives about 130 ed. Hlumination is the 
amount of light energy per second that falls on a unit area. Illumination is meas- 
ured in luxes (Ix). 


Illumination is directly proportional to the intensity of the source. If the 


intensity is doubled, the illumination is doubled. Illumination on a surface is 


also dependent on 


s distance from the source. The farther the light source is 


from the surface, the lower the illumination. 


Specifically, illumination (E) on a area 9m? 


surface perpendicular to a light souree area $ m? 


varies inversely as the square of the 


di 


‘Thus, if the distance from the light 
source is doubled, the illumination is 


one 


the distance is tripled, the illumination is 


one 
law 


ince (r) from the light source: 
E= 1 


fourth of what it was originally. If 


ninth, This equation is called the 
of illumination 


Solution Use the formula to solve for £ 


99 ed lamp? 


v. the illumination is TL be 


Exercises 
1, What illumination is provided on a surface 4m from a 160 ed lamp? 
2. If a light is giving 315 ed from 3m above a desk top. what illumination is 
provided? 
3. If a lamp gives 216 cd, how far must it be placed from a table surface to 
provide 24 Ix of illumination? 
|. What illumination docs a 120 ed lamp provide at a distance of 2m? 
5, What illumination is provided on the surface of a desk 2.5 m directly 


below a 125 cd lamp? 


What illumination is provided on the surface of a table 3 m directly below a 
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Self-Test 3 


Vocabulary quadratic direct variation (p. 584) int variation (p. 588) 
inverse variation as the square, combined variation (p. 588) 
(p. 585) 


1. The distance that the signal from a radio station travels varies Obj. 12-7, p. $84 


directly as the square of the number of kilowatts (kW) it produces. 
A. 40 kW station can broadcast a distance of 64 km, How far 
could the station broadcast if it produced 70 kW? 

2. The mass of a circular coin varies jointly as the thickness and Obj. 12 
the square of the radius of the coin. A silver coin 2 cm in radius 
and 0.2 em thick has a mass of 26.4 g. What is the mass of a 
silver coin 4 em in radius and 0.3 em thick’? 


Check your answers with those at the back of the book. 


+ p- S88 


Chapter Summary 


1. Any quadratic equation can be solved using the quadratic formula (see 
item 2 below), Some quadratic equations, however, may be more easily 
solved by factoring, applying the property of square roots of equal numbers, 
or by completing the square. 

When ax* + br + ¢ = 0 and a #0, the quadratic formula is expressed as: 

Nv 


2a 


3. The graph of a quadratic equation of the form y = ax? + be + ¢ is a parab- 
ola. The x-intercepts of the parabola correspond to the roots of the related 
quadratic equation ax + bx + ¢ = 0. 


4. The discriminant, b? — 4ac, is used to determine the number of roots of a 
quadratic equation, 


If b? ~ 4ac > 0, there are two real-number roots. 
If 6 ~ 4ac = 0, there is one (double) real-number root. 
If b* — 4ac <0. there are no real-number roots. 


5. Several kinds of variation have been described (k is a nonzero constant): 
a. A quadratic dir 


variation is a quadratic function defined by an equation 


of the form y 
b. An inverse variation as the square is a function defined by an equation of 
the form x¢y = k (or y = 4) 
= 
¢. A joint variation is defined by an equation of the form == kxy 


d. A combined variation is defined by an equation of the form 
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Chapter Review 


Write the letter of the correct answer. 


Solve. 
1, 2x7 — 128=0 12-1 
a. {64} b. [64, —64} c. {8} d. (8, —8} 
2. (a- 257 =9 
a. (22, 28} b. {2, =8} d. {2, 8} 
Solve by completing the square. 
3.2 - 4-77 =0 1-2 
a, {11,7} be {Ul TF & {11, -7} d. {-11, 7} 
4. 2 — 10e — 20=0 
a. {-5 + 3V5, -5 —3V5} b. (3V5 +5, 3VS - 5} 
ec. {5 + 3V5, 5 — 3V5} d. (-3V5 + 5, -3V5 — 5} 
Solve by using the quadratic formula, 
$. 527+ 11z+2=0 12-3 
7. Give the discriminant of 2x7 — 124 
a, =25 b. 25 
8. How many real roots does 7 + 21 3 = 0 have? 
a0 b. 1 z d.3 
9. Give the best method for solving 2y" + 8y 1.5 
a. Factoring b. Property of square roots of 
equal numbers 
¢. Completing the square d. Quadratic formula 
Solve. 
10. The dimensions of a sheet of paper can be represented by consecutive 12-6 
odd integers. If the area of the paper is 143 em’, find the 
dimensions 
a. 1=9em Pathe mee Sem dd. [= 13 em 
eatin w=9em 3em w=} em 
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11. If y varies inversely as x7, and x is halved, then y is 2. 12-7 


a. doubled b. quadrupled c. divided by 4 d. halved 
12. If r varies directly as the cube of ¢ and inversely as the square of s, and 12-8 
r=1 when 5 = 6 and = 2, find r when s = 12 and 1= 4. 
1 7 “a i aa 
ay b. 0 az . 


Chapter Test 


Solve. 
1. 367 = 49 2, Ha — 5% = 21 12-1 


Solve by completing the square. 
15=0 4. P —4b-10=0 12-2 


3. + 2c 


Solve by using the quadratic formula. 
$. 32 -6:-9=0 6. y+ 6y-23=0 


Give the number of real roots. 
7, 2 + 3x4+2=0 8 Pe +4r—4=0 14 


Solve by using the most appropriate method. 
9, 7° - 3x=0 10. 3x7 — 10x -4=0 12-5 


Solve. Approximate irrational roots to the nearest tenth. 


11. A garden is currently 4 m wide and 7 m long. If the area of the 12-6 
garden is to be doubled by increasing the width and the length by 
the same number of meters, find the new dimensions of the garden. 


12. The arca of a square is directly proportional to the square of its 12-7 
diagonal. If the area of a square having a diagonal 16 cm long is 
128 em*. what is the area of a square having a diagonal 24 cm 
lon; 


13. If v varies jointly as 6 and h, and vy = 50 when b = 25 and h = 6, 12-8 
find A when b = 36 and v = 108. 
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Cumulative Review (Chapters 1-12) 


Evaluate if a= —1, b= 1, ¢=0,d=3, 


1. a(b— e&) 
axe 
5. (de + aby 


é 


2. (b +d + ey" 
4. (ad)? ~ (ads 
6. d+e 


Simplify. Assume that no denominator is zero. Each variable represents a 


positive real number. 
7. 5-58 — 7-58 — (—58) 
9. (6 — 136 + 13) 

I, 15(3x — 4) + 5 = % 


13. —2a'b\-20ab? — 15h) 


~T2wixty": 
ee 
—96x'y"2 
17. (Aue = Qu + Qu + 1) 


+4) 


19, (92 — 3X 


25. (271° + 64) + (3x + 4) 


aia lh  =3 
+6649 


Factor completely. If the polynomial cannot be factored, write 
41. 4 +98 
4. 
47. 


40. 49r? + S6rs + 169° 
43. 162" — 48z! — 642 
46. 2a‘ — a*h — 8a + 4b 


125a* 


be + 16 


P+4e3 
10. 3x — (O.4e + 1.29) 


“OP NF 
18. a ~ 23a ~ 2) 

20. Ga* — 2)? 

22, (3.4 x 10'7)(0.2 x 10-9) 


24. (IR ~ 1 — 4) + (9x + 4) 


P+b-12,_ 
b+2 F-5b-6 
ke + Sk — 17k 

re 


33. 3V5(V'180 — 


36. V 108 — 


42. 30° + 91x — 30 
5a 45. 12a*— 5a — 12 
48. —10p? + 2p + 28 


V2 4+ V6 


39. (2V5 + AV INOVS + 42) 
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Solve each equation, inequality, or system. Assume that no denominator is 
zero. If there is no solution, write “no solution.” 


49, tx-2=4 50. 15 — Hy + 1) = 14 ~ Sy 51. Iw + 4 = |-30) 
52, 16 = 4.8% — 2.48 53. 35% of ¢ = 105 54, 3jyj + 5 = 9 
58. 27-92 + 18 =0 56. 9 — 241 + 16= 0 57. 

58, (Ja — 2y(4a + 1) = 59. 3x +4y=2 60. 


Sx + 4y = -2 


67. -2Vi-1=6 69. Vir +1 =2r-6 


70. bn? + Im +2 72, 3° +2-7=0 


Graph the solution set, (In Exercise 73, use a number line.) 


73. a+ 1) >3 4. &k-y=5 75. 3 


76. Write an equation in standard form of the line containing (—1, 1) and 
(6, —1). 


77. Graph the function fix) = 4 — 2x — 37 
78. Write 0.4 
79. Graph the solution set of the system: 


5 as a fraction in simplest form. 


y=2r- 


te 2y=1 

80. Find the length, to the nearest hundredth of a meter, of the diagonal of a 
rectangle that is 10 m by 9 m, (Use a calculator or the table of square 
roots on page 682.) 

81. A plumber and an assistant finished a job in 4h. The job would have 
taken the plumber 6h working alone. How long would the job have 
taken the assistant working alone’? 

82. a varies directly as b and inversely as the square of c, and a = 10 when 
h=8 and ¢ = 2. Find a when b = 20 and ¢ = 5 

83. During a canoe trip, Roberto paddled twice as many hours as Edward, 
and Jim paddled for one hour. If the three of them paddled less than a 
total of ten hours, what is the number of hours that Roberto could have 
paddled”? 

84. During a 3000 mi flight, a plane encountered a strong tail wind that 
increased its speed by 100 mi/h, This increase in speed shortened the 
flying time by one hour. Find the speed of the plane relative to the 
ground 
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Preparing for College Entrance Exams» 


(NINERS to epee ee 
Strategy for Success 


Take your time and be sure to read each question and all the possible answers 
carefully. Although it is important to work quickly, you must be sure not to 
work so quickly that you lose accuracy. Remember that no partial credit is 
given. 


Decide which is the best of the choice 
letter on your answer sheet. 


< given and write the corresponding, 


1, Which number is 2 of the way from ~ + to 


31 95 » 8 
(A) 56 (B) 56 ic) 280 


2. The length of a rectangle is four times the width, The area is 184.96 m’, 
Find the width of the rectangle to the nearest tenth of a meter. 
(A) 6.4m (B) 6.6 m (C) 6.8m (D) 7.2m (E) 74m 
3. Two sides of a right triangle are 8 cm and 15 cm long. Find the length of 
the hypotenuse to the nearest tenth of a centimeter 
(A) 12.9em  (B) 17.0cm  (C) 13.0 cm 
(D) No such triangle is possible. 
(E) Cannot be determined from the given information. 


a A 
s+ Dip y= V3. 


4. Evaluate 5 
es) 


(A) 3-—V3 (B) V3-3 (C) -3-V3_ @) 


<4 


The sum of a positive integer and the square of the next consecutive integer 
is 131. Find the sum of the two integers 
(A) 19 (B) 20 (C) 21 (D) 22 (E) 23 


6. The graph of an equation of the form 
ax! + bx + cis shown at the 
right. Identify the true statement(s). 


1L0<a<1 
IL. b? > 4e 
Me > 0 
(A) 1 only (B) I only (C) IIL only 
(D) | and I only (E) 1, U1, and 1D 


7. The equation «2 + 3x + = 0 has two distinet roots. Which of the follow- 
ing is (are) possible? 


La=l,c=2 I.a=—l,c=~2 MW. a= 1, 
(A) Fonly— (B) Monly —(C) HL only 
(D) | and Hl only (E) 1, U1, and HL 
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Probability ; 


SS SSE] 
Sample Spaces and Events 


Objective To specify the sample space and events for a random experiment 


So far you haye been solving mathe 
matical problems that deal with definite 
situations. You'll now consider the branch 
of mathematics called probability, which 
deals with the possibility, or likelihood, 
that an event will happen. For example 
food company can use the data from a sur 
vey to determine the probability that a new 
sssfull in the marketplace 
Suppose you toss a coin many times in 
exactly the same way, On each toss it will 
land with either a head or a tail up. However 


a 


cereal will be suc¢ 


you can’t predict with certainty which it will be 
An activity repeated under essentially the same 
conditions ts called a random experiment 
when the outcome can't be predicted 


Although you don’t know before toss whether the result will be a head 
or a tail, you do know that only these two outcomes are possible. The set of all 
mple spac 
experiment. For the coin-tossing experiment, if the outcomes are denoted by 
and 7, then the sample space is {H, T} 

Any possible subset of the sample space of an experiment is called an 


possible outcomes of a random experiment is called the of the 


event. When an event involves a single member of the sample space, it is 
called a simple event. In the coin-tossing experiment, there are two simple 
events: {H} and {7} 


the sample space for the experiment 


b. the event that an even number results as) 


¢, the event that a number greater than 6 results 
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Solution a. (1, 
b. (2, 
« {h. 

Suppose you now have two spinners, one blue and 

one red. A simple event in this experiment can be 

represented by the ordered pair (h, r), where b is the 

number from the blue spinner and r is the number from 

the red spinner. The ordered pair (4, 2) represents the 

simple event, “*blue spinner shows 4 and red spinner 

shows 


Example 2 For the two-spinner experiment. give 
a, the sample space for the experiment 
b. the event that the sum of the numbers on the two spinners equals 4 
¢. the event that the sum of the numbers on the (wo spinners is less than 4 


‘Solution a. {(1. 1), (1, 2). (1. 3), 2. D2 (23. BD. GB. B 


(4, 2). (4. 3} 
b. {(1, 3), (2.2). 3, Dh 
ec. {(. 1), (1, 2, DY 


(4D. 


a ea 
Oral Exercises 


A penny and a nickel are tossed. The sample space is {(H, M1), (H, 1), 


(1, H), (1, T)}. State each event. 
1. Two tails up One bead up and one tail up 


2 
3. Exactly one tail up 4. At least one head up 


Each letter of the word FLOWER is written on a separate card. The cards 
are shuffled. Then one card is drawn at random, 

5. What is the sample space for this experiment? 

6. What is the event that the letter on the card is a vowel? 


7. What is the event that the letter on the card is neither L nor W? 


Each of the numbers from | to 8 is written on a separate card. The cards 


are shuffled. Then one card is drawn at random. 
8. What is the sample space for this experiment? 


9. What is the event that the number on the card is even? 


10. What is the event that the number on the card is not less than 5? 
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Written Exercises 


For the experiments described in Exercises 1-7, first give the sample space 
and then give each event, 
A 1. Bach of the letters A, B, C, D, E, HI, J, and K is written on a 
card, The cards are shutfled, and then one card is drawn at random. 
a. The letter is a vowel. b. The letter is not a vowel. ¢. The letter is C, F, or H 


np 


A bow! contains a yellow marble and a red marble. A second bowl con- 
tains a yellow, a green, and a blue marble. One marble is taken at random 
from each bowl. 


a, One marble is green. —-b. At least one marble is yellow. ¢. Neither marble is blue. 


3. A hat contains cards numbered 2, 4, 8, and 15. A second hat contains 
cards numbered 1, 4, and 9. One card is drawn at random from cach hat. 


a. Both numbers are the same: 

b. Both numbers are odd 

¢. The sum of the numbers is greater than 12 
d. The sum of the numbers is less than 6. 


4. A spinner is divided into three equal sections numbered 3, 
6, and 9. A second spinner is divided into five equal 
sections numbered 1, 5, 10, 15, and 20. Each pointer is spun. 


a. Both numbers are odd. 
b. Exactly one number is odd. 


cc. The sum of the numbers is between 12 and 21 
d. The product of the numbers is greater than 60. 


B 5. There are three on-off switches on a light panel. Each switch controls 
one light, 
a. All three lights are on. b. At least two lights are off. ce. At least one light is off 
6, Refer to the (wo-spinner experiment of Example 2. As before, the ordered 
pair (b, r) represents a simple event 
abtr>4 b. ber 


c. b+ risa multiple of 3 do ber>btr 


C 7. A coin collection consisis of a penny, a nickel, and a dime. 
3 coins are randomly selected 


a, The total amount is even. 
b. The total umount is odd 
¢. The total amount is greater than 2¢ and less than 16¢. 


d. The total amount is Jess than 6¢ or greater than I5¢. 
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I AOS Se ET TE TS 
Probability 
Objective — To find the probability that an event will happen, 


Suppose you toss a coin repeatedly. The sample space is {H. 7}. Assuming that 
the coin is fair, the two simple events {H} and {7} are equally likely to happen. 
That is, for a large number of tosses, you would expect the number of heads, 
or the number of tails, to be about one half the number of tosses. 

The probability of an event is the ratio of the number of outcomes favor 
ing the event (o the tou! number of possible outcomes, We write the ratio as a 
fraction. In the case of a tossed coin, if the probability of {H)} is written as 
P(H) and the probability of {7} as P(T), then 


P(H) = PT) = 


The probability of an impossible event is 0. For example, the probability that 
the result of the toss of a coin is both heads and tails is 0. 


PH and T) = 0 


The probability of an event that is certain is 1. For example, the probability 
that the result of the toss of a coin is either heads or tails is 1. 


PH or T) = 1 
‘Thus, for any probability P, 
0=P=1 
The jar shown at the right contains 5 differently TSE 


colored marbles, The sample space is {B, G, YR. W), If 
you randomly pick a marble, the tive simple events are 
equally likely to occur. Thus. O 


1 
5 


PB) = P(G) = PY) = PIR) = FLW) 


In general, if {ay, aa, a3... + 4} i8 a sample space with 1 equally likely sim 
ple events, then 


Play) 


The sum of the probabilities assigned to all simple events in a sample 
space of a random experiment is 1, For example, in the experiment of ran- 
domly picking a marble, 


1 
Pub) + PCG) + PLY) + PR) + POW) = 4+ E4424 


Thus, for the general sample space (4). do. ds- + Gy}, 


P(ay) + Plz) + Plas) +27 + Play) = 1 
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| Example A glass bow! contains 3 red marbles, 2 blue marbles, and 1 green marble. A 
marble is drawn at random from the bowl. Find the probability of each event 


a. Event A: The marble drawn is blue. 
b. Event B> The marble drawn is either blue or green 
ce. Event C: The marble drawn is not green. 


Solution — ‘The sample space is {red 1, red 2, red 3, blue 1, blue 2. green} 
a. Since there are 2 blue marbles, Event A has 2 equally likely outcomes. So 


P(A)= 


b, Since there are 2 blue marbles and 1 green marble, Event B has 3 equally 


likely outcomes. So P(B) = 2 = + 


¢. If the marble is not green, then it must be either red or blue. Since there 
are 3 red marbles and 2 blue marbles, Event C has 5 equally likely out 


comes. So P(C) = 


eee ee ee Re 
Oral Exercises 


selected randomly from the word PARABOLA. Name the 


A letter 


probability of each event. 
1. The letter is a vowel 2. The letter is a consonant 

3. The letter is an A, 4, The letter is a B 

A cube whose sides are numbered 1, 2, 3, 4, 5, and 6 is tossed. Name the 
probability of each event. 

5. The number is odd 6, The number is prime. 

7. The number is less than 7. 8. The number is greater than 0. 


9. The number is not an integer. 10. The number is 3 or 5 


11. Explain why the probability of an event cannot be greater than 1 


ae eee eee ee 
Written Exercises 


Solve. 


A 1. A box contains 4 opals, 5 garnets, and 6 pearls, A jewel is selected at ran- 
dom from the box. Find the probability of the event that the jewel is 


a. an opal b. either an opal or a pearl 
¢. a garnet d. not a garnet 
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2. 


One card is drawn at random from a deck of 13 hearts, 13 diamonds, 13 
clubs. and 13 spades. Find the probability of the event that the card is: 


aas b. ared7 
¢. aclub d. the king of hears 
e ador7 f. an 8.9, or 10 

3. There are 24 students in your algebra class, The students are to explain a 
problem at the board. Each student determines his or her turn by taking 
number at random from a jar, The jar contains the numbers 1-24. Find the 
probability of the event that 
a. you are the first person to explain a problem, 

b. you are one of the first 9 people to explain a problem. 
¢. your number is between 8 and 16 (not including 8 or 16). 
d. your number is divisible by 5. 

4, The results of rolling wo 61 G1) (6.2) i 
numbered cubes are shown in 5 | (5° 4) (5, >) ry 
the table at the right. Copy Allereaty ees ae 
and complete the table. Then |") 5 i 
use it to find the probability Stes Y be 2 : ) 
of each event listed below 2) 2.1) 2.2) ) 
P(5) means ~the probability Hyd.) U2) a) 
of getting a sum of 5.”" ian ry 3 F 5 : 

a. P(5) b. P(not 5) c. P(4 or 7) 
d. P(12) e. PS) f. PQ or 8) 
ge Pinot 6) hh. Pleven number) i, Plodd number) 

5. A penny, a nickel, and a dime are tossed. Find the probability of the eve 
that the coins give: 

a. 3 heads b, exactly Wo tails 
¢. at least 2 heads d. one or two heads 

6. A spinner is divided into three equal sections numbered 1, 2. and 3. A sec: 
ond spinner is divided into four equal sections numbered 2, 4, 6, and 7 
Each pointer is spun. Find the probability of each event 
a, PU, 4) b. PQ, not 2) 
ce. PG, 6) d. Pleven number, even number) 

e. P(sum is 7) f. P(sum is less than 8) 
7. A bug contains | red marble, 2 green marbles, and 3 white marbles. Two 


marbles are randomly selected. Find the probability of the event that the 
marbles are: 


a, 1 red and 1 green b. | green and 1 white 
¢. neither red nor green d. neither red nor white 
e. two of the same color f. | red and a green or a white 


Probability 
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Statistics 


ee TSE 
Frequency Distributions 


Objective ‘To recognize and analyze frequency distributions. 


‘Thirty-one students received the following scores on a test 


77 67 % 63 81 89 100 73 67 85 89 89 95 83 79 890 
66 83 88 97 74 77 88 89 95 79 83 9S 83 98 4 


A collection of data is more meaningful when you have 

nized the data, The table at the right arranges the scores in 
decreasing order and also tells how many students received each 
score. The information given in this table is called a 

frequency distribution. 

Another way to describe a frequency distribution is to draw a 
graph called a histogram, as shown below. In a histogram, data 
are grouped into convenient intervals. The intervals in this histo- 
gram of test scores are 60-65, 65-70, and so on, A test score of 
75 is considered to be in the interval 70-75. while a score of 80 
is in the interval 75-80. A ‘boundary’? score in a histogram like 
the one below is usually included in the interval to its left 


50 55 60 65 70 75 80 85 9% 95 10 
Score 


Frequency distributions are often analyzed using numbers called statistics 
The mean, median, and mode are statistics used in analyzing a distribution, The 
mean of a collection of data is the sum of the data divided by the number of 
items of data. The sum of the test scores given for the 31 students is 2606, 
Then the mean (M) of the test scores is 


16 


sum of data 
M= ae 
umber of items 3 


= 84.06 = 84. 
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‘The median of « frequency distribution {s the middle number when the 
data ure arranged in order. If the number of data is even, the average of the 
two numbers closest to the middle is the median. Arranging the test scores in 
increasing order gives: 


63 66 67 67 73 74 77 77 79 79 81 83 83 83 83 85 
88 88 89 89 89 89 89 91 94 95 95 95 97 98 100 


‘The median is 85. which is the sixteenth score 
The mode is the most frequently occurring number in a frequency distribu- 

tion. A set of data may have one or more modes or none at all, From the fre- 

quency table, the mode of the test scores is 89. The mode is most useful in 

analyzing nonnumerical data. such as color or taste preferences. 

Another important statistic is the range, which is used to indicate the 

‘ad of the data in a distribution, The range of a frequency distribution is the 

difference between the highest and the lowest values. For example, the range of 

the data in the table is 100 — 63, or 37. 


“Example two numbered cubes are rolled 10 times, The product of the numbers after 
each roll are, in increasing order. 2, 6. 8. 12. 18. 20, 24, 24. 30, and 36 
Find the mean. the median, the mode. and the range of the data. 


= 246 RH 1D+ 18 +20 + 24 + 24 + 30+ 36 _ 180 _ 
“Solution 1 ~ ia io = 8 


Since there is an even number of data, the median is the average of the two 
middle scores. 


2 
median = 18 £20 — 38 — j9 


Since 24 is the score that occurs mest frequently. it is the mode. 
The range is the difference between 36 and 2, or 34. 


Computers and calculators, especially graphing calculators, are very useful 
when doing a statistical analysis of data 


Oral Exercises 


1. The histogram at the right shows the frequency 
distribution for the number of points scored ‘ 


ina game by a high school basketball team = 
for a season of 18 games. oe) 
State the number of games in which the team scored: 2 2 


etween 50) and 60 points 
canes s 40-50-60 70 80 90 100 


b. between 90 and 100 points Coens 
‘c. between 60 and 80 points 
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. In four days Michelle earned $5, $3, $9, and $3. For her earings, find: 
a. the mean b. the mode c. the median d. the range 


. In five successive baseball games, the Apex Cougars scored 3, 2. 0, 6, and 
4 runs. For this distribution, find: 
a. the mean b. the mode 


the median d. the range 
4. If the range for & given set of data is 0, explain why the mean, median, 


A 


For the data in Exereises 1-6, find (a) the mean, (b) the median, (c) the mode, 
and (d) the range. Wherever appropriate, give answers to the nearest tenth. 
1. 53, 32, 49, 24, 62 2. 8, 15, 41, 31, 15 
32, 29, 40, 17, 32, 22 4.119, 19.9, 19,9, 13 
61, 53. 5 6. 72. 78. 63, 49, 81. 50. 66 


. In six debate matches David scored 81, 92, 85, 81, 84, and 92. Find the 
mean, the median, the mode, and the range of his scores. 


8. Find the mean and range for the average monthly temperatures given in 
degrees Celsius: —1.5°, 2°. 5°. 16.5°. 20°, 24.5%, 28°, 33.5°, 29.5, 
18.5", 6°, 2.5° 


9. For ten consecutive days, Lara ran 8. 10, 7, 9. 10, 11, 12, 11, 12. and 12 
laps around the track. To the nearest tenth of a lap, find the mean, the 
median, the mode, and the range. 

10. In a class of 25 students, the test scores were 78, 90, 95, 76, 65, 80, 90, 
96, 100, 98, 84, 88, 81, 76, 100, 94, 90, 83. 73, 85, 90, 81, 79. BL. und 
88. First make a frequency table. Then group the data into the intervals 
60-65, 65-70, and so on, Draw a histogram for the data. 


B11. Vin needs an average of 90% in 6 classes in order to participate in a Scho- 
lastic Fair this summer. He knows his percentages in 5 classes: 85, 98. 87, 
85, and 89, What percentage must he have in the siath clays? 
12. If each score on an algebra test is increased by 10 points, how does this 
ject the: 
a. mean? b. mode? ¢. median’? d. range? 
13. If cach number in a set of data is multiplied by three, how does this affect the: 
a. mean? b. mode? ¢, median’? d. range? 
14. The mean of $ numbers is 17. What is the sum of the numbers? 
C 15. Find the mean of 12 numbers if the mean of the first three is 32 and the 
mean of the last nine numbers is 40. 
16. Felicia has a score of 89 for each of her first eight geometry tests. Her 
score on the ninth test is 96, What does her score for the tenth test have to 
be for a final mean score of 90? 
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Extra / Measures of Variation 


Objectiv 


@ To calculate measures of variation for a given distribution. 


You learned previously (pages 606-607) that the mean, median, and mode are 
important numbers for analyzing a set of data. Statisticians are also interested in 
how the data are dispersed, or spread, throughout the distribution. The statistics 
used to measure this dispersion are called measures of variation. 

The range (page 607) is a weak measure of variation because it uses only 
two values of the distribution, For example, compare the range yalues for the 
following two groups of data 


Group A: IL. 12, 14, 14, 14, 14, 19 Range = 19 ~ II 
Group B: 11, 12, 14, 16, 17, 17, 18 Range = 18 — 11 


8 
7 


Groups A and B have almost the same range, but the data in Group A are more 
clustered together than in Group B. Although the range is easy to calculate, it 
can be a misleading measure of variation 

Strong measures of variation use the distance of each value of the distribu- 
tion from the mean, M, The variance, denoted by ir (or is the Greek leer 
sigma), is the mean of the squares of the distance of each data item (x,) from 
the mean. For a distribution of m data items, 


(i —M 
n 


2_ 41-M + Uy — MF 


o 


‘The standard deviation, denoted by ir, is the principal square root of the vari- 
ance. 


Example 1 Calculate, to the nearest tenth, the variance and standard deviation for the data 


6, 7, 9, 10, and 13. 


Solution — First find the mean: 


Make a table to find the square of the distance of each data item from the 
mean (M = 9). 


Since n= 5, the variance is: 


_ 940 OF1+16 


6 ce 5 a 

7 Answer 
9 

y Then the standard deviation iy: 


0 = Vo =V6=24 Answer 
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A useful statistic for identifying the relative position of an individual value 
within a distribution is the distance that a data item is from the mean in terms 
of the standard deviation, This distance is culled the standard score, or z-score. 
For a distribution with mean M and standard deviation o, a data item x, bas a 
standard score given by 


%=M 
a 


Find to the nearest tenth the standard score for each data item in the distribu- 
tion in Example 1. 


In Example 1, M=9 and o = 2.4. 
‘The standard scores are computed 
at the right. Notice the data item 
| 13 has 1.7 as its standard score. 
| ‘This means that 13 is 1.7 standard 


= standard score 


Exercises 
Explain why the standard deviation for 7, 7, 7. 7, 7, and 7 is 0. 


2. Groups A and B on page 609 have almost the same range, Explain why 
Group B must have a higher variance than Group A, Verify this by finding 
the variance for each group, 

3, Golf scores for a 9-hole course for six players were 38, 41, 48, 45, 38, 
and 36, 

a, Find the mean golf score. 
b. Find the standard deviation to the nearest tenth. 
¢. Find the siandard score to the nearest tenth for each score 

4. A set of test scores had a mean of 26 and a standard deviation of 5. Find 

the standard score for each of the following scores from the distribution 


a. 3l b. 22 e17 a. 29 e. 26 f. 40 
5. Two factories compared the number of items their workers could produce 
in an hour: 


M = 235, 0 = 14 
M=235, 0=6 

In which factory were the production rates of the workers more nearly 
alike? How do you know? 


6. On a chapter test, you received a standard score of 3.4. If the mean score 
was 76 and the standard deviation was 5, what was your actual score? 
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Presenting Statistical Data 


‘To construct stem-and-leaf plots and box-and-whisker plots. 


Statisticians organize data they have collected in order to present it in a useful 
form. You have learned that bar graphs, broken-line graphs (page 375), and 
histograms (page 606) can be used to summarize data 

Another way to organize data is by a stem-and-leaf plot. In this type of 
display the raw data values themselves are incorporated into a frequency distri- 
bution, This method is illustrated for the following set of thirty scores. 


& 71 #92 7 74 80 63 86 84 74 
100 81 94 OR 9 62 50 82 56 67 
15 8 83 % S57 100 87 67 98 44 


First the stems (in black), derived by dropping 
the unit's digit from each score, are written in 4\4 
5 


order to the left of a vertical line. For each 0.6, 7 

score the Jeaf, or unit’s digit (in red). is then 6|3,2.7.7 

recorded to the right of the corresponding stem. 7/1,9,4,4,9.5 

For the score of 84, for example, the leaf 4 is 8 | 3,0, 6,4. 1, 2,6,3,7 
9) 2.4,.8,6,.8 


recorded to the right of the stem 8, The leaves 
are separated by commas, using equal space for 101 0, 0 
each leaf, Then the plot can be rotated to 
become a histogram, displaying the shape of the frequency distribution, Unlike 
4 standard histogram, the siem-and-leaf plot still retains every individual score 
in coded form. 

Researchers often wish to compare pairs of data, such as these semester 
mathematies (M) and history (H) averages collected from twenty students 


M| 83] 90 | 64 | 49 | 73 | 81| 71 | 60 | 79 62| 85 | 72] 78 | 66 | 93 | 81 | 74| 85 | 66 | 76 
H | 76| 85 | 75 | 67 | 88 | 90 | 88 | 78 | 90| 57 | 93 | 71 71 | 91| 54| 81| 78 82 
Scatter graphs or diagrams often are woot 

used to show researchers whether a eval 

relationship exists between two § ol 

measurements. Researchers can then 5 

base predictions on the patterns they = wy é 

observe in these relationships. The E 6 . 

diagram shown in the Application on Lee . 

page 378 is a scatter graph. Each pair = 

of points in the table above cat be 

plotted on a scatter graph to 4 

investigate the relationship between beter Sasi 

the mathematics and history averuges. 40 50 60 70 80 90 100 


Mathematics Averages 
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The averages can also be compared by using box-and-whisker plots. To 
construct a box-and-whisker plot. the following values must be identified for 
euch set of data: highest score, lowest score, median score, and first and third 
quartile scores. 

Recall that the median of a set of scores is the middle score when the data 
are arranged in order, The first quartile score is the median of the bottom half 
of the data, and the third quartile score is the median of the upper half of the 
data. In the example on the previous page, the mathematics averages, in order, 
are: 


bottom half of data top half of data 
49 60 62 64 66 66 TL 72 73 74 76 78 79 SL BI 83 85 BS 
i i ‘i i 
lowest first median third 
score quartile score quartile 
4 score 75 score 
66 82 


Identify these five special values with dots below a number line. 


0 10 20 30 40 50 60 70D 90 100 


RRR 


Next, make a box with the two quartile scores on the outer sides. Draw a line 
inside the box, through the median dot. Finally, draw *whiskers’* from the 
sides of the box to the dots of the lowest and highest scores, 


0 60 70 80 90 100 


$a 


Verily the given box-and-whisker plot for the set of history averages (median: 
81; lowest score: 54; highest score: 96; first quartile: 73; third quartile: 89). 


0 109 0 30 40 50 60 7 80 90 100 
a 


Ce rer 
fe eS 


Notice that the box encloses the middle half of the data while the whiskers 
show the range. By studying the box-and-whisker plot for each set of data, you 
can easily compare the ranges and the locations of the middle halves of the dis: 
tributions. 


90 


93 
1 
highest 
score 
93 
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Oral Exercises 


1. Use the distribution of scores given by the stem-and-leaf plot at the left 
below to list the original scores in order 


0 0 2% 30 40 50 


i 


Owe 


2. Use the box-and-whisker plot at the right above to state the value of the: 
a. first quartile b. median ¢. third quartile d. range 


Written Exercises 


A A. Use the distribution of scores given by the stem-and-leaf 5 
plot shown at the right, 6 
a. List the original scores of the distribution in order. 7 t 
b. What are the median, the mode, and the range of the scores? 8 
9 


2, Twenty students reported the amount of money they earned kast week in 
part-time jobs, They earned (in dollars) 102. 115. $7. 91, 80, 73, 114. 
145, 137, 135, 127, 120, 86, 100, 134, 129, 133, 88, 75. and 109. Con- 
struct a stem-and-leaf’ plot for their earnings 


3, Eleven students were asked to rate a presentation given by # speaker on a 
scale from | to 10, with 10 as the highest score, The results were 7, 9, 8. 
5, 8, 10, 9, 7, 8, 6, and 4. Find the: 
a. median b. first quartile sore €. thitd quartile score 
d. highest score €. lowest score f. range 

4, Make a box-and-whisker plot for the data in Exercise 3 


Use the following data for Exercises 5-7: Fifteen curs were road tested on 
both city streets and highways. The resulting fuel economy data were recorded 


Cy (oaignl) [22 21 28 19 28 30 2 20 19 8 22 24 21 2 28 
Highway (mi/gat) | 24 27 32 23 29 38 24 25 24 30 23-26 26 26 31 


B 5. For the city driving test, find the median, first quartile score. third quartile 
score, highest score, and lowest score 
6. For the highway driving test, find the median, first quartile score, third 
quartile score, highest score, and lowest score 


7. Using the same number-Tine scale, construct box-and-whisker plots to com 


pare the mifgal figures for city and highway driving 
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Application / Misuse of Statistics 


In today’s world statistics plays an increasingly important role in decision mak- 
ing. Decisions are usually based on conclusions drawn from a study of a partic- 
ular fact about a large population. If people do not use statistics correctly, ei 
ther by accident or on purpose, faulty conclusions can be drawn. 

Data are often collected by a survey. Since it is not practical to survey an 
entire group, statisticians must select a small part of the population, a sample, 
that is representative of the total population. Misleading statistics can be pro- 
duced if the data collection for a given population is faulty. There are two im- 
portant things to consider when a sample is used: the way in which the sample 
is selected and the size of the sample. 


Users of BRUSH ROCK MUSIC 
Toothpaste have IS THE WINNER! 


ds} 43% of all listeners prefer 
30% fewer cavities. rock music to jazz. 
| Data obtained in interviews with 996 students at CENTER HIGH 
50 people in Thompsorvil. ‘SCHOOL wore surveyed, 


. In this advertisement, only 50 people were surveyed. ‘This is a very small 
number of people on which to base the conclusion that BRUSH toothpaste 
reduces cavities for everyone. 


b, The sample of 936 people used in this advertisement is large, but the way 
in which this sample was selected is not correct. This sample is probably 
not representative of the entire population because it does not indicate 
which music students in other high schools or adults prefer, Surveys must 
be conducted so that they represent the entire population 


Graphs are often used to summarize data in a form that is easy to read. 
Choices must be made about how to draw a particular graph. Sometimes graphs 
of the same data can be made to tell different stories. 


WBxample 2 swdy and compare the two different broken-line graphs of the same data 


shown on the next page. Do you think profits are growing during the years 
1982 to 1988? 
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Profits (A) Profits (B) 


fe 


ns) 


+ rae - ——__—+ > 
'R2 'R3 'R4 RS 'R6 RT RR ‘82 ‘83 'R4 RS RG 87 'RR 
Year Year 


ach of these graphs shows the same data, yet they tell very different stories. 
Graph A makes it seem that the profits are definitely growing. Graph B makes 
it seem that the profits are not changing much. ‘The different stories come 
from using (wo different scales on the vertical axes. (Notice that the range of 
the values for the vertical axis of Graph A is 2 whereas the range of the val- 
ues for the vertical axis of Graph B is 6.) While nothing in either graph is 
untrue, the graph you might use to describe the data would depend on which 
story you wanted to tell 


Exercises 


Analyze each advertisement. Do you think that the use of statistics is 
misleading? Give a reason for your answer. 


2. 


farmers across the country. 


3. The table shows the salaries of a company’s employees 


a. Find the median salary for these ten employees. Yearly Salaries 
b. Find the mean salary for these ten employees. $21,500 | $22,000 
¢. Do you think the mean or the median is the better $21,750 | $22,000 


description of what most people eam at this company’? 
2 
Give a reason for your answer $21,750 | $22,350 


d. If you want 1 tell the story that all ten employees $21,800 | $47,500 


h similar salaries, what scale Woukl you use on the =m 
.( r 
citical axis of your graph? Draw the broken-line graph, 92240000] $53,000 


If you want to {ell the story that thete iy a large difference between 
some of the salaries, what seale would you use on the vertical axis of 
your graph? Draw the broken-line graph 
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Points, Lines, and Angles ~ ~ 


Objective To represent points. lines, and angles and to measure angles 


You have shown relationships among numbers by representing them as points 
ona number line, Likewise, you have shown relationships among ordered pairs 
of numbers by representing them as points in a coordinate plane. The study of 
poinus, lines, and planes is the subject of the branch of mathematics called 
geometry 

Geometric points and lines are abstract ideas, not actual objects. A point 
has no size; a line has no thickness, To illustrate these abstract ideas, however, 
you draw figures that do have size and thickness. To represent the idea of a 
geometric point, you draw a dot. To represent the idea of a geometric line, you 
draw a straight line. 


A line consists of infinitely many points. Any 


iwo points determine a line. A line determined by B 
points A and B is denoted by AB or BA. The 4 2 


2AB AB 
arrowheads indicate that the line extends in both ae 


directions without end. 


The part of AB that consists of points A and B and x 


all points of AB between A and B is called a line 
segment, or a segment. The segment is denoted by ps -gment AB: AB 


AB or BA. The length of AB is denoted by AB. 


The part of AB that starts at point A and extends 
without ending through point B is a ray, denoted by 


AB. A is called the endpoint of AB. 


ray AB: AB 


An angle is « figure formed by two different rays 
that have the same endpoint. The rays are called the 
sides of the angle and the common endpoint is called 
the vertex of the angle. The angle shown at the right 
is formed by AB and AC. It is denoted by ZA, ZBAC, 
or CAB. When three letters are used to name an 


angle. the middle letter is always the vertex 
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To find the degree measure of an angle, you use @ protractor. Using the 
outer scale, you can see that the degree measure of 2 POQ is 60. You will see 
this fact written as m2 POQ = 60. m2 POQ = 60", or 2 POQ = 60°. For sim- 
plicity, we will use 2 POQ = 60°. Also, £POR = 90° and ZPOS = 150°. 


Angles are classifi 


according to their measures. 


An acute angle has measure between 0° and 90/ 

A right angle has measure 90° 

An obtuse angle has measure between 90° and 180° 
A straight angle has measure 180° 


The degree measure of 2QOR in the diagram above is found by subtract- 
ing 60 from 90: ZQOR = 30°. Do you see that Z ROS = 60° and 2QOS is a 
right angle? To state that / POQ and / ROS have equal measures. write 
£POQ = £ROS. 


Oral Exercises 


Exercises 1-8 refer to the diagram below. 


State the measure of the angle. 
1. £AOC 


EOF 3, £BOE 4. LBOF 


Name an angle whose measure is giv 


S1s* 6. 65 7. 90° 8. 80 
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Written Exercises 


In Exercises 1-4, name five different line segments in each diagram. 


Al 


2.0 MM 
W ie Z 


> 


Q P 


F K G 


Measure the given angle and 
classify it as acute, obtuse, 
right, or straight. 


5. 2DOE 
6. £AOC 
7. LEOG 
8. <BOH 
9. ZEOH 
10, AOE 
I, <DOF 
12. 2FOH 


Graph the solution set of each sentence. Identify the graph as a point, a 
line, a line segment, or a ray. 


B 13. 14. -S 535-1 15. x= —4 
16. Sx+2<11 17, 3x -4=1 ox +5 <*%-2+7 
C 19, x-3=1andx+2=10 20, 1+ 12=Sorx-3=9 
UW. wes or -iv=-9 22. 3x+ 721 and 4x- 3217 
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Pairs of Angles 


Objective —_To learn the names and properties of special pairs of angles. 


The diagram at the right shows two lines intersecting at 
O and forming 2AOB, 4AOC, 2COD, and 2DOB. 
‘Two angles such ay 2 AOB and 2COD whose sides are 
rays in the same lines but in opposite directions are 
called vertical angles. Another pair of vertical vertical 
angles is LAOC and 2DOB. Vertical angles have equal angles 
measures, You can use a protractor to see that 2AOB 
has the same measure as £COD and “ AOC has the 
same measure as 2 DOB. 

Two angles are complementary angles if the sum 
of their measures is 90°. Each angle is called a complement of the other. The 
diagram at the left below shows a pair of complementary angles, 


137° 


e ¢ 
58 & 7 


F G 


ZE and ZF are complement 2G and 2H are supplementary. 
ZE is a complement of 2F ZG is a supplement of 2H. 
F is a complement of 2. 2H is supplement of 2G. 


‘Two angles arc supplementary angles if the sum of their measures is 
180°. Each angle is called a supplement of the other. The diagram at thi 
above shows a pair of supplementary angles 


right 


“Example — ‘the measure of a supplement of an angle is 10° more than five times the 


measure of its complement. Find the measure of the angle. 


Let n= the measure of the angle in degrees 
Then 90 — n = the measure of its complement, 
and 180 — 2 = the measure of its supplement 
180 — n = 5(90 ~ n) + 10 
180 — n = 450 — Sn + 10 
4n = 180 
n= 70 


The measure of the complement is (90 — 70)°. or 20 
The measure of the supplement is (180 — 70)°, or 110°. 


Cheek> 110 
10 


v. the measure of the ungle is 70° Answer 
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Oral Exercises 


State the measure of a complement of an angle with the given measure, 


1, 20° 2. 87° 3. 45° a gat 5. x? 6. 7x” 


State the measure of a supplement of an angle with the given measure. 
7. 40° 8. 90° 9, 153° 10, 12° 1s 12, 21° 


Classify each statement as true or false. 


13, The measures of two complementary angles are never equal. 

14, If the measures of the supplements of two angles are equal, then the meas- 
ures of the angles are equal. 

15, The complement of an acute angle is obtuse 

16. The supplement of an acute angle is an obtuse angle. 

17. A supplement of a right angle is a right angle. 


18. If two supplementary angles are vertical, then the angles are both right angles. 


In Exercises 1-4, use the diagram at 
the right. Assume that the measures 
of ZEAB and ZABF are equal. 


A 1. List all the angles with measures 
equal to the measure of 2 ABF 


2, List all the angles supplementary 
to ZDAH. 


3. If ZABG = 150°, then GBK = _2 * 
4. If EAH = 135°, then ZABG = _2 ° 
5. 


. The smaller of two complementary angles measures 50° less than the 
larger. Find the measures of the two angles. 


6. The larger of two supplementary angles measures § times the smaller. Find 
the measures of the two angles 


7. Find the measure of an angle that is 74° more than the measure of its supplement. 


Ll 


8. Find the measure of an angle that is + 


of the measure of its complement. 


B 9. The sum of the measures of a complement and a supplement of an angle is 
144°, Find the measure of the angle 
10, The measure of a supplement of an angle exceeds 10 times the measure of 
its complement by 9°. Find the measure of the angle 
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Triangles 


Objective To learn some properties of triangles. 


A triangle is the figure formed by three segments joining three points not on 
the same line, Each segment is a side of the triangle. Each of the three points 
is a vertex (vertices) of the triangle, 


“Triangle ABC” can be written AABC, 
Sides of AABC: AB, BC, CA 

Vertices of ABC: A, B, 

Angles of AABC: 2A 


A, 2B, £C A B 


In any triangle, the sum of the measures of the angles is 180°. To check 
this statement for a particular triangle, measure each angle with a protractor and 
then find the sum of the measures. You can also show this by tearing off the 
corners of a paper triangle and fitting them together so that they form i straight 
angle, as shown below. 


Prin SP. 


Here are some special triangles: B 


b 
Right triangle eS 
‘The small square in the right triangle indicates we lee 
the right angle: 2C = 90° 


(ACY + (BCY = (ABY A = » 
(Reeall the Pythagorean theorem and its converse NN 
on pages 529 and 530.) 
Isosceles triangle 
MN = NP; 4M = <P 
Base: MP if — 
Base angles: £.M and <P = 
Equilateral triangle 
RS =ST=TR 

= 60) 

K 4 
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Oral Exercises 


Identify AABC as right, isosceles, or equilateral. 

2. AB= BC =CA 

4. AB = 3, BC =4, CA 
é 6. 2C= 16°, LA = 74" 
7. /A= 60°, ZB = 605 8. 2A = 40°, ZR = 100° 


ee 
Written Exercises 
‘The measures of two angles of a triangle are given. Find the measure of 
the third angle. 
A 1. 28°, 59 2. 122°, 41° 3: S88, SF 
4. 15°, 27° 5. 90°, 24° 6. 138°, 2 


In Exercises 7-12, use the converse of the Pythagorean theorem to 
determine whether or not the triangle is a right triangle. 


7. MABC: AB = 9, BC =8, AC = 13 8. ADEF: EF = 8, FD = 10, DE =6 
9, AGHE GH = HI = 12, GI = 16 10. AJKL: JK = 15, KL= 17, JL =8 
11. AMNO: MN = 24, MO = 10, NO= 26 12. APOR: PQ = 10, QR = 12, PR 


8 


13. f 
find : 


14. If AXYZ is a right triangle with 2Z = 90°, XZ = 12, and YZ , find XY. 
18. If AABC is a right triangle with 2A = 90°, AB = 24, and BC = 30, 
find AC. 


16. If ADEF is isosceles, DE = DF, and £D = 50°, find 2E 
17. If AGHI is isosceles, GH = GI, and 2H = 20°, find 2G 


18. If AMNO is a right isosceles triangle and 2M = 90°, find the measures of 
and 20. 


0", 


PU is a right triangle with 2 = 12, and ST = 9, 


In Exercises 19-26, 2C = 90° in AABC. Given the lengths of the other two 
sides, find the length of the third side in simplest radical form, 


B 19. ac=4, BC =12 20. AC = 3, BC=6 
6, AB = 10 22. BC = 9, AB=41 
|. BC = 16, AB 24. AC = 11, AB = 25 


C 23. ac=Bc=x 26. AC 


y, AB = 2y 
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Problems ; 
Solve. 


A 1. Ina right triangle, the measure of one acute angle is four times the meas- 
ure of the other, Find the measures of the two acute angles. 

2. Find the measure of each angle of an isosceles triangle if the measure of 
the third angle is 10 times the measure of each base angle. 

3. In a triangle, the measure of the second angle is 7 times the measure of the 
first angle, and the measure of the third angle is 10 times the measure of 
the first angle. Find the measure of each angle. 

4. The measures of the angles of a triangle are in the ratio 4:5:6, Find the 
measure of each angle, 

5. The measure of the second angle of a triangle is three times the measure of 
the first angle, and the measure of the third angle is twice the measure of 
the second angle. Find the measure of each angle 

6, The measure of the second angle of a triangle is 4 times the measure of the 
first angle, and the measure of the third angle is 63° less than the measure 
of the second angle, Find the measure of each angle. 


7. The measures of two angles of a triangle are equal. ‘The measure of the 


third angle is + of the sum of the measures of the first two angles. Find 


the measure of each angle. 

8. The measure of the second angle of a triangle is twice the measure of the 
first angle. and the measure of the third angle is 5° more than 4 times the 
measure of the first angle. Find the measure of each angle: 


B 9. The measure of the second angle of a triangle is S* more than four times 
that of the first, and the measure of the third angle is 27° less than three 
times that of the second angle. Find the measure of each angle 

10. In a triangle, the measure of the third angle is 3° more than twice the meas 
ure of the second angle. The measure of the first angle is 24° more than 
twice the measure of the third angle, Find the measure of each angle. 

11. The measure of the first angle of a triangle is 2° less than twice the meas- 
ure of the second angle. The measure of the third angle is 35° more than 
half the measure of the first angle, Find the measure of each angle. 


C 12. Ina triangle, the measure of the second angle is six times the measure of 
the first angle. The measure of the third angle is 18° less than the sum of 
the measures of the second angle and the square of the first angle. Find the 
measure of cach angle. 

13. The measure of the second angle of a triangle is 22° more than the measure 
of the complement of the first angle, and the measure of the third angle is 
49° less than the measure of the supplement of the first angle. Find the 


measure of each angle 
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Similar Triangles 


Objective To solve problems involving similar triangles, 
An object viewed under a magnifying lens appears larger than it is, but its 
shape is not changed, Two figures that have the same shape are called similar. 
Two triangles are similar triangles when the measures of two angles of 
‘one triangle equal the measures of two angles of the other triangle. (Since the 
sum of the measures of the angles of a triangle is 180°, you can see that the 
remaining angles also have equal measures.) The triangles shown below are 
similar, 


A B D E 


100° 


2D =35, ¢<B=LE=45, CC=<£F 


You show that the triangles ABC and DEF are similar by writing 
AABC ~ ADEF. 


Notice that the vertices of angles with equal measures are written in corre- 
sponding positions in the names of the triangles. Angles with equal measures in 
similar triangles are called corresponding angles. The sides opposite corre- 
sponding angles are called corresponding sides. AB corresponds to DE, and so 
on. [ris a geometric fact that the lengthy of corresponiling sides of similar wi- 
angles are proportional. For the triangles shown above, 

AB — BC _ CA 

DE EF FD° 


“Example 1 1» the diagram AABC ~ ADEF. * 


Find AC and BC. 
A 30 B 
WSORIIOH Coresponding sides are proportional: 
AB LAC ny AB _ BC ne 
DE DF DE EF 
60 30 
DLAC yng 30 _ BC 
Son Sosa 75 30 
75(AC) = 1800 and 75(BC) = 900 D 7 E 


| AC=24 and BC = 12 Answer 
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“Example 2 10 the diagram, AABC ~ AEF. Find EF and AF. F 


GRRE Concsponding sides are proportional: ¢ 
BC _ AR AC = AB rey 


and 
A B EB 


EF AE 


6 12 
ia |S 


+» 4] 


I2(EF ) = 120 and 12(AF) = 180 
EF = 10 and AF = 15) Answer 


Oral Exercises 


In the diagram for Exercises 1-3, AABC ~ AADE. 

1, Name the corresponding angles 

2, Name the corresponding sides. RB c 
3. Name three equal ratios. 


Written Exercises 
A 1. In ARST, ZR = 50° and 28 = 70°. In AXYZ, ZY 
a, Write the corresponding angles. 
b. Write the corresponding sides. 
¢. Complete: ARST ~ A! 
2. In AJKL and AMNP, ZK = 2M = 35°, and 2L = 2N = 88°. Write three equal ratios. 


SOP and £Z = 70° 


Classify each statement as true or false. 


3. All right triangles are similar 
4. All isosceles triangles are similar 

5. All equilateral triangles are similar 

6, All isosceles right triangles are similar. 

7. If AABC ~ ABCA, then SABC is equilateral 


In Exercises 8-11, AABC ~ ADEF, Find the lengths of the sides not 
given. 

8. AB = 3, BC =5. AC = 6, DE 
9, DE = 15, EF = 21, DF = 12, 4 
10. AB = 24, BC = 16, AC = 32 
11, AB = BC = 10, AC = 15, DE = 14 
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In Exercises 12-15, AABC ~ ADEF. Find the lengths of the sides not 


iven. 


B 
= 16, AC = 20, DF 18 
21, AC = 28, DE 20 ? 
15, AC = 32, BC = 18, DE = 39, DF = 48 
C 16, In ARST at the right, 2RTS = 90° and ZTUR = 90°. 
Complete the following statement: 
ARTS ~ S22 ~ h_2_ R t Ky 


Problems 


Solve. 


A 1. The sides of a triangle have lengths of 6 cm, 10 cm, and 12 cm. If the 
longest side of a similar triangle is 18 cm, find its shortest side. 
2. Leigh is 5 ft tall and casts a shadow 2 ft long at the same time a tree casts 
a shadow 26 ft long. How tall is the tree? 


3. A sign 4 m high casts a shadow 3 m long at the same time a building casts 
a shadow 27 m long. How tall is the building? 

4. An isosceles triangle has two sides of length 28 cm and a base of 35 em. 
The base of a similar triangle is 15 cm. Find the perimeter of the smaller 
triangle. 

$. To find the length of a swamp, 
two similar wiangles were roped 
off. The measurements are shown 
on the diagram. How long is the 
swamp? 


B 6. AC and DE intersect at point B 
and AABE ~ ACBD. If AB = x, 
BC = 4x, BD = 20, and DC = 32, 
find ER. 


7. Chen walks 5 m up a ramp and is 2 m above the ground. If he were to 
walk 10m farther, how far above the ground would he be? 

8. From a point on the ground 7 m from the base of a tree 8 m tall, it is pos- 
sible to see the top of a building 400 m tall just over the top of the tree 
How far is the point from the base of the building? 


C9. A boy whose eye level at A is 15 m above the ground wants to find the 
height ED of a tree. He places a mirror flat on the ground 15 m from the 
tree, If he stands at a point B, which is 2m from the mirror at C, he can 
see the reflection of the top of the tree. Find the height of the tree 
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Trigonometric Ratios 


Objective —_To find the sine. cosine, and tangent of an acute angle 


In the branch of mathematics called trigonometry you 

study the measurement of triangles, Any acute angle, 

Such as 2A in the diagram, can be made an angle of a 

right triangle ABC. The legs opposite and adjacent to 

this angle are labeled. Ratios of the lengths of the y 
sides of AABC are called tri 


opposite 
leg 


A. These ratios have special names and symbols. ey eer a 
leg 
: eth of leg opposite LA BC 
mec length of hypotenuse AB 
(symbol; sin A) 
; i Ac 
comme Tength of hypotenuse. AB 
(symbol: cos A) 
fesgll wf lap GEA | OE 
Ro esis Tength of leg adjacent to ZA AC 
(symbol: tan A) 
Example 1 Find the sine, cosine, and tangent of 2A and of 2B. 
5 a 
Solution = sin A= sin B= 4 
5 g 7 
cos A = 55 cos B 8 
| tan A wan B= 2 ; 7 : 
ss = 
| Example 2 Find the sine. cosine, and tangent of 20 P_6& R 
| 
Solution 2+ 67 = 14? Use the Pythagorean 
+36 = 196 theorem to find RQ. 
a? = 160 
| a=4V10 
ae avid _ 2V0 6 310 
cos O f tun @ 
bea : 4 4V10 0 
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‘The values of the trigonometric ratios of an angle depend only on the meas- 
ure of the angle and not on the particular right triangle that contains the angle 
For example. in the two right triangles below, 2A and 2D have equal meas- 
ures. It can be shown that the trigonometric ratios of ZA and /D are also 


equal. 
E 
B 
é J d 
ar ae © F 
Since 2A = 2D = 30° and 2C = ZF = 90°, the triangles are similar and their 


corresponding sides are proportional: 


nd. sin snd. 


You can show similarly that cos A = cos D and tan A = tan D 

Because the values of sin A, cos A, and tan A depend only on the measure 
of 2A and not on the triangle containing 2A, you can think of these trigono- 
metric ratios as the values of three functions each having the set of acute angles 
as its domain, These functions are called trigonometric functions, 


Oral Exercises 


1. sin A B 7. sin X ee: 
2. cos A 8, cos X 
3. tan A 9. tan X 
4sinB | \is 0. sinY a4] fos 
5. cos B 11. cos Y 
6. wn B 12. wn ¥ 

ee y 


13. Explain why the sine and the cosine of an acute angle are always less 
than | 
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Written Exercises 


For each right triangle shown, find sin A, cos A, tan A, sin B, cos B, and 


tan B. Write irrational answers in 
i 4 ed 
7 
10 

6 

c 8 B 
4. B 

i) NS 

Ave6e dc 

Toe 7) 8 8. 8 9. 


ae a 
In Exercises 10-13, AABC is a right triangle with ZC as the right angle. 
Show that the following statements are true. 
10. sin A = cos B B 
M1. cos A = sin B 


12. (sin A)? + (cos AY? = 1 ; 
13, tan A = S24 
cos A 


14. If sin R = 2, find cos K 
15. If sin Z= 2, find the sine of the complement of £2, 


16, If tan X = 1, find sin X and cos X 
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Values of Trigonometric Ratios 


Objective To find valucs of trigonometric ratios for given angles, and 
measures of angles for given trigohométric’ ratios. 

Values of the trigonometric ratios are needed to solve practical problems involy- 

ing right triangles, A few values can be easily computed using the properties of 

special triangles and the Pythagorean theorem. For an isosceles right triangle: 


= = 0.707 


f 
f 


cos 45° 


0.707 


tan 45° 


It is not possible to give exact values of the trigonometric ratios for most 
angles. You can use a scientific calculator or the table on page 683 to find ap- 
proximate values of sin A. cos A, and tan A for any angle A with a whole- 
number measure from 1° to 89°, 


é 


“Example 1 Find the values of sin 58°, cos 58°, and tan 58°. 
“Solution 1 Using « Table 


Locate 58° in the left-hand z 
column of the portion of the 1 0175 J 9998 J 0175 
table shown at the right, then 
read across the row to find: 


Angle | Sine | Cosine | Tangent 


56° [ 8290 ( .5592 | 1.4826 
57° | .8387 | .5446 | 1.5399 
sin 58° = 0.8480 Sa .8480 | .5299 | 1.6003 
cos $8° = 0.5200 58 | .8572 | .5150 | 1.6643 
tan 58° = 1.6003 Answer 60° | 8660 | .5000 | 1.7321 


For convenience, you may write = instead of 


Solution 2. Using « Calculator 


To find the value for sin 58°, you enter 58 and then press the sin key to get 
0.848048 1 


in statements such as these. 


*, to the nearest ten-thousandth, sin 58° = 0.8480. Likewise, you enter 58 and 
then press the cas key or the tan key to get: 
cos 58° ~ 0,5299193, or cos 58° = 0.5299 
tan 58” = |.6003345, or tan 58° = 1.6003 Answer 
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A trigonometric table or a calculator can also be used to approximate the 
measure of an angle if one of its trigonometric ratios is given 


“Example 2. Find the measure of 2.4 to the nearest degree 


a. cos A = 0.5150 b. sin A = 0.8368 


“Solution 1 Using « Table 


a. Locate the value 0.5150 in the cosine column, if possible. Since it is there, 
read across the row to the left-hand column to find that the angle has a 
measure of 59°, Answer 


b. Since 0.8368 is not listed in the sine column, locate the entries between 
which 0,8368 lies: 
sin 56° = 0.8290 and sin 57° = 0.8387, se the measure of <A must be 
between 56° and 57 
Since 0.8368 is closer to 0.8387 than it is to 0.8290, 2A = 57°, to the 
nearest degree. Answer 


“Solution 2 Using a Caleviator 


Most calculators have the inverse keys (sin 
inv cos, inv tan) that give the measure of an 


s-', tan”! or inv sin, 
ute angle. 
a. Enter 0.5150. then press the cos”! key to get 59.002545°, 


.. to the nearest degree, LA = 59°. Answer 


b. Enter 0.8368, then press the sin”! key to get 56.803734°, 


to the nearest degree, 4A = 57° Answer 


Oral Exercises 


For Exercises 1-12, use a calculator or the portion of the table of 


trigonometric ratios shown on the previous page. 
State the value of each trigonometric ratio. 
cos 56° 3. tan 1° 


sin 57° 6. cos 59° 


1, sin 59° 
4. tan 60° 


we 


Find the measure of angle A to the nearest degree. 

7. sin A = 0.8290 8. cos. A = 0.9998 9, tan A = 1.5399 

10, cos A = 0.5100 11, tan A = 1,6832 12. sin A = 0.8475 

13. Explain why sin 10° = cos 80° by referring to the diagram and the defini- 
tions on page 627. 
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(a 
Written Exercises 


Use a calculator or the table on page 683 to find sin A, cos A, and tan A 
for the given measure of ang 


A 1. 20 2. 40° 3,15" 
4, 30° 5. 68” 6. 83° 
1. 8 8. 59° 9. 4 
10. 71 11. 45° 12, 35 


Use a calculator or the table on page 683 to find the measure of angle A to 


the nearest degree. 
13, sin A = 0.9781 14. cos A = 0,6561 
18. tan A = 0.1584 16. tan A = 0.9431 
17. sin A = 0.8431 18, cos A = 0.4128 
19. cos A = 0.9243 20. tan A = 8.2198 
21. sin A = 0.5801 22. sin A = 0.2340 
23. tan A = 0.8724 24, cos A = 0.9913 
28, tan A = 0.3712 26. sin A = 0.9299 
27. cos A = 0.8300 28. tan A = 3.2276. 
Complete with >, <, or = to make a true statement. 

B 29. if 2A > ZB, then sin A! sin B. 
30. If ZA > ZB, then cos A? cos B. 
31. If ZA is a complement of 2B, then sin A? cos B 

C 32.16 2a= show that sin (2A) = 2+ sin A+ cos A. 
33. If 2B = 36°, show that cos (2B) = (cos B)? — (sin BY 

CLE LE LI I LT SL LF LE LE AF SEF LBP 


Challenge 


Is the reasoning logical in each case? 


1. The sum of the measures of the angles of a triangle is 180°. The sum of 
the measures of 2A, 2R, and 2Z is 180°, Therefore, 2A, 2R, and 2Z 
are the angles of a triangle, 


2, A square is a rectangle with four sides of equal length, A rectangle has 
four right angles, Therefore, a square has four right angles. 


A parallelo; Geometry is a branch of mathe 
matics. Therefore, a parallelogram is a figure in mathematics. 


‘am is a figure in geometr 
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Problem Solving Using Trigonometry 


Objective — To use trigonometric ratios to solve problems. 


Trigonometric ratios can be used to solve practical 
Jes. You can find 


ght tri 


problems involving 


Values for these ratios by using the table on page 


683 or a scientific calculator 


Example 7 A radio transn 


83 m high. A support wire is 
attached to the tower 25 m 
from the top. If the support 
i form an 
is the 


wire and the grou 
angle af 42°. wha 


ih of the support wire 


len 


83 — 25 = 58 


ise 58 
sin 42 or x = 58, 


calculator, sin 42° = 0.6691 


hen x= —— = 86.7. 
Then «= 76601 
to the nearest tenth of a meter 


Solution — Draw a triangle and label the different 
values. First, find how high on the 


tower the support wire is attached: 


Since AABC is a right triangle 


From the table on page 683 or 


the support wire is 86.7 m long 


In surveying and navigation problems involving right triangles, the terms 


angle of elevation and angle of depression are used. In the diagram below 


CBA is an i 
observer at B. 
with respect to an observer at A 


Je of elevation, since the point A is elevated with respect to an 
DAB is an angle of depression. since the point B is depressed 
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Example 2 At « point 166 m from the base of the World Trade Center in New York City, 
the angle of elevation to the top is 68°, To the nearest meter, what is the 
height of the World Trade Center? 


Solution Draw a triangle and label the different * B 


values. You want to find x, the 
height of the World Trade Center. 
Since AABC is a right triangle, 


tan 68° = 97, or 


x 

166 x 
x = 166(tan 68°). 

From the table on page 683 or a 

calculator, tan 68° = 2.4751. 


Then x = 166(2.4751) A 166m C 
= 410.8666. 


~. t0 the nearest meter, the World Trade Center is 411 m high. Answer 


Oral Exercises 


State whether you would use the sine, the cosine, or the tangent ratio to 
find x for each figure. 


1. 7 2. u 
30 
‘ 
0 

ahs 4 

x x 30 

o 

5. 6. 


0 
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Written Exercises 


Use the table on page 683 or a calculator as needed. 

1-6. In Oral Exercises 1-6, find the value of x to the nearest whole number. 
In a right AABC, ZC = 90°, Find the lengths of the other sides of the 
triangle to the nearest whole number- 

7. ZA = 39°, AB = 53 8. 4B = 21°, AB= 12 

9. 2B = 80°, AC = 48 10. 2A = 65°, BC = 28 


In a right ADEF, ZE = 90?. Find the measures of 2D and 2F to the 
nearest degree, 


Sample DE = 16, DF = 25 
Solution 


Since the sum of the measures of 
the angles of a triangle is 180°, 


= = 180° — (90° + 50°) 
LF = 40° 
D 16 é 
B il. DE = 48, EF = 36 12. DF = 30, EF = 25 
13. EF = 42, DF = 54 14. DE = 63, EF =81 
15, In the right AXYZ, 2¥ = 90°, 2X = 41°, and XZ = 95, Find XY and ZY 
to the nearest whole number. 
16. In the right ARST, 28 = 90°, RT = 120, 4 30°. Find RS and TS to 
the nearest whole number: 
Problems 
Solve each problem, drawing a sketch for each. Express distances to the 
nearest unit and angle measures to the nearest degree. Use the table on 
page 683 or a calculator ay needed. 
A 1. How far is the ladder from the foot of the 2. How long is the cable that supports the 
building? pole? 
‘ 950 em 


Trigonometry — 6, 


a 
an 


3. How high is the cli 


300m. 
5. How far below sea level will a porpoise 


be if it swims 250 m at a 12° angle of 
depression? 


— 
‘ 
250m 


7. A bird rises 20 m vertically over a hor- 
izontal distance of 80 m. What is the 
angle of elevation? 


ae oat He 


80m, 


9. Anes 


escalator? 


4. 


6. 


How far is the boy from the monument’) 


n 


The length of a water ski jump is 720 em 
and the angle of elevation is 35°. Find 
the height of the sk 


If a plane flies 1° off course for 
6000 km, how far away will the plane 
be from the correct path? 


Qn a 4 


‘correct path 


tor is 15 m in length with a 37° incline. How high is the 


10. From the top of a 20 m lighthouse, the angle of depression of the nearest 
point on the beach is 8°, Find the distance from the bottom of the light- 


house to the beach. 


11. A hot air balloon with an altitude of 120 m is directly over a bridge that is 
313 m from the balloon’s landing point. The navigator finds the angle of 
depression to the landing point. What will be the angle of depression she 


finds’? 


12, A submarine travels through the Water at a steady rate of 360 nvmin on a 
diving path that forms a 4° angle of depression with the surface of the 


water, After 5 min, how far below the surface is the submarins 


13. From the top of a 65 m lighthouse, an airplane was observed directly over 
a whale in the water. The angle of elevation of the airplane was 16° and 
the angle of depression of the whale was 46°, How far was the whale from 
the base of the lighthouse? How high was the plane flying’ 


14, A car is traveling on a level road toward a mountain 2 km high. The angle 
of elevation from the car to the top of the mountain changes from 6° to 


15°, How far has the car traveled? 


636 


Looking Ahead 


Summary 


1. Probability is the branch of mathematics that is concerned with the possibil- 
ity that an event will happen. For any event with probability P,0<P <1 
Data can be summarized and analyzed using statistics. This can be done by 
using histograms, frequency distributions, stem-and-leaf plots. and box-and- 
whisker plots. 

Geometry is the branch of 
of sets of points such as li 


6 


ematics that is concerned with the properties 
angles, and triangles. 


4, Two angles whose sides are rays in the same lines but in opposite directions 
are called vertical angles. Two angles are complementary if the sum of their 
measures is 90°. Two angles are supplementary if the sum of their measures 
is 180°. 

5. The sum of the measures of the angles of a triangle is 180°, Some special 
triangles are right triangles, isosceles triangles, and equilateral triangles. 

6. Similar triangles have the same shape but not necessarily the same size. 
Their corresponding angles have the same measure and corresponding sides 
are proportional 


7. Trigonometry is the branch of mathematics B 
that includes the measurement of triangles, 


Three trigonometric ratios ate sin A = * F 


cos A = g and tan A=, Approximate 

values for these ratios a iven in the table A b c 
on page 683. Trigonometric ratios can be 

used to solve problems involving right triangles. 


Give the letter of the correct answer. 


1. A cube with letters A, B, C, D. E. and F ts rolled. Specily the event that 
the letter turned up is « vowel 
a. {A. B.C, D, E, F} b. {A, E, 1, O, U} 
ec. {A, E} d. (B,C, D. F} 

2. A spinner is divided into five equal sections, numbered 1, 2, 3, 4, and 5. 
‘The pointer is spun. Find the probability that the number on which the 


pointer stops is odd. 
1 3 
a0 b. | «4 a3 
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3. Find the mean for the data 42, 44, 46, 


a. 48 b. 46 
4, Find the range for the data 33, 43, 57, 61, 76: 
a. 54 b. 57 43 


5. The histogram at the right shows 
the frequency distribution for the 
height in centimeters of all the 
students in the Drama Club. How 
many of these students are between, 
150 and 170 em? 


e 
a 


140 150 160 170 180 190 


en le 


6. Find the first quartile score for the data: 


Height in em 


10 
a 54 b 2 4 
7. Which angle is a right angle? 
a. ZA = 99 b. 2B = 60° . £C = 90° d. 2D =45° 
8. Find the measure of the supplement of an angle with measure 63° 
ai? b. 127° e. 17° d. 27° 
9. Find the complement of an angle with measure x°. 
a. (90 — x)” b, (90 + a)” c. (180 — 49” d. (180 + x) 
. What is the sum of the measures of the angles of a right triangle? 
a. 45° b, 90° ec. 180° d. 360° 
M1. if AaBC ~ Aber, AE and CA = 8, find FD. 
3 3 10 
a bf cl a 1 
12, Use the diagram to find cos A B 
3 4 
a3 b+ 1s - 
3 4 
5 (ey ia 
A 2 ¢e 
13. Use the table on page 683 to find sin 54°. 
a. 1.3764 b. 0.5878 c. 0.8090 d. 0.1584 


. The angle of elevation to the top of a tree from a point on the ground 


800 cm from the base of the tree is 47°. Find the height of the tree to the 


nearest centimeter. 


a, 600 em b, 858 cm ce. 585 em 


d. 546 cm 
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Extra Practice: Skills 


Chapter 1 


Simplify each expression. (Ie, 1-2) 
1,.5+(4%8) 2.+7)x2 3. 30 x 3) + (5 x 2) 

4. (40 = 4) - (9 — 5) 5. (30 + 3) x (4 +2) 6. (40 ~ 4) + (9 — 5) 

1. 9+7-2x8+4 8. 32+8+3%7-6 9.4% 6- 162247 
Evaluate each expression if e = 2, f= 3, ¢=4, «= and 

10. ev ~f IL. Sg + 4u 12. (w) + (fg) 

13. wwf) +e 14. Ge) «(e+ u) 15. (v— ww +g 

16. (¢ + fg + ¥) IT. ut vw) 18. (4e ~ 2fyv + w) 


20. 


21. flwe + +4 


Solve each equation if x € (0, 1, 2. 3, 4, 5, 6). 3) 
2.7+x=12 
26. ox = 18 
30. xer=1 32. ty 3B. vex = Sx 
HM. av +9 = 26 3 Ho dea ned 37. (9 — 4) = 0 
‘Translate each phrase into a variable expression. (ay 
38. Three mote than twice the number m 
). Four jess than half the number > 
|. Two more than eight times the number & 
The difference of five times @ number w and one 
‘Three times the sum of a number h and six 
Complete cach statement with a variable expression, 4) 
43, In x weeks there are 1 days. 
44. In y yards there are 2 feet. 
45. A house is x years old. Four years ago it was —!_ years old. 
46. Tony weighs w Ib. Ray is 7 Ib heavier than Tony. Ray weighs 1 Ib. 
47. My car is 5 years older than my sister's car. If my car is years old, then 
her car is —2— years old 
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In Exercises 48-50, 

a. Choose a variable to represent the number described by the words in 
parentheses. 

b. Write an equation that represents the given information. 


48. A package of a dozen pencils costs $1.39. (Cost, of one peneil in cents) 

49. The perimeter of a square is 52 m. (Length of a side in meters) 

50, All but 5 of the 34 invited guests came to the party, (Number of guests at 
the party) 


Translate cach problem into an equation. Drawing a sketch may help you. 


older than Celia. If the product of their ages is 140. find 
ge 


51. Henry is 4 
each person's 


52. The length of a rectangle is 5 cm more than its width. If the area of the 


rectangle is 176 cm’, find the dimensions of the rectangle. 


Solve using the five-step plan, Write out each step. A choice of possible 
numbers for one unknown is given. 


53. The number of tickets Cynthia sold is 12 less than half the number Holly 
sold. Together they sold 114 tickets. How many tickets did each sell? 
Choices for the number Holly sold: 68, 72. 84 

54. Jim weighs 40 Ib more than Stephanie 
much as Jim. How much does each wei 
100 Ib, 118 Ib, 120 Ib 


phanie weighs three fourths as 
h? Choices for Stephani 


s weight 


Write a number to represent each situation. Then write the opposite of 
that situation and write a number to represent it. 


55. 400 ft above sea level 56. A bank withdrawal of $50 


57. Ten losses 58. Seven floors up 


Graph the given numbers on a number line. 


59) 5) 2, 3, 4 60. —3, 0, 1, -2.5, 

Simplify. 

61. -(7-4) 62. [-(—8)] + 10 63. 3 + [-(-6)) 64,2 
65. |-3) + 10) 66. (6) — |61 67. |-3.2| + |-0.8) 68. 


Replace each —2_ with one of the symbols < or > to make a true 


statement. 
a = Bt =] 1. 72.6+5 71. 
72, -4.3_2 -44 73. —(7 + 3)_2 |-14| 74. 


(16) 


(7 


(1-8) 
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Chapter 2 


Simplify. ap 
1, 237 +75 + 13 +25 2, 4564+ 29 4 44421 
3. 0.2 + 16.4 + 2.8 + 0.6 4, 3.75 + 4.85 + 1.25 + 3.15 
5.6 +15 +434 33 6.2344 
78+ 3m+4 8. 1S +5647 9. 9+ ow +3 
10. S(7u) 11, (8m) 12, (46)9 
13. (3pyi4qyi5r) 14, (2x)(54( 7), 15. (LOw)(3h\2m) 
Simplify. If necessary, draw a number line to help you. 2 
16. (-4 +8) 49 17, (~7 + 10) + (-3) 
18. [16 +(—21)] +4 19. [-5 + (-13] +6 
20. [0 + (—7)] + [-8 + (22) 21. (27 +(-)) +11 +(- 
22, —3 + (-—4) + (9) 23, (~5) + (-8) + (~6) 
24, -7.2 + (-3.5) + 10.7 25. 5.4 + (—3.1) + (-7.9) 
Add. 3) 
26. 9+8+(-3)+4 27. -6 +(-7)+ 10+2 
28. 112 + (—32) + (—40) + (—25) 20, 265 + (—88) + 105 + 95 
30. —[24 + (-8)1 + [-(-4 + 6) 31. [-9 + (-2)] + [-(-9 + 2)] 
Evaluate each expression if x = 2, y= EN (3) 
32. -8 +x + (-y) 33. a) 34,1 + (may tz 
38. |v ty +2] 36. 12) 37. =| +(-y) +41 
Simplify. (2-4, 2-5) 
38. 48 — 218 39. 53 — (—47) 40. 18 ~ (~S) 41. =27-56 
42. 133 — (62 — 59) 43. 186 — (40 ~ 69) 
44, (33 — 44) — (66 — 77) 48. (54 — 32) — (-8 + 13) 
46. [14 —(-8) — 16-(-3)] 47. -18 ~ 7 ~ [-6 -(-1) 
48. 6+x—(6—x)-x 49. y= (4) = [y+ (=a) —4 
so. 30(1 + 4) 24) + Li16) 52, £6 + 12) 
53. (0.2534) + (0.75)(34) $4. (37 x 22) — (7 x 22) 55. (16 % 58) ~ (6 * 58) 
56. 14m + Im 57. 15q + (-8)q 38, 530 ~ 1100 
59. 79a — 37a 60, 3u + Tu + 8 61. Me +3) +6 
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Simplify. (25, 2-6) 


62, 26 + 4h + 3) 63, 8(j— 4) +17 64, 23 + (¢ — 2) 
65. Sr + 9+ 0411 66. (—S)m +3 + 13m-+ 17 

67. 14u— 8 ~ 12u + 13 68. 4h + 8k + (—2)h + 12k 

69. Of + 3g — Tf + Te 70: 10x + 14y — 6x ~ 3y 

71. (-27\(-5) 72. 38(—-2) 73. (—4)45 

74. (-8)(-6)(30) 75. (—5\-9X-3) 76. (—13)(—14)(0) 
77. 5(—4)(— 12(—2) 78. —3(-2- 9) 79 (—17 + 6-1) 
80, (6 x 13) + (6 X 15) 81. (27 x (—5)| - 27x 5) 

82. —16 x (-1) — [-16 x (-1] 83. 7(—m + 6p) 

84, —SQu — hy 85. —4(6n — 9v) 

86. <x +7 + 6x — 87. 4-1-8-71 88. -1+9+ 61-4 
89, Bix + 4y) + (—4)(8K — y) 90. —4(2u + vy + Stu =v) 

M1, —2Be + d) — 35d ~ @) 92. He — f) — 3(2e — 3) 

Write an equation to represent the given relationship among integers. (2-7) 


93. The sum of three consecutive integers iy 75. 
94. The sum of three consecutive odd integers is 87. 
95, ‘The sum of three consecutive even integers is 138, 
96. The product of two consecutive integers is 156, 


97. The greater of tw ht more than three times 


the lesser. 


consecutive odd integers is « 


98. The smaller of two consecutive even integers is one less than half of the 


gteater. 
Simplify each expression. (2-8, 2-9) 
= a = 
100. —S000( a) 101. 
1 1 1 I 
Fs 103. — 5(80) 5 104. 6uv(—+) 
106. mn), m #0 107. (8fe)(+). £40 
35a + 15) 109. (27h — 18) 110. —4(~32e + 40/) 
MA. (42 ~ 639)(—4) 112. 480 — 144m) (—S0p ~ 1004)(~ 75) 
114, —392 = 56 115, 216 + 116. 117. 0 = (~29) 
118, 6 ug, + 120, —2 mi, 
“6 5 7 a 
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Chapter 3 


Solve. Check your answers. 


(3-1, 3-2, 3-3) 


1,a-13=17 2 e+ 8=22 20=-12 
4. y+ 14 = -33 5. 1S+h=0 6.0=k=13 
7. f-—4= 16) 8 g+7=|-2| 9 —x+6=9 
10. —y=47 nH, -5-—m=7 12, 13 =-q+8 
13. (¢ +4) +3=9 14, 6 = 10+ (n+ 3) 15. -S+(1+2)=8 
16. 13u = 338 17. ~396 = 22a 18, — 120 = —444 19. 126 = —9y 
2. 1t=—ty 23. -10=—4m 
m 
2%. -H=0 27. 
3 
' 23 
20, 4 31. 
33. 7h-6= 36 M, -3 + 3m = —45 
36. 9 — Sv = 44 37, Be — Be = 65 
39, -4 - 40, 20+ 15=0 
41. 42. 0=)- 14-3) #3. c+ det 4e=48 
44. 5k + 3) = -10 45, —4(n- 6) =12 46. 2 +7) -9=19 


Solve each problem using the five-step plan to help you, 


47. The sum of 37 and three times & number is 67. Find the number. 


48. Four times a number, decreased by 24, is ~ 20. Find the number. 


49. The perimeter of a rectangle is 108. If the length is 33, find the width 

50. A large bucket holds 3 L more than twice as much as a small bucket, It 
took 2 small buckets and 5 large buckets to fill a 63 L tank, How much 
does a large bucket holt? 

51. The lengths, in meters, of the sides of a triangle are consecutive even inte- 
gers. The perimeter is 18 m. How long are the sides? 

52, Bruce's savings account contains $122 more than his younger brother's ac- 
count. Together, they have $354. Find the amount in each account 


Get) 
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Solve each equation. If the equation is an identity or if it has no solution, write (3-5) 
identity or no solution. 
53. 10 = 8w + 14 S4, x= 45 — 4x 55. 48 — 6k = —12k 
56, 9m + 3 = 6m + 21 87, 27+ u=3-3u 58. 4n + 1 = —1 + 40 
59, 2y — 8) = 6v 60, 3x=5(x- 6) > * 61, Ty — 3 = 6(y +2) 
62. 118 %)=6—3¢ 63. m La2— 14m) 6. 40255 ~ 15) = 50x + 38 
65. 513 +h) =4(h + 2) 66. (Gx — 32 = (4x + 7)3 67. Tin — 3) = Sin 3) 
Solve. Use a chart to help you solve the problem. (3-6, 7) 
68. Jay’s salary is 3 of his wife's salary. In January, when they both get 
$2000 raises, their combined income will be $49,000, What are their cur- 
rent salaries? 
69. Erin’s three test scores were consecutive odd integers. If her next test score 
is 18 points more than the highest score of the three tests, her total number 
of points will be 328. Find Erin’s test scores. 
70. Julius weighs twice as much as each of his twin brothers. If each of the 
twins gains 5 Ib and Julius gains twice that amount, the sum of the three 
brothers’ weights will be 240 1b. How much does each weigh now? 
71, The width of a rectangle is 6 cm less than the length, A second rectangle, 
with a perimeter of 54 cm, is 3 em wider and 2 cm shorter than the first 
What are the dimensions of each rectangle? 
72. Martha has some nickels and dimes worth $6.25, She has three times as 
many nickels as dimes. How many nickels does she have? 
73. Elliot paid $1.50 a dozen for some flowers. He sold all but 5 dozen of 
them for $2 a dozen, making a profit of $18, How many dozen flowers did 
he buy? 
74. Rachel spent $16.18 for some cans of dog food costing 79 cents euch and 
some cans of cat food costing 69 cents each, She bought ovo more cans of 
cat food than of dog food. How many cans of each did she buy? 
75. Victor earns $3 an hour working after schoo! and $4 an hour working on 
Saturdays, Last week he earned $43, working a total of 13 h. How many 
hours did he work on Saturday” 
State a reason for each step in Exercises 76-78. ae) 


16. 6+ (1S +4)=6+(4+ 15) 


=(6+4)+15 2. 
=10+15=25 2 
TT. 20 + (—4) = (16 + 4) + (=4) 2 
16 + [4+ (—4)} 2 
16 +0 a 
16 mS 


Extra Practice 


78, -7+ 19=19 + (-7) : 
12+7+(-7) 
+0 2 
12 


Chapter 4 


Simplify. 41) 
Seve 2, (5) 3. -3- 2" 4. (-2-59 
5. 74+82 6. (8-4 We 2 8 (4+ 7)° 


955° GB? +4) 10. (8? — 67) +7 


Evaluate if a = —3 and b = 2, 


12. 3a +b? 13. Ba + 6)? 


16. 7 + ab> 17. (7 + aby? 


Add, 


ab +4 
—2b-6 


20. 4x - 3 
x+8 


21. 


11, 4¢9? — 45) 


(44) 
15, 


(42) 
8 23, 


a, Sk-6l+4 


=5k + BL+2 


26. 


2m? — 3mn — Sn 
=8m* =i 


28-35. In Exercises 20-27, subtract the lower polynomial 


Simplify. 
36, 0% 63 
39. | 


a2. (5 
48, 3 


7. (af VF) 
(3mn\(onF'ny(2n-y 


2yh?(5e"N) 


as 


. (~6a")(La') 


#. 


he ge 


5 


. (3p N(5p?) + (7p 2p") 


51. 


uy 

wy 

59. (gh)* 

63, (3a°h')? 

67. (-2¢' 9 + Se? 


ve) 


(ays 
fr 

62. (2u'v)? 
66, (34) (3K) 


60. (Gn)? 
64. (-7x'7 


68. 


(42° 3n 


ay + 
wy 


~ bab 


* + Yab = bP 


from the upper one 


(43, 44) 
3B. (~307d)(—4ed) 
AL. (SAWP KP) 
44. Bu’) be?) 
47. 2. 


ard, 3b 


49. (8d5)(2d") — (3d 4a") 


6. 
65. 
69. 


(4mnsy! 
—(8e)" 


(5x2y)* - 37 
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Multiply. (45, 46) 


7. Tx + 3) Ti, Xy~ 4) 72. ~3n ~ 2) 73. —8(1 + 4m) 

74. 3nin + 5) 78, 43 — 2) 76. 6k(2k ~ 7) 77. —Sh(Bh + 3) 

78. Ya(a? — 3a — 4) 79, —Sb*(3b* — 2b + 6) 

80, Le(6c? — 3ed + 94?) 81, Luu? — dv + 8x) 

82. (im + 4m + 2) 83. (n — 3)(n + 5) 84. (a ~ 6a ~ 7) 

85. (Sv — 20 + 7) 86. (4y — 2)Gy — 1) 87. (6m + 4)(Sm + 3) 

BB. (+ 3) + Qu + 5) 89. (v — 1)(3v? + av + 7) 90. (Be = 5)(2c? = ¢ +8) 

91. 7x — 4y 92. Sa — 8b RB. e+eft fl 94, 3m? — 4mn + rn? 
3x — dy 4a+ etfs Smt n_ 

Solve the given formula for the variable shown in color. State the restrictions, 47) 


if any, for the formula obtained to be meaningful. 


95. A = ap: « 96. V=4Bh; f 97. A =Aniby + ba): b 

98. mx + by hy 99. A= mr: + 100. S = (n — 2/180; » 
r= IO4 ae, pa Oo 

M1. F= sf 32;.€ 102. P Var" A 103. r Pi 


Solve. Use a chart to heip you solve the problem. (48) 


104. Two buses leave a depot at the same time, one traveling north and the 
other south. The speed of the northbound bus is 15 mi/h greater than the 
speed of the southbound bus. After 3 h on the road, the buses are 255 mi 
apart, What are their speeds? 


actly 10 min after Alex left his grandparents’ house, his cousin Alison 
set out from there to overtake him. Alex drives at 36 mi/h, Alison drives 
at 40 mi/h. How long did it take Alison to overtake Alex’ 

106. A plane flew from the Sky City airport to the Plainsville airport at 
800 km/h and then returned to Sky City at 900 km/h. The return tip took 
30 min less than the flight to Plainsville, How far apart are the airports 
and how long did the trip to Plainsville take? 

107. A poster is three times as long as it is wide. It is framed by a mat such (49) 
that there is a4 in. border around the poster. Find the dimensions of the 
poster if the area of the mat is 488 in* 

108, A square piece of remnant material is on sale. A rectangular piece of the 
same material, whose length is 1 yd longer than a side of the square and 


5 
whose width is > yd shorter than a side of the square, is also on sale. If 


the square and the rectangle have the same area and you purchase both 
remnants, how much material will you get? 


646 


Extra Practice 


Chapter 5 
List all pairs of factors of each integer. (5-1) 
1, 42 2, 80 3. 91 4. 72 5. 52 


6-10. Find the prime factorization of each integer in Exercises 1-5. 


Give the GCF of each group of numbers. (51) 
11. 126, 168 12. 144, 84 14, 90, 330 
Simplify. Assume that no denominator equals 0. (5-2) 
1236 Sue)! 
15. 
ae Th 10) 
(wt? 
19, 20. 21 22, 
(wy 
(5:3) 
6 = y+ 12 
4. — 
26, 18ab=2: 27, 15m a Sm’ 
Factor each polynomial as the product of its greatest monomial factor and 63) 
another polynomial. 
29. 15w* — 10w + 5 30, 9x7 + 18x 31. Tus + 14 
32. 12a° — 6a + 18a 33. 5c? + 3d 34. 8it'n ~ 24mn* 
Write each product as a trinomial. (5-4) 
35. (x + 5)(x + 3) 36. (b ~ 2b — 4) 37. (n ~ 3)\n + 7) 
38. (c — 8)(e + 6) 39, (3 + m2 + m) 40. Gf+ 20/45) 
41. (4y — 329 — 1) 42, (82 + 72 — 2) 43. (Sn — 3(4n — 2 
44. alba — 4)(5a — 3) 45. h(Sh + 74h + 9) 46. 2x(9x — 1)(2x + 3) 
Write each product as a binomial. (55) 
47. (k — Sk + 5) 48. G-yG+y) 49. (4d ~ 8)(4d + 8) 
50. (w> — 6)(w7 + 6) SL. (Sm> + n)(Sm> — ny 52. (ab + c*)ab — c*) 
Factor, You may use a calculator or the table of squares. 55) 
53. 16e7—9 55. 81-f? 56. 144a* — 64b* 
59, 8 —4 60. 16x" ~ 625 


57. 49 — 100)" 
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Express each square as a trinomial. (5-6) 


61. (g + 7P 62. (kK -— 37° 63. (2x + 6)? 64. Gy — 

65. (2m + 3nP 66. (Ta — Sb)? 67. (ef — 8° 68, (4 + Of) 
Factor. NaS ya (5-6) 
69. — 6x + 9 70. ¢? + I8e + 81 TA. 4 — 28h + 49h* 

72. 64x? + BOxy + 25y* 73. 4? — 36mn + Bin? 74, 1Ow? + 24w2 + 

Factor, Check by multiplying the factors. If the polynomial is not (5-7, 5-8, 3.9) 
factorable, write prime. 

7S. ke + 8k+7 76. > — 9 +20 2at+l 

7B. 35 + (Qu tue 79. n° — lon + 48 80. we + I8w + 80 

81. x7 + 13xy + 42)" 82. me — 10mn + 21n? 83. e? — 1Sef + 44/7 

84. 0? + Fo— 18 85. x? — 2v — 35 86. k? + 8k — 32 

87. i — Th- 18 88. b° + Th — 30 89. y>—4y — 45 

90. «? — 2ab ~ 367 91. we + Suv — 47 92. m? — mn = 20n* 

93. 2x? + IL + 12 94. 10e? — 12¢ +3 98. 10d? +d —3 


96. —10 — 26y — 12)? 97. —7—39z— 1827 98. —10 + 2: 


99. 15° + 13xy + 2y? 100, 80° ~ 22ab + 12b7 101, 14m? — mn ~ 3n? 
Factor, Check by multiplying. (3-10) 
102. 8(m — 3) ~ Sm(3 ~ m) 103. Gata + 2) + 4a + 2) 

104. uu — 2v) — Qv — 0) 105. b(b — 2b + 1) — 3 ~ 3b 
106. a? + 2a + ab + 2b 107. Tew + 3¢ — Tw? = 3w 
108, n° + 1? = 6n ~ 6 109. 64 — 64m? + m* — m® 
Factor completely. Check by multi B11) 
110. 42:3 + 687 + 16x WW. 112. 125 — 20x* + 3x3 
113. 16a* ~ 1444" 114. 115. 28! — 1020? 

116. 36m? + 24mn + 4n7 117. 24ed — 12c? — 12a” 118, —7x4 + 14Py — Ixy? 
Solve and check. (5-12) 
119, (a + 13)(a + 8) =0 120. (f— 16). f—27)=0 2B. (2 — 413-5) = 0 
122, (6h — 56h +5)=0 123, Tw(4w + 124. mm + 7)(3m — 4) =0 


125. a? + 7a+6=0 127. d? = 14d — 45 
128, y>— Ty — 18 =0 130. 1° 

131. 6 — 232 — 4 132. 3m + 1 = 4m 133, 2? = 10 +n 

134, e? — 49=0 135. 36g* = 16 136. 1° — 9 =0 
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137. The sum of a number and its square is 56. Find the number. (5-13) 

138, Find two consecutive negative odd integers whose product is 143 

139, The length of a rectangle 
the rectangle is 88 env 


is 3 cm less than twice the width. If the area of 
, find the dimensions of the rectangle. 


140. Find two numbers that total 12 and whose squares total 74. 


Chapter 6 


Simplify. Give the restrictions on the variable. 


(6-1) 
“ab 
a saa Sigs, beak 
U.S 0. 
a. 4 = at ne 
SS ba a me a 
Multiply. Express each product in simplest form. 6-21 
B ws. 4-3-5 19. ( 5 24 
a tein to Bi 
Boca 6S 
at = : re y ee rs = ee a 
Simplify. Use the rules of exponents for a power of a product and a 62) 
power of a quotient, 
29. (5k')® 
x. (-) r, 5 as 
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jivide. Express the answers in simplest form, (6-3) 


4. 16 nm Rie 
37. $31 ee 40, 2 = doy 
= 12a = 30 oe. Tm + In 
3 47 Ss 10r at 6 


(6-3) 


er aa er 


ae I 
* Swr 10w 
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Write each expression as a fraction in simplest form. (6-6) 


90. 74 a1. 544 92. 4m — > 

94. 6-735 95, 

Hig, 5 

102.2 -—1, - 34> 103, 44+ 44 =3 
Divide. Write the answer as a polynomial or mixed expression. 7) 


( oe eae rae 


2-9h+7h* 117. 


Chapter 7 


Write each ratio in simplest form. r) 
min 2. 4.m:250 em 3, 3ke:45 g 
36d: 10d 6. (4a? 36a 


1, 40 
4. 6 


7. The ratio of old cars to new cars if there are 180 cars and 55 are new, 
8. The ratio of wins to losses for a baseball team that played 84 games and won 
48 of them. 


Solve each proportion. (7-2) 


10, 2 = 23 
Seen 
= 
= 
3w 2 
16. Toe F2 ~ 7 
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Solve and check. If the equation has no solution, write No Solution, (7-3, T-4) 


Evaluate. (7-8) 
30, 80% of 700 31. 45% of 450 32. 3.25% of 48 

33. 18 is 60% of what number? 34. 63 iy 150% of what number? 

35. What percent of 180 is 45 36. What percent of 36 is 54? 

Solve. (7-5, 7-6, 7-7, 7-8) 
37, 1.2=48 38. 0.62 = 180 39. 0.08y = 64 


40. 0.4a—-0.7=2.9 41. 0.3b + 0.03b = 99 42. 0.05¢ = 6.6 ~ 0.06e 
kilograms of zine are contained in 30 kg of an alloy containing 


‘on bought a new suit that cost $140. If he also paid $6,30 in 

X, find the sales tax rate. 

45. A camera that originally cost $150 is on sale at 15% off the original price. 
Find the sale price. 

46. How many kilograms of water must be added to 12 kg of a 30% salt solu- 
tion to produce a 20% solution? 

47. How many kilograms of water must be evaporated from 40 kg of a 10% 
salt solution to produce a 25% solution? 

48. A coin-sorting machine can sort a certain number of coins in 1S min. A 
second machine can sort the same number of coins in 30 min. How long 
would it take both machines working together to do the job? 

49. An air conditioner takes 20 min to cool a room. If a second air conditioner 
is used together with the first, it takes only 12 min to cool the room, How 
long would it take the second air conditioner alone to coal the room? 


Evaluate, (7-9) 
50, 6 52.7? 53.97% 
$4, 2-4-2°3 36. 3 785 
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Simplify. Give answers in terms of positive exponents, 


59, (9yy-* 60. vy * ol. 

63. def? 64. (a 7h)? 68. 
Write each of the following numbers in scientific notation, (7-10) 
66. 64,800,000 67. 147,000,000 68. 643 billion 
69, 0,0000098 70. 0.000000006 71. 0.00000000001 


Chapter 3 


State whether each ordered pair of numbers is a solution of the given equation. (8-1) 
1 x-2=6 22+ 3y=9 3. 2e-y=5 
(3, 0), (0, —3) (3, 2), (-3, 4) Coal tt, —7), 
4. 2x +39 5. dx +2y=6 6. -3r+4y=-7 
05 2)73; =) (2.0), a.0 a, -1. (2,4) 
Solve each equation if x and y are whole numbers. 1) 
7. x+2y=8 hitet yas 9, ae + 3y=12 
10. xy= Mex + 4y = 10 12. 2ty + 12 = 14 
Graph each equation. (82) 
13. y= -7 14.x=4 15, y=3e +2 
16. y= 20-5 17. 5x =3) 18. Br ~ 2y=0 
19, 3x +» 6 20. 4x + 3y 12 2. 2s + By =7 
Find the slope of the line through the given points. a 
22. (1. 2). (4. 6) 23. (-7, 1), (=1,2) 24. (1, 6). (0. 0) 
28, (4, -3), (2, -3) 26. (2. 1). (8, —2) 21. (-7, ~1), (6. —4) 


Find the slope of each line. If the line has no slope, say so. 


28, y=7x-3 Wox=5 “ft 8 
3. y-9=0 32. Sx + 4y = 16 voit 

Determine whether the given points are collinear. (8a) 
34, (2, 1), (0, —3), (4, 5), £ =F} 35. (0, 4), 9, —2), (3, 6), (6, 0) 


37. ( 3). (0, 3), (S, 3), (=2. 3) 


2), (2, —A), (6, —5)- 
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‘Through the given point, draw a line with the given slope. (83) 


38. P(3, 1); slope 2 39. P(—-4, 5); slope 0 40. PO, — 6); slope 5 
41. PC, 0); slope =3 42. P(—2, ~3); slope t 43. P(3, 4); slope 
Change each equation to the slope-intercept form, Use only the slope and (84) 
y-intercept to draw the graph of each equation. 

ee 45. 7x = 2y 46. 4y y=3 

47. lv + 48. —x +S5y=10 49, 3x -—4y-5=0 
Use the slope-intercept form to show that the lines whose equations are (4) 
given are parallel. 

50... -y=2 SI. 3y- 52. 


=x =2y 


Write an equation in slope-intercept form of the line that has the given (85) 
slope and y-intercept. 


83. m= 3,b=4 58.m=1,b=6 


56. m= 0, b= 35 51. m=-4,b=3 58. m= -1.5,b=2.7 
Write an equation in slope-intercept form of the line that has the given (8-5) 
slope and passes through the given point. 

$9. m= 3: (-3, -5) 60. m= -2; 3. 4) 61. m= 3; (0, -2) 

1 _ 7 

62. m= 0: (4.3) 63. m= ~4:(-5, 0) 64. m= £:.3.7) 
Write an equation in slope-intercept form of the line passing through the points. (8-5) 

65. (2, 1). (6. 4) 66. (2, = 1), (1. =7) 67. (0, 0), (6, =1) 

68. (—3, 2), (-3. -4) 69. (2, 8). 1. 2) 70. (6, —4). ( 

State the domain and range of the function shown by each table, (8.6) 

71. | Longest Suspension Bridges 72, | Airports in U.S. 

Mackinac Straits | 3800 ft | 1930 | 1782 
Humber Estuary 4626 tt 1940 2331 
Golden Gate 4200 ft) 1950 6403 
Ataturk 3524 ft 1960 | 6881 

azano Narrows: | 4260 ft 1970 | 11,261 


73. Make a bar graph for the function shown in Exercise 71 
74. Make a broken-line graph for the function shown in Exercise 72 


Given f: x—> 5 — 3x, find the following values of f. (8-7) 


75. (4) 16. j{-4) 77. f(O) 78. f(-5) 

Given G(n) = n' + 2n, find the following values of G. (8-7) 
79. Gi) 80. G(-2) 81, 82. G(3) 

Find all the values of each function. (87) 
83. h(x) = 5 — 2x — 7, D= {1, 2,3} 84. Mu) a D={-1,0, 1} 
Find the range of each function. (8-7) 
85. r: 2 —3 — 42, D ={-2. -1, 0} 86. Nis 9, p= (2.4, 8} 

87. G: w— (w — Iw + 1), D = {-2, 0, 2} 88. ks vv? — 4y + 2, D={3, 4,5} 


Find the vertex and the axis of symmetry of the graph of each equation, 
Use the vertex and at least four other points to graph the equation. 


9% y= ar 90. » y= te 

92, y= a + 3x 93. y= +S m4. y=4-12 
Find the vertex. Then give the least value of the function. (88) 
95. fx t Tx 96. gx —3e-4 97. hsv 

Find the vertex. Then give the greatest value of the function, (88) 
98. fix) =x — 32 99, (ny =2-te 100. hix) = x7 — 4-1 
In Exercises 101 and 102, find the constant of variation, (8.9) 


101. y varies directly asc, and y = 12 when x = 60. 

102. q is directly proportional to p, and q = 144 when p = 24 

103. If n varies directly asm, and n = 300 when m= 5, find n when m = 15 

104. If b is directly proportional to a. and b = 28.7 when a = 4.1, find b 
when a = 13 


) are ordered pairs of the same direct variation. (8-9) 


(x1, yy) and (x: 


a5 3 
107. 4) =F. 1 = 


For each variation described, state (a) a formula and (b) a proportion, (5-9, 8-10) 


108. The circumference, C, of a circle is directly proportional to the diameter. 
d, of the circle 

109. ‘The elongation, ¢, of a coil spring varies directly as the mass, m, sus- 
pended from it. Soi 

110. The length, /, of the shadow of a vertical object at a given time and loca- 
tion varies directly with the height. /. of the object 


HL. The monthly rent, r, for each roommate in an apartment is inversely pro- 
portional to the number. 1, of roommates. 

112. The height, 4, of a triangle of constant area varies inversely as the base 
length. b 

113. The number of tickets remaining (0 be sold, n, varies inversely as the 
number of tickets sold. » 


Graph each equation if the domain and the range are both the set of (8-10) 
non-zero real numbers. 
114. ay = 4 115, 3xy = 1 16. = 7. $=4 
(4, ¥1) and (x, y>) are ordered pairs of the same inverse variation. (8-10) 
‘ing value. 
8 
Chapter 9 
Solve each system by the graphic method, (9-1) 
laxe+y=6 BVxrty=9 
x-y=2 y 
4 y=3 x sy 1 
vty=s 
y +5 
Solve by the substitution method. (92) 
7. 3x+ 8. 
y=2s 
10, 4c — 3d = 9 il, 
u-d 
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Solve by using a system of two equations 


two variables. (9-3) 


13, On a jury there are 3 fewer men than twice the number of women, If there 
were 2 more women on the jury, the numbers of men and women would 
be equal. How many men are on the jury? 

14, Janet and Lynn live 8 mi apart in opposite directions from their office. If 
Lynn lives 1 mi less than twice as far from the office as Janet does, how 
fur does each live from the office? 


Solve by the addition-or-subtraction method. (9-4) 
16. © + 2n = —20 17, ¥-3y=2 
c- n= x+4y=16 
19. 12m + 3u = 51 20. 8¢ + Th = 26 
7m — 3n= 44 8¢— 10h = 60 
Solve by using multiplication with the addition-or-subtraction method. (9-5) 
A.v+w=3 22. 
3y — Sw = 17 
24. 3x + dy = —25 25. 2 
2 3y=6 ul 


Solve by using a system of two equations (9-6, 9-7) 
27. A plane can fly 1120 km in 80 min with the wind. Flying against the 
wind, the plane travels the same distance in 84 min, Find the speed of the 
wind and the speed of the plane in still air. 
28. The sum of the digits of a qwo-digit number is 7, With the digits reversed 
the number is 5 times the tens digit of the original number, Find the or 
nal number 
29. In five years Jenny will be two thirds as old as her aunt, Three years ago 
she was half as old as her aunt is now. How old are Jenny and her aunt 
now? 
30. The numerator of a fraction is | less than the denominator. If 1 is sub- 
tracted from the numerator, and the denominator is unchanged, the resulting 
fraction has a value of +. Find the original fraction 
Classify each statement as true or false, (04) 
1. -8>7>6 2. =5 4<5 3-15 1 0.05 
4, -L<o<1 5.7>0>2 6. —10 15 = —20 
SirD 
1 y 
7. |-0.6|< 0.4 8. |-3| =0 9, 5-3 =) —5} 
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Solve each inequality if x € {—4, —3, -2, -1, 0, 1, 2, 3, 4}. (10-1) 
10, Sv 15 Th. 7x > 14 12, -4-x20 Bo < 10 


Graph each inequality over the given domain. (10-1) 
14. 4 <x; {the positive numbers} 

15. —6 <k <2: {the negative integers} 
16, 3 >1 = —4; {the integers} 

17, ~2 <1 <2; {the real numbers} 


Solve cach inequality and graph its solution set. 02) 
18. ¢-8>12 19. 13>0+9 20. 4g < -20 

x = 4 
a -h<14 23, -3>7+ 4k 
24, 26. 7n <6n + 8 
27. 8 29. Sim + 2)> 4m —1) 
30. 31. 2 — 1) <3 32. 2 -1ar+8)>0 
In Exercises 33-37: (103) 


a, Choose a variable to represent the number indicated in color, 
b. Use the variable to write an inequality based on the given information. 
(Do not solve.) 


33, Marquita sold 9 fewer magazine subscriptions than twice the number Juw 
nita sold. Marquita sold at most 43 subscriptions. 

34. Rick. who is not yet 16 years old, is 3 years older than Sam 
(Sam’s age) 

38. Andrea lives 10 mi less than half as far as Roger lives from the beach 
Andrea lives at least 25 mi from the beach. 


36. The number of San Marcos High School students who ride the bus is one 
third the number who walk or ride their bikes. The total number of stu- 
dents is at least 1800. 


37. Six years ago, Buford was less than half as old as he is now. 
(His present age) 


Solve each open sentence and graph its solution set. (10-4) 
39, -6< -6+w=2 
4. -1<8m4+7523 


—3 or u- 43. k>6=-Jork+6 
—lor4n+3>7 45, 2x —2= -8 or 8 < 2 
15 and 6 + 3e<0 47,h-42=20r4—h22 
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Solve each open sentence and graph its solution set. (10-5, 10-6) 


49. 8 


$2. |y + S| >2 
55, |-4— g/>7 


38, 5 - < 14 


ol. 


64. |7 + 61) < 19 


66. |S +4) =1 67. | -1 
69. 5 — (3 - Wi <6 70. 7 + 3|2m + 1) = 13 71, 10— 62 — k= 22 
Graph each inequality. (10-7) 
72. x<3 73. 4 m4. y>0 
16. y>x-1 17. ys—x+2 1B. y<3 +4 79. y=—-Sx-1 
‘Transform each inequality into an equivalent inequality with y as one side. (10-7) 
‘Then graph the inequality, 
80. x-yes 81. dv + ys -2 $2, x-3y>6 
83. Gx = y 84. y — Sx 85. 4y— Se <0 
86. 7x + by =x 3 87. 3y-2>6x-—4 88. Ry —7< 3x + 2y) 
Graph each pair of inequalities and indicate the solution set of the system (1048) 
with crosshatching or shading. 
89. y=0 90, y> 3 OL y > dx 92. 
a>0 r= x 3 
93. y<x+3 94. y = Sx 4 95. xt y>2 9%. 3 
ye3-x year+ r-y<6 
Chapter 11 
Replace the 2— with <, =, or > to make a true statement, any 
ny 1S: 87 y 39? 197 2 

i 46 i ES 3. “5 33 

Arrange each group of numbers in order from least to greatest, ably 
t) 41 + ae ee ba 4 5 6 5 
4. oA, eee 6-3, Te 
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Find the number halfway between the given numbers, 
7 g, = 27 mM 


tN 41° 37 ‘ 140° 32 ch 
If x E{0, 1, 2, 3} state whether each fraction ine any 
value asx takes on its values in increasing order. 
10 
I Soa 
(2) 
1, 2 
Express each rational number as a fraction in simplest form. (112) 
20, 0.77 21. 0.6 22. —0.318 237 24, 0.4135 
Find the number halfway between the given numbers. (112) 
28, = and 0,63 26. 0.66 and 0.6 27, Jj and 0.638 
Express both numbers as fractions. Then find their product. (12) 
28. 2 and 0.85 29. 0.4 and 2 30, =2.2 and 0.3 
Find the indicated square roots. 
31. V 441 32. V784 33. V2704 34, V5184 35. V10816 
36. V'0.04 37, V0.64 38. V1.96 39. V0.0144 40. 0.0036 
[st 1 [304 320 

a1. \4 2. Vag 43. \ eae 4 45. a5 
Simplify. ta) 
46. V3 47. V176 48. 2V'52 49, 4V99 50, SV175 
$1. 10V162 52. V192 53. V672 54, 224 55. 2646 
Approximate to the nearest tenth by using a calculator or the square root (ay 
table at the back of the book. 

56. V720 87. —V 800 58. 440 50, 8400. 60. —V5400 
Simplify. 

61. V169m = 62. V4 63. V125« 64, VS4e* 65. 

6. VBC 67. ~2V 72 68. V324rs" 69, —V4.84u* 70. V5.7" 
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aye 


[3600 


The 55 72. 


76. Ve + Bx + 16 


17. Va —4a+4 


74. V8im® 


78. V81 + 18k + 


Solve. 
79. 9° = 49 80. 1? — 64 =0 81, 25m? = 16 
82, 9° -4=0 83. by? — 54=0 84, 32° — 27=0 
Find both roots of each equation to the nearest tenth, uns) 
85. a? = 132 86. 1? — 208 = 0. 87. Ile* = 473 
In Exercises 88-95, refer to the right tri- (11-6) 
angle shown at the right. Find the missing a ‘ 
length correct to the nearest hundredth, 
& 
88, a= 3, b= 4.0 = 8. a=5,6=8 c= 2 
90. a 1. a= 2. b=10.¢ 
92.a=8 93. a= 20, b=_2_, 
94. a= 95. a= 2b, b = 15, ¢= — 
State whether or not the three numbers given could represent the lengths (1-6 


of the sides of a right triangle. 


96. 21, 28, 35 97. 9,9, 12 98. 45, 60, 75 
99. 31,41, 51 100. 6a, 8a. 10a. a > 0 101, Sa, Ta, 9a, a> 0 
plify. an 
102. V3-4V3 103. 2V5-3VS 104, V7- V6. V2 
105. V7 V7+V4 106, 5V2+ V3 107, 8162 
5 109, yey uo, 52-24 
12. 1220 113. HN6 
4V3 Vox 
sume all variables represent positive real numbers, ay) 
114, (3Vy(-SV ry) 115. VatVie + 3) 116. (7V 3 4V ONS 22) 
(1t-) 


Simpl 


M18. 7V2 + 6V2 119. 354 — 2V6 


122, V242 — 3V303 


117. 9V3 ~ SV3 
120, 4/28 + 6V 112 121, —10V'18 — 5V32 
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Lg) 


123, V8 - i 


126. 363 + 2V28 127. (120 — V270 + V300 


[3-1 ves 129. 3V5(V75 — 212) 

Simplify. ay) 
130. (5 — V3\5 + V3) 131. (V7 + 6XV7 — 6) 
132. (V6 ~ V35\(V6 + V5) 133. (44 -V2)" 
134. (5 — V5)? 138. (3V2— 4 
136. (VIL + 3V7)" 137. 2V6(5V2 — 4V3) 
138. (45 — 6)(2V7 + 7) 139. (3V14 + 2V7\5V14 + 3V7) 
Rationalize the denominator of each fraction. ) 
140, — > 141, 2483 

VeVT = We 
Solve. (11-10) 
142. Vm =7 143. Vex => 

r \ 

145. 54 Vy=1 146. y= 6 147. 
148. 4V51 = 8 150. Vak —5 +1 


153, 8Vin = 24V5 


Chapter 12 


Solve. Express irrational solutions in simplest radical form. If the equation 
has no solution, write ‘no solution.”” 


0 


5. 71? — 112 =0 

8. +9 = % (+5 

1. Hk + 4 = 81 12. 4f— 1° = 60 
13, 2(h + 7° = 42 14, (2x + 3)? = 100 15. 7(3y — 1° = 168 
16. e? + 6¢ + 9 = 64 17. a? — 1a + 36 = 49 18. n+ 18m + 81 = 36 
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Solve by completing the square. Give irrational roots in simplest form and (12-2) 
then approximate them to the nearest tenth. 


19, + lor =—15 20. y — 8y+7=0 21. n° 

22. 4a? + 10a = 12 23. WP -3b=5 24, 307 + 

Solve the equations by (a) completing the square and (h) factoring. (12-2) 
25. e? — 10e +21 =0 26. 4f? — 18f= 10 27. 6h? + 9h 42=0 
Solve. Write irrational roots in simplest radical form, (12-2) 


29, 2 +4 


the quadratic formula to solve each equation, Give irrational root 
simplest radical form and then approximate them to the nearest tenth. 


32, w+ Bw 4=0 33. 
35, 3k* +2 = Sk 36. 6m 
38. +2n-1=0 39. ty=} 
Write the value of the discriminant of each equation. Then use it to decide (12-4) 
how many different real-number roots the equation has. (Do not solve the equations.) 
4. xe -6xt+2=0 41, Sn? + 3n + 7 =0 42. 
—1.2k+1.1=0 44, 397 + 65 +3 =0 45. 4 
Without drawing the graph of the given equation, determine (a) how many (12-4) 


x-intercepts the parabola has, and (b) whether its vertex lies above, bel 
on the x-axis. 


4. y 


47. 6+ 3-2" 48, y= — 40+ 16 


3x7 + 2x 


Solve each equation by the most appropriate method. Writ 
answers in simplest radical form. 


9. + 7xt+12=0 


x 
$1.50 —% =0 x= 
et hxt+3=0 ap = 6 
+4y 
55, 6x? + 4x = | 3 ie 
it 1 an 
2 Sis 
59, 12x? — 04x = 0.2 Lar ra ac 
1. axe — 2) + 3c +8) = 27 + Sx 62. (+ 6 +20 - = 13 
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olve. Give irrational roots to the nearest tenth. Use your calculator or the 
‘Table of Square Roots at the back of the book as necessary. 


63. The ler 
84 ony 


64. The difference of a number and its square is.56. Find the number. 


eth of a rectangle is 6 times the width. The area of the rectangle is 
Find the length and width 


65. ‘The altitude of a triangle is 2 m less than the base. The area of the triangle 
is 84 m*. Find the base 

66. ‘Theresa is crocheting an afghan that is already 30 in. wide by 40 in. long. 
If she continues to crochet by inereasing the width and the length by the 
same number of inches until the afghan’s area is doubled, what will be the 
new dimensions? 


Translate each statement into a formula, Use 4 as the constant of variation 


where needed, 


67. The height, h, of a right circular cylinder of a given volume is inversely 
proportional to the square of the radius, r. 


68. Wind pressure. p, on a flat surface varies directly as the square of the wind 
velocity, v, 

69. The lateral area, L, of a cylinder varies jointly as the radius, r, of the 
base. and the height, /. 

70. The volume, V, of a cone varies jointly as the height, #, and the square of 
the radius, 7. of the base 

71. ‘The rate of speed, r, of a moving body varies inversely as the time trav- 
cled, 1, and directly as the distance traveled. d. 


72. Centrifugal force, F, varies inversely as the radius. r, of the circular path, 
and directly ay the square of the velocity. y, of a moving body. 


2-6) 
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Extra Practice: Problem Solving 


Chapter 1 


Use the five-step plan to solve each problem, (b7) 


1. A train is traveling at an average speed of 90 km/h. How far will it travel 
in 25h? 


2. If a number is decreased by 27, the result is 36. Find the number. 


3. A football team finished its 12-game season with no ties. The team won 
twice as many games as it lost, How many games did the cam win? 

4. A store sold 102 record albums during a two-day sale. Twice ay many al- 
bums were sold the second day as the first. How many albums were sold 
the first day 

5. If three times a number is increased by II, the result is 68. Find the 
number. 


6. A bank contains 57 nickels, dimes, and quarters. There are 8 more dimes 
than quarters and 5 more nickels than dimes. How much money is in the 
bank? 


Chapter 2 


Solve. (2-3) 


1. A football team gained 23 yd on one play. However, the ball was brought 
back to the line of serimmage and then the team was given a 15 yd pen- 
alty. How far was the ball from where it would have been had no penalty 
been assessed’! 

2. An elevator left the twenty-sixth floor of a building and went up eight 
floors, then down twelve, and back up four. On what floor was the eleva- 
tor then? 

3. At the beginning of the month the Cranes had $250 in their vacation fund. 
They were able to add $10 per week for four weeks. Then they had to take 
‘out $85 for emergency household repairs. How much was in the fund at 
the end of the month? 

4. A neighborhood association collected $85 in dues, earned $280 at a garage 
sale, and got $124 in donations. The association needs $500 10 build a 
playground. How much more must it collect? 


5, An 8,00 A.M. flight from Boston to Minneapolis took three hours. The time 
in Minneapolis is one hour earlier than Boston. What time was it in Minne- 


apolis when the flight arrived? 
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6. A train is traveling at the rate of 100 knv/h. A conductor is walking toward 
the back of the train at $ km/h, What is the conductor's speed relative to 
the ground? 


Solve. 24) 
1, Neon freezes at ~248.61° C and boils at ~246.09° C, Find the difference 

between the boiling point and the freezing point. 

The highest point in California is Mount Whitney at 4418 m above sea 

level. The lowest point is Death Valley at 86 m below sea level. Find the 

difference in altitude, 

A candidate goes door to door along Main Street from a point 16 blocks 

west of campaign headquarters to a point {2 blocks east of headquarters. 

How many blocks has she gone? 

4, Find the difference in degrees of longitude between Chicago at about 
88° W and Rome at about 12° E, 

5. Mount Everest at 8848 m above sea level is 92 
Sea. Find the altitude of the Dead Sea 

6. One winter day the temperature in Marshview reached a record high of 
18.3 C. That was 22.7° C higher than the average temperature for that 
day, Find the average temperature. 


Chapter 3 


Solve. (3-1) 


m higher than the Dead 


1, A number increased by 13 is ~5. Find the number. 

2. A glass of milk costs 70¢. If a glass of milk and a sandwich cost $2.50, 
how much does the sandwich cost? 

3. Fifteen less than a number is 43. Find the number: 

4. A plane flew 145 knvh faster when it was flying with the wind than it 

would have flown in still air. If its speed with the wind was 970 km/h, 

find the speed of the plane in still air. 

‘The Booster Club had $425 in its treasury. The members earned $642 sell- 

ing refreshments, They donated $320 to the football team for bus rentals. 

How much money did they have left? 

y-six tickets were sold in advance for a museum field trip, Thirteen 

tickets Were sold the day of the trip. Seven people had to return their ticl 

ets and did not go. How many people went altogether? 


ol 


Solve. (3-2) 
1. The opposite of seven times a number is 238, Find the number. 

2. One fourth of a number is 73. Find the number. 

3 


A 2.5 kg bag of apples costs $1.40. Find the cost per kilogram of the 
apples 
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4. Frank works the same number of hours each week at a part-time job. In 
the last 8 weeks he worked 68 h. How many hours does Frank work each 
week? 

5. A rectangle is 24 cm long and has a perimeter of 72 cm, Find the width. 
6. A restaurant cuts its large pizza into 8 slices and sells each slice for 90e. If 
the pizzas were cut into 6 slices, how much would the restaurant have to 

charge for each slice to make the same amount? 


Solve. (G4) 
1. If you subtract 34 from the product of 15 and a number, you get 146, Find 
the number. 


2. The perimeter of a rectangle is 152 em. The width is 
length. 

3. Charlene paid $131.44, including tax, for a desk. The tax was 31 cents 
less than 1s the cost of the desk. Find the cost of the desk 

4. Twin Cinema | seats 150 more people than Twin Cinema IL. If the cinemas 
seat 1250 people altogether, find the number of seats in Twin Cinema IL 


5 cm. Find the 


uw 


. A bank contains 36 nickels, dimes, and quarters. There are 4 more dimes 
than quarters and twice as many nickels as quarters. How many of each 
coin are in the bank? 


6. The longest side of a triangle is 8 cm longer than the shortest side and 
5 cm longer than the third side. If the perimeter of the triangle is 56 cm, 
find the lengths of the three sides. 


Solve. (3-5) 


1. The larger of two consecutive integers is 10 more than twice the smaller. 
Find the integers 

2. Find a number whose product with 6 is the same as its sum with 45. 

3. Five times a number. increased by 3, is the same as three times the num- 
ber, increased by 27. Find the number: 

4. The sum of two numbers is 20. Twice one number is 4 more 
times the other. Find the numbers 

5. The lengths of the sides of a triangle are consecutive odd integers. If the 
perimeter is | less than four times the shortest side, find the length of each 
side 

6. A sandwich costs 20¢ more than a salad plate. Six sandwiches cost as 
much as seven salad plates. Find the cost of ¢: 


an four 


Solve. we 
1. Kevin works 3 times as many hours in a week as Karen does. If each were 
to work 6h more per week, Kevin would be working twice as many hours 
as Karen does. How many hours does each work now? 
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2. Aaron, Betsy, and Charita work part-time at the public library. Betsy 
works 4h more cach week than Aaron, and together they work half as 
many hours as Charita. How long does each person work if their total time 
is 45 h? 

3. Zach’s last quiz score was 30 points less than twice his first score, What 
was his first quiz score if the sum of his two scores is 1507 


4. The length of a rectangle is 18 cm more than the width. A second rectan- 
gle is 6 em shorter and 3 cm wider than the first and has a perimeter of 
126 em. Find the dimensions of each rectangle. 


ad 


Becky has as many dimes as Ryan and Amy have together. Ryan has 2 
more dimes than Amy, and Amy has one third as many dimes as Becky 
has, How many dimes does each have? 

6. A cup of skim milk has 10 more than half the calories of a cup of whole 
milk. A cup of whole milk has 40 more calories than a glass of apple 
juice. If the total number of calories in one cup of each is 370, find the 
number of calories in each 


Solve. (3-7) 


1. A collection of quarters and dimes is worth $6.75. The number of dimes is 
4 less than three times the number of quarters. How many of each are 
there? 

2. A total of 720 people attended the school basketball game. Adult tickets 
cost $2.50 each and student tickets cost $1.50 each, If $1220 worth of 
tickets were sold, how many students and how many adults attended? 


3. A worker earns $9 per hour for a regular workday and $13.50 per hour for 
additional hours. If the worker was paid $114.75 for an 11-hour workday, 
what is the length of a regular workday? 

4. Carrots cost 75¢ per kilogram and potatoes cost 70¢ per kilogram. A shop- 
per bought 9 kg of the vegetables for $6.60. How many kilograms of each 
did the shopper buy? 


” 


A collection of 102 nickels, dimes, and quarters is worth $13.60. There are 
14 more nickels than dimes, How many quarters are there? 


Chapter 4 


Solve. (4-8) 


1, Two trains leave a station at the same time, heading in opposite directions. 
One train is traveling at 80 km/h, the other at 90 knvh. How long will it 
take for the trains to be 425 km apart? 


2. Grace leaves home at 8:00 4.m. Ten minutes later, Will notices Grace's 
lunch and begins bicycling after her. If Grace walks at 5 km/h and Will 
eyeles ut 15 km/h, how long will it take him to catch up with her? 
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3. A jet took one hour longer flying to Lincoln from Adams at 800 knwh than 
to return at 1200 knvh. Find the distance from Lincoln to Adams. 

4. Gene spent 10 min riding his bieyele to a friend’s house. He left his bike 
there and, with his friend, walked for 15 min to the gym. Gene rides his 
bicycle 10 km/h fuster than he walks. If the entire trip covered a distance 

75 km, how far is it from his friend's house to the gym? 


5. At noon, Sheila left a boat landing and paddled her canoe 20 km down- 
stream and 20 km back. If she traveled 10 kn/h downstream and 4 kmv/h 
upstream, what time did she arrive back at the landing? 


Solve. (4-9) 


1. A rectangle is 4 m longer than it is wide. If the length and width are both 
increased by 5 m, the area is increased by 115 m°. Find the original 
dimensions. 


2. A rectangle is 3 cm longer and 2 cm narrower than a square with the same 
area. Find the dimensions of each figure. 

3. A rectangular swimming pool is 4 m longer than it is wide. It is sur- 
rounded by a cement walk | m wide. The area of the walk iy 32 m?. Find 
the dimensions of the pool. 

4. When the length of a square is increased by 6 and the width iy decreased 
by 4. the area remains unchanged, Find the dimensions of the square. 


i) 


A print is 10 em longer than it is wide. It is mounted in a frame 1.5 em 
wide, The area of the frame is 399 cm*. Find the dimensions of the print 


Solve. (4-10) 


1. Find two consecutive integers whose sum is 104. 

2. A plane averaged 1000 km/h on the first half of a round trip, but heavy 

winds slowed its speed on the return trip to 600 km/h. If the entire trip 

took 6 h, find the total distance. 

Jill earned 12 more points on her quiz than Jack, If they both get 8 bonus 

points, Jill will have three times as many points as Jack does. How many 

points does each have? 

4. The side of a square is 2. cm longer than the side of a second square. The 
area of the first square exceeds that of the second by 220 em?. Find the 
side of each square, 


ol 


Find three consecutive integers whose sum is four times the ge 


‘I 


integer 


Chapter 5 
Solve. 


1, The sum of 
2. The sum of the squares of two consecutive positive odd integers is 202 


(5-13) 


number and its square is 132. Find the number 


Find the numbers, 
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. A rectangle is 8 em longer than it is wide. The area is 240 em 
dimensions. 
4. ‘The sum of two numbers is 12 and the sum of their squares is 74. Find the 
numbers. 
5. A rectangular flower garden is planted in a rectapgular yard that is 16 m by 
12 m. The garden occupies § of the arca of the yard and eaves a uniform 
strip of grass around the edges, Find the dimensions of the garden. 


6. The edge of one cube is 4 em longer than the edge of a second cube, The 
volumes of the cubes differ by 316 cm*. Find the length of the edge of 
each cube, 


Chapter 7 
Solve. 


1. Two numbers are in the ratio 2:3 and their sum is 125. Find the numbers, 
. Recall that 
. Pind the mea- 


2. The measures of the angles of a triangle are in the ratio 
the sum of the measures of the angles of @ triangle is 180 
sure of each angle. 


3. Three numbers are in the ratio 2:3:5 and their sum is 200, Find the 


numbers. 

4. The ratio of teachers to assistants to children at a day care center is 2:1:9- 
Of the 96 people at the center, how many are children’ 

5. A collection of quarters, dimes, and nickels is worth $22.80. If the ratio of 
quarters to dimes to nickels is 5:3:7. how many coins are there? 


6. Two trains leave a station at the same time heading in opposite din 
After 2h, the trains are 376 km apart, If the ratio of their speeds is 
find the speed of each train 


tions. 


Solve. 


1, A 1.5-lb steak costs $5.80. Find the cost of a 2-Ib steak. 


2. A poll showed that 400 voters out of 625 favor Question 1 in the (own 
election. If there are 7500 voters altogether, how many can be expected to 
vote in favor of the question? 


» 


Group-rate admissions to a museum cost $140.70 for a group of 42, How 
much would it cost for a group of $0? 


4, The tax on a restaurant meal that costs $24 is $1,44. Find the tax on a 
meal that costs $35 


n 


. The Sommers’ scale is inaccurate, If it registers 120 Ib for Karen, who ac- 
tually weighs 116 Ib, how much will it register for Neil, who actually 
weighs 174 Ib? 


7) 


(7-2) 
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6. On a wall map, 1 cm represents 25 km. Colorado is represented by a rec- 
tangle 25.8 cm Jong and 18.4 em wide. Find the approximate area of Colo- 
rado in square kilometers. 


Solve. 


1, Juan spent $2 more on books than Sylvia did. If they each spent $4 less, 
Sylvia would have spent exactly § of what Juan spent. How much did each 
spend? 

2. Three fifths of a number added to one fourth of the number is 51. Find the 
number, 

3. Bart's age is one third of his mother’s age. Seven years ago, his age was 
‘one fifth of hers, How old are both now? 

4. A rectangle is 11 em narrower than it is long. The length is two sevenths 
of the perimeter. Find the length and the width, 

5. Two thirds of the coins in a collection of quartet 
The collection is worth $12, How many dime: 

6, A bus, traveling at 90 knv/h, tukes 15.2 h longer to get from Ardmore to 
Zepher than a plane flying at 850 knv/h. How far is it from Ardmore to 
Zepher? 


and dimes are quarters, 
¢ there? 


Solve. 


1, The sum of a number and its reciprocal is 7]. Find the number 

2. The sum of a number and its reciprocal is 7. Find the number, 

3. The denominator of a fraction is 2 more than the numerator. If the numera- 
tor and denominator are increased by 2, the new fraction is 7 greater than 
the original fraction. Find the original fraction. 

‘he denominator of a fraction is 2 more than the numerator. The sum of 
the fraction and its reciprocal is #4. Find the fraction. 

5. If the speed limit is decreased by 10 knv/h on a 100 km stretch of a high- 
way, the trip will take a half hour Jonger than usual. What is the usual 
speed limit? 


6. Sue can ride her bike 14 km/h faster than she can walk. It 
longer to walk 2.5 km than to ride, Find Sue"s walking speed 


Solve. 
1. If there is a 6% tax on clothing, find the tax on a suit that costs $175 


agent makes a 7% commission on all sales. How much does 
OP 


2. A real estat 
the agent make on a sale of $182, 

3. A discount store sold a sweater for $32. If the discount was 20%, find the 
original price 

4. If the Gunnons* $84 monthly gas bill goes up 8%, what will be their new 
monthly payment? 


aay 


(7-4) 


(7-3) 
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5. An $840 personal computer is discounted 25%. What is the final cost? 
6. How much greater is the income on $3600 invested at 12% than on $4200 
invested at 8%? 


Solve. si (7-6) 


1. Last season, when a football team was doing poorly, weekly attendance 
averaged 42.000. This season weekly attendance averages 56,700. What is 
the percent of increase”? 

2. A single monthly issue of Sports Sportlight costs $2.25 at the newsstand. A 
yearly subscription of 12 issues costs $21.60. Find the percent of discount 
from the newsstand price 


rollment in the summer recreation program this year increased by 16% to 
1711 people. How many people enrolled last year? 

4. The Katchners invested $7500 at 8% and $3500 at 5 
nual income from the Ovo investments. 


. Find the total an- 


5. The Ozakas invested a sum of money at 10%. They could have earned the 
same interest by investing $1600 less at 12%. How much did they invest? 


6. The Sanjurjos invested three fourths of their money at 12% and the rest at 
8%. If their annual income from the investment is $1320, how much have 
they invested? 


Chemistry 
Solve. a7) 


1. How many liters of water must be added to 20 L of a 75% acid solution to 
produce a solution that is 15% acid’? 


2. How many liters of 
make a solution that is 80% ac 


acid solution to 


3. A chemist mixes 16 L of a 40% acid solution and 24 L of a 16% acid so- 
lution, What is the percent of acid of the mixture? 


4. How many kilograms of water must be evaporated from 84 kg of a 5% salt 
solution to produce a solution that is 35% salt? 


Grocery 
Solve. 7-7) 


1. Students working at a refreshment stand mixed cranberry juice at S0¢ per 
liter and apple juice at 35¢ per liter to make 120 L of a fruit drink worth 
40¢ per liter. How many liters of each did they use? 
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2, A grocer mixes a premium blend worth $17 per kilogram with a blend 
Worth $7 per kilogram to make 36 kg of a blend worth $11 per kilogram. 
How many kilograms of each type are included? 

3. A butcher mixes 12 Ib of ground pork at $1.25 per pound with 24 Ib of 
ground beef at $2 per pound to sell as meat loaf mix. What should be the 
cost per pound of the mixture’? 

4, How many kilograms of cranberries at $2.10 per kilogram should a grocer 
mix with 10 kg of pineapple chunks at $1.20 per kilogram to make a relish 
worth $1.35 per kilogram? 


Investment and Wages 
Solve. 7) 


1. A worker earns 14 times the regular wage for overtime. In one week the 
worker's total income was $625 for 35 h of regular work plus 10 h of 
overtime, What 1s the regular hourly wage? 

2. The Esperanzas invested part of their $8000 at 12% and part at 8%. If their 
annual investment income is $825, how much is invested at each rate’? 


3. The Lees invested two thirds of their money at 12.5%, one fourth at 8%, 
and the rest at 6%. If their annual investment income is $1625, how much 
did they invest altogether? 

4. An investor has $10,000 invested in two stocks, If one stock pays 15% and 
the other 16%, and the total annual income is $1520, how much is invested 
in cach? 


Solve. (7-8) 


1. Joe can do a job in 6 h and Charlie can do the same job in 5 h, What part 
of the job can they finish by working together for 2h? 

2. Charlotte can finish her paper route in 2h. When Ralph helps. they finish 
in 45 min. How long would it take Ralph working alone? 

3. A crew of 2 could put siding on a house in 30 h. Another crew of 3 could 
do the same job in 24h. How long would it take all 5 people working 
together? 

4, Flora can finish her chores in 4h, One week, after Flora worked alone for 
1 h, she was joined by her younger sister Fiona and they finished the job 
in 2h, How long would it have taken Fiona working alone? 

5, One pipe can fill a tank in 50 min and a second pipe can fill it in 90 min 
When the tank was empty, the first pipe was opened for 20 min, then shut 
How long will it take the second pipe to finish the job? 


6. One machine can produce an order of Wonder Widgets in 45 min. A sec- 
‘ond machine takes 60 min, and a third kes 90 min. How long would it 
take all three working together? 
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Solve. 


1. The population of a certain area in rf years is expected to be 10(1.03)! thou- 
sand people. Find the population (a) now, (b) last year, and (e) next year. 


2. A certain isotope has a half-life of 100 years, Starting with 100 g of the 

isotope, in ¢ years there will be 100(0,5)"" g left. (a) How much will be 

left in 1000 years? (b) How much was there’ 1000 years ago? 

A certain bacteria culture quadruples every 2 days. The number present 1 

days from now will be 1,000,000(4)°*, How many bacteria were there 2 

weeks ago? 

4. A $10,000 investment earning 8%, compounded annually, will be worth 
$10.000(1.08)' in # years. What was the amount 4 years ago? 

5, The growth rate of a certain city is such that its population r years from 
now is given by the formula 12,000(1.06). What was the population 10. 
yeurs ago? 


6. In one country the cost of living has been increasing so thal an item cost- 
ing one dollar now will cost (1.05)' dollars 1 years from now. How much 
did wday's one-dollar item cost 5 years ago? 


Solve. 


1. The speed of light is about 3.00 x 10° km/s, The average distance from 
Earth to the moon is about 3.84 10° km. How long does it take light re- 
flected from Earth to reach the moon? 


2. At its farthest, the moon is about 4.07 « 10° km from 
it is about 3.56 10° km from Earth, Find the difference between the two 
distances, 

3. The average distance from the sun to Pluto is about 6.10. 10” km, About 
how long does it take light from the sun to reach Pluto? (See Exercise 1 
above.) 


4. a. A parsec is about 3.3 x 10" light years. The star Deneb is about 
5,0 * 10? parsees from the sun. How many light years is that? 
A light year is about 9.5 = 10'* km. Find the distance from Deneb to 
the sun in kilometers 


The approximate wavelength of visible light is 6.0 x 10? Angstrom units, 
An Angstrom unit is equal to 1.0 x 10cm. Find the wavelength of visi- 
ble light in centimeters. 


Chapter 8 
Solve. 


1. A beam bends 1,6 cm with a mass of 32 kg on it. If the amount of bend- 
ing is directly proportional to the mass. find the amount of bending caused 
by a mass of 62 kg. 


th. At its closest, 


(7-9) 


(7-10) 


(8-9) 
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2. A baker uses 18 cups of flour to make 48 sandwich rolls. How many cups 
of flour are needed t make 104 sandwich rolls? 
3. A grocer uses 22 kg of premium nuts in making 54 kg of a mixture. How 
much of the premium nuts is needed for 81 kg of the mixture? 
4. On a scale drawing, a child 4 ft tall is represented by a figure 6 in. tall, 
How tall a figure should be used to represent an 11 ft elephant? 
5. On a map, 1 cm represents 60 km. Find the actual area of a region repre- 
sented on the map by a rectangle 7.5 em by 8.4 em. 
. A factory is to be built in the shape of a rectangular solid. The actual 
building will be 62 m long, 30 m wide, and 12 m high. A scale model is 
built with a scale of | cm to 5m. Find the volume of the model. 


Solve. (8-10) 


1. The time required to drive a given distance is inversely proportional to the 
speed, If it takes 7.5 h to cover a distance at 84 km/h, how long will it 
take at 90 km/h? 


2. A gear with 36 teeth revolves at 800 rimin and meshes with a gear with 24 
teeth. Find the speed of the second gear if the speed varies inversely as the 
number of teeth. 


3. How much would you have to invest at 8% to earn as much interest as 
$1250 invested at 12 


4. A room is to be partitioned into a row of cartels. If each carrel is 1,8 m 
wide, there will be room for 16 carrels, How many carrels will fit if each 
is 1,92 m wide? 

§. A mass of 18 g and a mass of 22 g are on the ends of a meter stick 
Where should a fulcrum be placed to balance the meter stick? 


6. A lever has a mass of 400 g on one end and a mass of 250 g on the other. 
‘The lever is balanced when the mass of 400 g is 0.75 m closer to the ful 
crum than the other mass, How far from the fulcrum is the mass of 250 g? 


Solve. (9-3) 


1. A collection of 77 quarters and dimes is worth $12.50, How many quar 


are there? 

2. The sum of two numbers is 32. One number is 4 more than the other. Find 
the numbers 

3. ‘The length of a rectangle is 3 less than twice the width. ‘The perimeter is 
54. Find the dimensions. 

4. The sum of two numbers is 66. If the smaller number is subtracted from 
two thirds of the larger number, the result is one third the positive differ 
ence of the original numbers. Find the numbers. 
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$. If | is subtracted from the numerator of a fraction, the resulting fraction 
is 4. If 2 is subtracted from the denominator, the resulting fraction is 4 
Find the original fraction 


6. If 2 is added to the numerator of a fraction, the resulting fraction is 


is subtracted from the denominator, the resulting fraction is 4. Find the 
origin: : 


fraction. . 


Solve. (4) 
1. The sum of two numbers is 36 and their difference is 6. Find the numbers. 


2. The sum of two numbers is 73. When the smaller number is subtracted 
from twice the greater number, the result is 50, Find the numbers. 


There are 158 members in the soccer program. There are 16 more boys 
than girls. How many boys are there? 

4. If Cathy walks for 2-h and rides her bicycle for 1h, she can travel 36 km. 
If she walks for 2 h and rides her bicycle for 2h, she can travel 56 km 
How fast can she walk? How fast can she ride her bicycle? 


al 


Craig has 38 quarters and dimes. If he had twice as many quarters, he 
would have $11. How many of each coin does he have? 

6. Olivia has $30 more than Carl, If they each had $7 less, the sum of their 
funds would equal the amount that Olivia has now. How much money does 
each have now? 


Solve. (9-5) 


1. The sum of two numbers is 51 and their difference is 13. Find the 
numbers, 

2. A collection of 27 nickels and dim 
coin are there? 


s worth $1.95, How many of each 


The side of a square house is 24 ft long, and the house is located on a lot 
which is 50 ft longer than it is wide. The perimeter of the lot is 20 ft more 
than 5 times the perimeter of the house, Find the length of the lot. 

4. Museum passes cost $5 for adults and $2 for children. One day the mu- 
scum sold 1820 passes for $6100. How many of each type were sold? 

5. Ina math contest, each team is asked 50 questions. The teams earn 15 
points for each correct answer and lose 8 for each incorrect answer. One 
team finished with @ score of 566, How many questions did this team an- 
swer correctly? 

6, A grocer mixes two types of nuts, Brand A and Brand B. If the mix in- 

chides 4 kg of Brand A and 6 kg of Brand B, the mix will cost $6.20 per 


kilogram, If it includes 2 kg of Brand A and 8 kg of Brand B, it will cost 
$5.00 per kilogram, Find the cost per kilogram of each brand. 
Solve. (9-6) 


1. A boat can travel 16 km/h against the current, The same boat can travel 
30 km/h with the current. Find the rate of the boat in still water and the 
rate of the current, 
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2. A jet flies with the wind at 1100 km/h and against the same wind at 
750 km/h, Find the rate of the wind and the speed of the jet in still air. 

3. A swimmer can swim 4 km with the current in 24 min, The same distance 
would take 40 min against the current. Find the rate of the current and the 
speed of the swimmer. 

4, A plane flies the first half of a 5600 km flight into the wind in 3.5 h. The 
return trip, with the same wind, takes 2.5 h. Find the speed of the wind 
and the speed of the plane in still air. 


5. A plane has a speed of 840 knvh in still air, It can travel 3120 km with 
the wind in the same time it would take to travel 1920 km against the 
wind. Find the speed of the wind, 

6. A rowboat can el a distance of 66 km in 3 h with the current. The row- 
boat can travel 33 km in 3 b against the current, Find the rate of the cur- 
rent and the rate of the rowboat in still water. 


Chapter 10 


Solve. (10-8) 
1. The sum of two consecutive integers is less than 83. Find the pair of such 
integers with the greatest sum. 


2. A collection of quarters and dimes is worth more than $20. There are twice 
as many quarters as dimes. At least how many dimes ore there” 


3. Four members of a bowling team had scores of 240, 180, 220, and 200. 
Find the lowest score a fifth person must get to maintain an average for the 
group of at least 220. 


4. The sum of three consecutive even integers is less than 80. Find the great- 
est such integers 

5. When road repairs begin, the current speed limit will be cut by 40 knvh, It 
will then take at least 3.6 h to cover the same distance that can be covered 
in 2h now. What is the speed limit now? 

6. The length of « rectangle is | em greater than twice the width, If each 
dimension were increased by Sem, the area would be at least 150 em? 
greater. Find the least possible dimensions 


Chapter 11 


ans 
Solve. 1-3) 


1. A square has an area of 184 cm*. Find the length of a side to the nearest 
tenth of a centimeter 


A square has the same area xs a rectangle that is 25m by 18 m. Find the 
fength of a side of the square to the nearest tenth of a meter 
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A square has the same area as a triangle that has a base of & cm and a 


height of 5 cm, Find the length of a side of the square to the nearest tenth 
of a centimeter. 


A circle inside a square just touches its sides. The area of the circle is 
226.08 m*. Find the length of a side of the Square (o the nearest tenth of a 
meter, Use 3.14 as an approximation for 7 

A circular wading pool covers an area of 34.54 m?, Find the radius of the 
pool to the nearest tenth of a meter, Use 3.14 as an approximation for 7, 


A circular flower hed is surrounded by a crushed-stone walk that is 1m 
wide. If the area of the whole region is 21.98 m*, find the radius of the 
Tower bed to the nearest tenth of a meter. Use 3.14 as an approximation 
for 7. 


Solve. Approximate each square root to the nearest hundredth. 


A small park in the shape of a rectangle has dimensions 50 m by 20 m. A 
road through the park follows the diagonal of the rectangle, Find the length 
‘of the road. 

A rope from the top of a mast of a sailboat is attached to a point 2 m from 
the mast. If the rope is 6 m long, how tall is the mast? 

The length of one leg of a right triangle is one centimeter less than twice 
the length of the second leg. The hypotenuse is one centimeter more than 
twice the length of the second leg. Find the length of each leg. 

The botiom of a7 m ramp is 5 m from the base of a loading platform: 
Find the height of the platform 

The length of the longer leg of a right triangle is 3 cm more than the 
length of the shorter leg. The length of the hypotenuse is 3 cm more than 
the length of the longer leg. Find the length of each leg 


Solve, 


2. 


One fourth the square root of a number is 7. Find the number. 


When 8 is subtracted from 3 times a number, the square root of the result 
is 10. Find the number 

Four times the square root of a number is 28. Find the number. 

When 5 is subtracted from the square root of twice a number, the result 

is 9. Find the number. 

‘The geometric mean of two positive numbers is the positive square root of 
their product. Find two consecutive even integers whose geometric mean is 
8V15 


Find two consecutive positive odd int 
15V3 


rs Whose geometric mean is 


(11-6) 


(1-10) 
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Chapter 12 


Solve. (2-6) 


1, The sum of a number and its square is 30, Find the number 

2. The foundation of a house is 13 m by 7 m. If the builder increases each 
dimension by the same amount, the area of the foundation will increase to 
135 m?. Find the new dimensions. 

3. The perimeter of a rectangular yard is 138 m and the area is S40 m*, Find 
the dimensions of the yard 

4. The sum of the squares of two consecutive even iniegers is 340. Find the 
integers. 

§. One work crew can finish a job in 18 h less than a second crew. Working 
together, they can finish the job in 40h. How long would each crew take 
working alone? 

6, One number is 2 more than 3 times another, The sum of their squares is 
212. Find the numbers. 


Solve. (2-7) 


1. The stopping distance of a car varies directly uy the square of its speed. 
If the stopping distance is 112 m at 64 knvh, find the stopping distance 
at 56 knvh 

2. The price of a diamond varies directly as the square of its mays. If a 
1.4 carat diamond costs $1764, find the cost of a similar stone with a 
mass of 1.7 carats, 

3. The height of a cone of given volume is inversely proportional to the 
square of the radius of the base. If a cone that is 4 units high has a base 
with radius 3 units, find the height of a cone of equal yolume with a base 
of radius 6 units 

4. The time needed to fill a tank varies inversely as the square of the radius 

of the hose, If a hose of radius 3.5 cm takes 8 min to fill a tank, how long 

will it take using a hose of radius 2 em? 

The force between two magnets varies inversely as the square of the dis- 

tance between them. Two magnets are initially 4 cm apart. They are moved 

8 cm farther apart, What is the effect on the force? 


6. The distance an object falls varies directly as the square of the time it falls, 
If an object falls 175.5 m in 6s, how Jong would it take to fall 487.5 m? 


Solve. 2-8) 
1. The cost of operating an appliance varies jointly as the number of watts, 
hours of operation, and the cost per kilowatt-hour. It costs 45¢ to operate 9 
3000-watt air conditioner for 2 h at a cost of 7.5¢ per kilowatt-hour. Find 
the cost of operating a 1200-watt dishwasher for 40 min 
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2. The number of persons needed to do a job varies directly as the amount 
work to be done and inversely as the time in which the job is to be done. 
If $ factory workers can produce 520 items in 4 days. how many workers 
will be needed to produce 585 items in 3 days? 

3. If 2 painters can cover 320 ft’ in 3 h, how long will it take 3 painters to 

(See Exercise 2 above.) 


cover 840 

4. The mass of a metal dise varies directly as the thickness and the square of 
the radius. A dise 2 em thick with radius 5 em has a mass of 840 9 
the mass of a dise of the same metal that has radius 3 cm and is 0.5 
thick. 


680) Extra Practice 


Table 1 / Squares of Integers from 1 to 100 


Number | Square [Number Square]| number Square] Number Square 
1 | 26 676 |} 61 2601 76 | 5776 
2 4 27 729 |} 52 | 2704 77-| 5939 
3 9 28 784 || 53 | 2809 78 | 6084 
mi). Te: 29 841 54 2916 79 | 6241 
ie |e 30 900 55 3025 80 6400 
6 | % 31 961 56 | 3136 81 6561 
7 49 32 1024] 57 | 3249 82 | 6724 
8 64 33 1089 |] 68 | 3364 83 6889 
9 81 34 1156 || 59 | 3481 84 | 1056 
10 | 100 35 1225 |] 60 | 3600 85 | 7225 

| 
cr) 121 36 1296 |] 61 3721 86 | 7396 
120 | 144 37 1369 || 62 | 3844 87 | 7569 
13, | 169 38 1444] 63 | 3960 88 (7744 
14) 196 39 1521 64 | 4096 89 7921 
15 225 40 1000 |] 65 | 4225 90 | 8100 
16 | 4) 1681 66 356 91 8281 
7 42 1764 |} 67 | 4489 92 | 8464 
18 43 1849 |] 68 | 4624 93 | 649 
19 44 1936 |} 69 | 4761 94 | 8836 
20 4s | 2025 70 | 4900 95 | 9025 
21 a6 | 2116 |] 714 96 | 9216 
22 47 2209 72 97 9409 
23 48 | 2304] 73 98 | 9604 
24 as | 2401 74 99 | 9801 
25 50 | 2500 75 100 10,000, 
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Table 2 / Square Roots of Integers from 1 to 100 


Exact square roots are shown in red. For the others, rational approxima- 
tions are given correct to three decimal places. 


Positive Positive! . .|Positive Positive 
Number | Square |} Number | Square || Number | Square || Number | Square 
Root Root Root Root 
N VN N VN N VN N VN 
1 1 26 | 51 | 7.141 76 | 8.718 
2 1.414] 27 52 | 7.211 77 ‘| 8.775 
3 | 1.732 || 28 53 | 7.280 || 78 | 8.832 
4 2 29 54 7.348 79 S.888 
5 | 2236 || 30 | 55 | 7416 || 80 | 8.944 
6 31 | 5.568 56 7.483 a1 9 
» 32 5.657 57 7.550 82 9,055 
8 33 | 5.745 |] 58 | 7.616 83 | 9.110 
9 34 | 5.831 59 7.681 84 9.165 
10 35 | 5.916 60 7.746 85 9.220 
WwW 3.317 36 | 61 TAD 86 9.274 
12 3.464 37 62 7874 87 9.327 
13 3.606 38 63 7.937 88 9.381 
14 (| 3.742 || 39 64 | 8 89 | 9.434 
15 3.973 || 40° | 65 8.062 90 | 9,487 
16 4 a 66 1 
7 4.123 42 67 92 
18 | 4.243 |] 43 j 68 93 
19 | 4359 || 44 | 6.633 |] 69 94 
20 4.472 45 6.708 70 95 
21 | 4.583 || 46 1 96 
22 4.690, 47 72 97 
23 4.796 48 73 98 
24 | 4.599 |] 49 74 | 8.602 |} 99 
25 «| 5 50 75 | 8.660 |} 100 
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Table 3 / Trigonometric Ratios 


Angle Tangent |} Angle | Sine | Cosine | Tangent 
Ly 0173 |] 46° | 7193 | .6947 1.0355 
2 47° 

al 48° 

4 49° 

5° 50° 

1 51° 

ae 52° 

8° 53° 

9° 54° 

10° 55° 

wwe 56° 

ieee 57° 

13° 58° 

14° 59° 

15° 60° 

16° 61° 

17° 62° 

18° 63° 

19° 64° 

20° 65° 

21° 66° 

22° 67° 

23° 68° 

24° | 69° 

25° 70° 

26° 7° 

27° 72° 

28° 73° 

29° 7a | 

30° 8660 75° | 

31° 8572 6009 |] 76° 3 

32° 8480 6249 77° | 9744 4.3315 
33° 8387 6494 |] 78° | .9781 4.7046 
3a° 8290 6745 |] 79° | 9816 5.1446 
36° $192 7002 || Boe | 9848 3.6713 
36° 3090 | 7265 |] g1° | 9877 6.3138 
37° 7986 7536 |} 82° | .9903 7.1154 
38° 0 7813 |} 83° 9925 8.1443 
39° 7171 “8098 |] 84° 9945 9.5144 
40° 7660. 8391 |] 85° 9962 | 0872 | 11.4301 
4 7547 8693 |] 86° | .9976 | 0698 | 14.3007 
42° 7431 ‘9004 |] 87° | 9986 | 0523 | 19.0811 
ax | 7314 9325 |] ge | 9994 | 0349 | 28.6363 
aae | 7193 .9657 |] 89° 9998 O175 57.2900 
45° | 7071 | 1.0000 | 

| 
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LE SE ———— 
Introducing Explorations 


The following sixteen pages provide you with activities for exploring various 
concepts of algebra. The activities give you a chance to discover for yourself 
some of the ideas presented in this textbook. <They carefully lead you to inter- 
esting conclusions and applications; they will make some of the abstract con- 
cepts of algebra easier to understand. 

Some of the questions in these activities are open-ended, They ask you to 
describe, explain, analyze, design, summarize, write. predict, check, generalize, 
and recognize pattems. Often there is more than one correct Way 10 answer a 
question. You can work on these activities by yoursell or in small groups. You 
will need to use the materials listed below, 

With these explorations we hope you enjoy exploring algebra! 


Use With 
Lessons Titles Materials Pages 
18 Exploring Density of Real Numbers calculator 685 
5, Exploring Addition of Integers integer chips (2 colors) 686 
4 Exploring Subtraction of Integers integer chips (2 colors) 687 
31 Exploring Ways to Solve Equations Balance SEE: 688 
envelopes 
Exploring Mon 1 and Binomial a 
eee eer pea ” algebra tiles 689-690 
5-7 Exploring Polynomial Factors algebra tiles 69) 
o-4 Exploring GCF and LCM none needed 692 
72 Exploring Applications of Proportions | phone book. computer 693 
r eines . ‘compater or graphing 
84 Exploring Linear Equations pins 694 
/ é i F Linear Equations | S™puter or graphing 
9-4 Exploring Systems of Linear Equations | She 695 
10.2 Exploring Properties of Equality and Rd 696 
Order 
112 Exploring Decimals calculator v7 
‘tuler, protractor, 
116 Explonng Irrational Numbers eoboard and rubber | 698-699 
fends ‘or dot paper 
94 " 4 a computer or graphing 
124 Exploring Quadratic Equations: ices 700 
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Explorations 


Ul, BEDE SS ES ICID ENTE A EE 
Exploring Density of Real Numbers 


Use with Lesson 1-8 


In this activity. you will use a calculator in finding a number between two 
given numbers 


Explore by Multiplying 


1. a. Choose a positive integer less than 10 and use your calculator to multiply 
it by 4. Graph the number you chose and the product on a number line 
b, Multiply the product by }. and graph it on the same number line 
¢. Continue the process three more times 
d, Describe what would happen if you continued this process. Will you 


reach zero? If so, when? If not, why not? 


ise 1, but choose a ne} greater than 10. 


ative inte, 


2. Repeat Exe 
3. What can you conclude from these explorations? 


Explore by Finding Averages 


s between 5 and 15, and find their average. Graph the 


4. a. Choose two int 


numbers you chose and their average on a number line 


b. Find the average of the larger number and the average you found in 
part a. Graph the result 

Find the average of the larger number and the average you found in 
part b. Graph the result. 

d. Describe what you observe 


5. a. Choose two numbers between 5 and 15, different from those you chose 
reise 4a. Find their average. Graph the numbers and their average, 
b. Repeat steps 4b—de, but this time use the smaller number and the resulting 
cach time. Deseribe what you observe 


averag 


Use What You Have Observed 


6. a. How can you find a number between 0 and any other number 4? 
b, How can you find a number between any two given numbers? 


7. A set of numbers is said to be dense if, for any two numbers in the set, we 
can find another number that is between those OVO numbers and is also a 
Are these sets of numbers dense? Explain your answer, 
b, All inte 


member of that set 
a. Alll proper fractions 
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Exploring Addition of Integers 


Use before Lesson 2-3 


In this activity, you will use two different colors of plastic chips to 

help you develop rules for adding different combinations of positive 

and negative numbers, Each chip will have an absolute value of 1 @ @ 
Choose one color for positive integers and one color for negative 

integers. Here, one blue chip represents +1 and one red chip 1 | 
represents ~1. 


Explore the Property of Opposites 


1. a. Use the chips to represent 1 + (—1), 
b. Use the chips to represent (=2) + 2. 
c, What integer is represented by the sum of the chips in each part above? 
d. Use three pairs of chips to represent zero 
fe. Describe a general way to show that the sum of an integer and its 
opposite is zero, using the chips. 


Explore the Identity Property of Addition 
2. a, What sum is represented by the chips shown at @ 


the right? 
b. What integer is represented by. the sum of the chips in O @ 
part a’! O 


¢. Use both red and blue chips to represent the number —2. 


Explore Addition 


3. a. Use chips to represent the sums 2 + | and -2 + (-1). 
b. Think about the signs of the addends and also the signs of their sums. 
What do you notice? 
¢. Can you think of an example in which adding two numbers having the 
same sign yields a sum with the opposite sign? 


4. In both cases in Exercise 3, the signs of the addends were the same. What 
happens when the signs of the addends are different? 
a, Use chips to represent 1 + (2) and 2 + (1), and find the sums 
b. What is the sign of the sum in each case? 
€. How do the absolute values and signs of the addends affect the sign of 
the sum? 


Use What You Have Observed 


5. Use your observations to find each sum. Then check by using colored chips. 
a3rs b.-3+(-5) © -34+5 d, 3+ (-5) 
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Exploring Subtraction of Integers 


Use before Lesson 2-4 


On the previous page, you used colored chips to model addition of integers. 
This activity builds on what you have learned to explore subtraction, 


Explore Subtraction 


1. Use the chips to find the difference 4 — 3 

a, Sturt with 4 blue chips. O 
b. Take away 3 blue chips 
¢. Count the remaining chips. How many are left? 
d. Write a number sentence that expresses your result 


2. Use the chips to find the difference ~4 ~ (3). Follow s 
in Exercise 1. 


‘imilar to those 


3. Use the chips to find the difference 4 — (—3) 
a. In terms of chips. how can you represent 4 ~ (-3)? 
b. Sturt with 4 blue chips. 
¢. There are no red chips to remove, Add zero by using a combination of 
3 blue chips and 3 red chips. 
d. Take away 3 red chips. Name the chips that remain 
e. Write a number sentence that expresses the result. 


4. Use the chips to find the difference —4 ~ 3 
a. What chips will you start with? 
b. What chips must you take away 
¢. What combination of red and blue chips will you add in order (o take 
away the chips you need to? 
d. Take away the necessary chips, Name the chips that remain. 
e. Write a number sentence that expresses the result. 


Use What You Have Observed 


5. Use chips to compute and compare —5 


3) with —3 —(-5), 


6. Use chips to find each sum and difference 
a. 4— 3 and 4 + (-3) b. 4 ~(-2) and 4 +2 
e. 4—5 and 4 + (-5) d. -S — 3 and -5 + (—3) 


7. Analyze your answers in Exercise 6, and look for a pattern. Is the following 
statement true or false’) “Subtracting one number. h, from another, a, gives 
the same result as adding the opposite of b to a.” 
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Exploring Ways to Solve Equations 


Use before Lesson 3-1 


In this activity, you will use a double pan balance to explore 
properties of equality and to solve equations. 
balance represents one side of the equation. 


Explore Properties of Equality 


1. a. Start with the empty pans in balance. Place 6 metal washers on each pan. 

What do you notice? Write an equation represented by the balan 

b. Add 2 more washers to each pan. What happens? How many washers are 
on each side? Write an equation represented by the balance 

¢. Remove 3 washers from each pan. What happens? How many washers 
are on each side? Write an equation represented by the balance. 

d. Remove | washer from the left pan and 2 washers from the right pan 
What happens? Write an inequality represented by the balance 

e, What conclusion can you draw from these results? 


Explore by Subtracting 


2. For this activity your teacher will give you an envelope marked X, which 

contains some washers, and an empty envelope. 

‘a. Start with the empty pans in balance. Place envelope X, together with 3 
washers, on one pan, Place the empty envelope, together with 10 wash- 
ers, on the other pan, What happens? Write an equation. 

. Remove | washer from each pan until only envelope X is left on one 
pan. How many washers did you remove from each side of the balanes 
Describe the results 

¢. How many washers are on the side with the empty envelope? How many 

washers must be in envelope X? Write an equation 


Explore by Adding 


3. For this activity your teacher will give you an envelope marked Y, which 
contains some washers, and an empty envelope. 

a. Start with the empty pans in balance, Without looking inside, remove 4 
Washers from envelope ¥, and place it on one pan. Place 7 washers and 
the empty envelope on the other pan. What happens? Write an equation 

b. Replace the 4 washers you removed from envelope ¥. Add an equal 
number of washers to the other side, Write an equation. 


Use What You Have Observed 


4. Explain how you can solve cach equation. 
ax+6=10 DB y-6=7 Gxt75=203 a y-173=5I1 


a 
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Exploring Monomial and Binomial Products 


Use | before | Lessons 4 5 and 46 6 


In this activity, you will use square and rectangular tiles like those shown 
below to represent products of monomials and binomials. 


x-by-x tile: L-by-x tile: I-by-1 tile 


x 1 


Explore the Product of a Monomial 
and a Binomial 


1, Build a rectangle by placing one 1-by-r tile next to one x-by-x tile as shown. 

a, What monomial represents the length of one 
side of the rectangle? 
What binomial represents the length of one x 1 
side of the rectangle? 

b. Express the arca of the rectangle as the product 
of a monomial and a binomial. 

©, What is the area of the x-by-r tile? 
What is the area of the I-by-x tile? 

d, How is the area of the rectangle related to the 
areas of the tiles? 

€. Write an expression that shows the relationship. 
deseribed in part d. 


Use tiles as described helow to find the product 2e(y + 2) 
a. Place two wby-« tiles and two I-by-« tiles 

together as shown. : é 
b. Complete the rectangle by including two more 

I-by-» tiles 
cc. What are the lengths of the sides of the 

rectangle? 
d. Use the expressions from part ¢ to express the : 

area of the rectangle. 
e. Find the sum of the 

form the rectangle 
f. What is the product 2x(x 


reas of the tiles that 


+2)? 
(Continued on next pave.) 
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Exploring Monomial and Binomial Products 


Use before Lessons 4-5 and 4-6 (continued) 


Explore the Product of Two Binomials 


3. Use tiles ay described below to find the product of x + 1 and x +3 
a, Place one x-by-r tile and four I-by-x 


ul as shown. 

b. What tiles must you include to 
complete the rectangle? 

¢. What are the lengths of the sides of the 
rectangle? 

d, What is the sum of the areas of the 


tiles? 
, What is the product (x + Ix + 3)? 


Use What You Have Observed 


4. Write the product represented by each tile model. Then find the product. 


: LT il : ima 
c d. 


§. Find each product by using tiles. Refer to Exercises 1 and 2 as a guide 
a. x(2x + 3) b. 3x2x + 1) ce. (x + 5)ax 


6, Find each product by using tiles, Refer to Exercise 3 as a guide, 
a, (x + 22x + 1) b. (2x + 3)(3x + 1) ce. (+37 
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Exploring Polynomial Factors 


Use before Lesson 5 Pe 


In this activity, you will use the square and rectangular tiles from the previous 
exploration to find the factors of polynomials. 


Explore Monomial Factors 


1, Represent x7 + 3x with one x-by-x tile and three 1-1 tiles as shown, 

a. Arrange the tiles to form a rectangle. What is the area of 
this rectangle in terms of the areas of the tiles? 

1b, What is the length of the rectangle? 
What is the width of the rectangle? 

¢. Express the area of the rectangle as the product of its 
length and width. 

d. Write an expression that shows the factors of 17 + 3x. 


2. Use tiles to find the factors of 2x° + 4x 

‘a, What tiles can you use to represent the given expression? 

b. Arrange the tiles to form a rectangle that has a width of x. What is the 
length of the rectangle? 

¢. Write an expression that shows these factors of the given expression 

d. Rearrange the tiles to form a different rectangle. What are the lengths of 
the sides of this rectangle? 

e. Write an expression that shows another way to factor the given expression, 


Explore Binomial Factors 


3. Use tiles to factor x? + 7x + 12. 
a. What tiles will you start with? 
b. Arrange the tiles to form a rectangle 
¢. What are the lengths of the sides of the rectangle? 
d. What are the factors of x? + Ty + 12? 


Use What You Have Observed 


4. Write the polynomial and its factors represented by the tiles, 
a. b. c 


8. Use tile: J the factors of each polynomial 


a. 2° +x be +2x+1 cae + Ie +2 
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Exploring GCF and LCM 


Use before Lesson 6-4 


s activity, you will explore the connection between the factored forms of 
the greatest common factor (GCF) and the least common multiple (LCM) of 
two numbers. You will need to use the following definitions: 


To find the GCF and LCM of two numbers, first find the prime factorization of 
each number. 

The GCF is the product of the smaller powers of each common prime factor. 
The LCM is the product of the /arger powers of each prime factor. 


Explore Using Whole Numbers 


1. a. Find the factored form of the GCF of 18 and 24 as described above. 
b. What prime factors of 18 and 24 are not included in the GCF? 
¢. Find the factored form of the LCM of 18 and 24 as described above 
d. What prime factors of 18 and 24 are nor included in the LCM? 

, What do you observe about your answers to parts ad? 


2. a. Find the factored form of the product of 18 and 24. 
b. How is the product related to the GCF and LCM? 


Explore Using Algebraic Expressions 


3. a. Using the following two expressions N = abc? and P = «hed, find the 
GCF of N and P 

b. What factors of N and P are not included in the GCF? 

¢. Find the factored form of the LCM of N and P 

d. What factors of N and P are not included in the LCM? 


e. What do you observe about your answers to parts ad? 


4. a. Find the factored form of the product of N and P 
b. How is the product related to the GCF and LCM? 


Use What You Have Observed 


5. Find the GCF of 48 and 60. Then use the GCF and the product of 48 and 
60 to find the LCM of these two numbers. 


6, For fractions, the least common denominator (LCD) is the LCM of the 
denominators of the fractions. Use the method of Exercise 5 to find the 
LCD for each pair of fractions. 
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Exploring Applications of Proportions 


Use with Lesson 7-2 


In this activity, you will use real data or randomly generated data along with 
proportions to make estimates in real-life situations. 


Explore Using Real Data 


1. Use a local phone book for the data in this exercise, 
a. Use the number of listings in one column to write and solve a proportion 
to estimate the number of listings in the entire book 
b, Count the listings on one page that use only initials for first names. 
jumber Of listings with initials 
number of listing 
d. Use a proportion to estimate the number of listings in the entire phone 
book that use initials, 


c. Find a ratio that represents the following: 


Explore Using Randomly-Generated Data 


2. Since it is impractical to identify every member of a given wildlife 
population, population samples are frequently used to make estimates of 
entire populations. Follow the example below. 

a, Use a computer to generate 200 random numbers from 1 to 1000. 

b. Generate a second set of 200 random numbers from 1 to 1000. 

. Assume the first set of numbers represents the initial portion of a wildlife 
population that was captured. ta nd released, Assume the second 
set of numbers represents a second captured portion. Based on the two 
sets of numbers, how many animals were captured both times? 

are a model of a cupture-recapture method used to estimate 

wildlife populations. This method uses the following proportion 


and released _ number of taj 


number of 


Use this proportion to find how many animals you should have expected 
to capture both times in part ¢, 


Use What You Have Observed 


fo estimate how many fish are in Lake Rainbow, fish-and-wildlife rangers 
captured, tagged and released 100 fish. Later, they captured a second 
sample of 100 fish and found that 8 of them had been previously tagged 
What is the fish population of Lake Rainbow? 


4. Design a method for determining how many students in your schoo! 
participate in a certain extracurricular activity. 
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t = inuals in second sample 
Total population of animals Total number of animals in second sample 
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Exploring Linear Equations 


Use before Lesson 8-4 


In this activity, you will use a graphing calculator or a computer with graphing 
sofiware 10 graph linear equations. You will be able t0 watch the lines change 
as you change values of different parts of the equation. 


For y = mx + bh, choose a value for m and choose a value for b, 


Explore Changes in the Value of m 


1. a. Use the software to graph the equation you selected above. 
b. Increase the value of m by 1, and graph this equation, 
¢. Increase the value of m by 1 several more times. Graph each equation. 
d, How are the graphy alike? How are they different? How are the equations 
alike’? How are they different? 


2. a. Use the software to graph the original equation you selected above 
b. Decrease the value of m by 1 several times. Graph each equation. 
¢. How are the graphs alike? How are they different? How are the equations 
alike?) How are they different? 


3. Write a statement that summarizes your results in Exercises 1 and 2. 


Explore Changes in the Value of b 


4. a. Use the software to graph the original equation you selected above 
b. Increase the value of & by 1 several times Graph each equation. 
¢. How are the graphs alike? different? How are the equations alike? different? 


$. a. Use the software to graph the original equation you selected above 
b. Decrease the value of b by 1 several times, Graph each equation, 
cc. How are the graphs alike? different? How are the equations alike? different? 


6. Write a statement that summarizes your results in Exercises 4 and 5. 


Use What You Have Observed 


7. How are the graphs of y = 2v + 5 and y = 3x + 5 related? First make a 
prediction; then graph the lines to check. 


8. How are the graphs of y = le + 5 and y = 2x + 1 related? First make a 


prediction: then graph the lines to check. 
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Exploring Systems of Linear Equations 
Use before Lesson 9-1 
In this activity, you will use a graphing calculator or a computer with graphing 
software to graph more than one linear equation on the same pair of axes. You 


will be able to see how the graphs are related to each other ‘ou form new 
equations by changing values of different parts of the equations. 


For ax + by = c, choose a value for a, for b, and for ¢. For example. you 
might let a = 1, b = ~2, and ¢ =}. 


Explore Changes in the Value of c 


1, a, Use the software to graph the equation you selected above 

b. Choose a different value for c, and graph this equation on the same set 

of axes. How are the two graphs related’ 

¢. Repeat step b four more times. Summarize the results of changing the 
value of ¢ 


Explore Multiplying by a Constant 


2, a, Use the software to graph the original equation you selected above 
b. Choose any number and multiply each term of the original equation by 
this number; then graph this equation on the same set of axes, How are 
the two graphs related? 
¢. Repeat step b four more times. Summarize the results of multiplying 
each term of the original equation by a different constant each time 


Explore Changes in the Value of a or b 


3. a. Use the software to graph the original equation you selected above 
b. Choose a different value for a only or for b only, and graph this equation 
‘on the same set of axes. How are the graphs related? 
¢. Is the point of intersection a solution of the original equation’ Is it a 
solution of the new equation? 
d. Repeat step b four more times, Summarize the results of 


wing the 
value of a or b. 


Use What You Have Observed 


4, Explain how the graphs of 2x ~ 3y = =1 


ul 2x — 4y = O are related 


5, Explain how the graphs of ~3x + y = ~2 and 6x 


= 4 are related 


6. Explain how the graphs of 3x + 2y = 5 and 3x + 4y = 5 are related 
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Exploring Properties of Equality and Order 


Use before Lesson 10-2 


In Lesson 2-1, you used three important properties of the equals relationship. 


For all real numbers a, 6, and 


Reflexive Property a=a 
Symmetric Property — Wa=b, then =a 
Transitive Property Ifa =b and b= c, then a= c. 


Do you think these properties hold true for other relationships” Let's see 


Explore Relationships in Real Situations 


1. Think of the relationship “is next door to.’’ Let a, b, and c represent 
houses. Write how each property would be stated 
a. refle: 
b. symmetric property 
c. transitive property 


2. Which of the properties in Exercise 1 hold true in real life? 
Use the diagram to help you decide. 

3. Determine which of the properties, if any, hold true for each relationship 
Let a, b, and ¢ represent people, Use diagrams to help you decide. 


a. is shorter than b. is the sibling (brother or sister) of 
e. is the classmate of d. is older than 


Explore Relationships in Mathematics 


4, Think of the relationship “is a factor of." Let a, b, and ¢ represent numbers. 
Write how each property would be stated 
a, reflexive property. symmetric property. transitive property 


5. Which of the properties in Exercise 4 hold true? 


6, Determine which properties, if any, hold true for each relationship. 
a, isa multiple of — b. is nor equal toc. is less than — d, is greater than 


Use What You Have Observed 


7. Suppose you want to list 4 people (all of different ages) in increasing order 
hey will not tell you their ages but they will answer “yes” or 

* when asked if each is older than another. What is the fewest possible 
number of questions needed to list them properly’? 


8 Which property was helpful in solving Exercise 7? 
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Exploring Decimals 


Use with Lesson 11-2 


In this activity you will use a calculator to explore which fractions can be 

expressed as terminating decimals and which can be expressed as repeating 

decimals. 

Explore Decimal Forms of Unit Fractions 

1, a. Use a calculator to find the decimal form of 4 by dividing 1 by 2. 
b. Find the decimal form of the next ten unit fractions: 


Make a table of your results. 


d. Which fractions have decimal forms that repeat? 

¢. Find the prime factors of the denominator for each fraction in parts ¢ 
and d. Compare the two sets of results 

f. What seems to be true of the fractions with denominators having prime 
factors of only 2 and/or 5? 

g. What seems to be true of the fractions with denominators having prime 
factors other than 2 or 5? 


2, Predict whether the decimal form of each fraction will terminate or repeat. 
Then check with a calculator. 
1 


1 Be 
Gg tess rn 


200 
Explore the Fraction Forms of Decimals 
3. a. Write each of the following decimals in fraction form: 


0.4, 0,29, 0. 0.479 

b. Write the prime factorization of each denominator from part a, 

€. What do you observe about the factored forms of all the denominators? 
Does this agree or disagree with your results in Exercise 1? 


Use What You Have Observed 


4, What generalization can you make about the denominators of fractions in 
simplest form that represent terminating decimals? 


5, What generalization can you make about the denominators of fr 
simplest form that represent repeating decimals? 
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Exploring Irrational Numbers 


Use after Lesson 11-6 
In this activity you will explore relationships beoween sides of a right wiangle 
and then explore two methods of creating segments having irrational lengths. 


Explore the Sides of a Right Triangle 


1. a, Find the length of the hypotenuse of a right triangle with both legs 
having a length of 1 
b. Using your answer to part a as the length of one leg and 1 as the length 
of the other leg, find the length of the hypotenuse of this new triangle. 
Using your answer to part b as the length of one leg and | as the length 
of the other leg, find the length of the hypotenuse of this new triangle 
d. Continue this process, finding the length of the hypotenuse of the next five 
new triangles formed by the procedure above. 
e. What pattern do you notice? 


© 


2. a, Find the length of the hypotenuse of a right triangle with both legs 

having a length of 2. 

b. Using your answer to part a as the length of one leg and 2 as the length 
of the other leg, find the length of the hypotenuse of this new triangle. 

¢. Using your answer to part b as the length of one leg and 2 as the length 
of the other leg, find the length of the hypotenuse of this new triangle. 

. Continue this process, finding the length of the hypotenuse of the next 
five new triangles formed. 

e. What pattern do you notice? 


Generalize What You Have Observed 


3. If the lengths of the legs of a right triangle are x and Vj 
length of the hypotenuse? 


what will be the 


Explore Using Diagrams 


4. a. Use o ruler and a protractor to draw a right triangle 
with legs of length 1 in. each, as shown at the right 
b. At point A, draw a I-in. segment that is perpendicular 
to AB and connect the end of this segment to point B to 
form a new right triangle. Label the new vertex C. ‘ 


(Continued on next page.) 
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Exploring Irrational Numbers 


Use after Lesson 11-6 (continued) 


4. c, What are the lengths of the sides of triangle ABC? 

d. At point C, draw a |-in, segment that is perpendicular to CB and connect 
the end of this segment 1 point B to form a new right triangle, Label the 
new vertex D. 

. What are the lengths of the sides of triangle CBD? 

f. Continue drawing new right triangles until your diagram will overlap your 
first triangle. The diagram you have generated is called the Wheel of 
Theodorus 

8 What lengths of irrational measure have you constructed? 


Explore Using a Geoboard or Dot Paper 


5. a, The right triangle built on the geoboard at the right 
has legs of length 2 and 3. What is the length of 
the hypotenuse? 

b. Use a geoboard or dot paper to build a triangle with 
Jegs of length 1 and 2. What is the length of the 
hypotenuse? Is it irrational? 

cc. Build another triangle with a hypotenuse of irrational length, Give the 
lengths of the legs and hypotenuse, 

d, Build a square with sides of length 2, Then build the diagonal and find 
its length, 

€, Build a rectangle with width of 2 and length of S_ Then build the 
diagonal and find its length. 


Use What You Have Observed 


6. Describe two ways to construct a segment with length V17 


7. Can you construct a segment with length V21 using a Wheel of Theodorus? 
using a geoboard? 


8. How can you construct a segment with length SV 7 in.? 
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Exploring Quadratic Equations 


Use with Lesson 12-4 


In this activity, you will use a computer with graphing software or a graphing 
calculator to graph quadratic equations, You will then change the scale of the 
graph, if necessary. to find the number of real roots and to estimate these roots 


Explore ax? + bx + ¢ = 0, where b? — 4ac = 0 


1, a, Choose values for a, b, and ¢ such that b* — 4ac = 0, For example, let 
a= 2. b=4, and c= 2. Graph the resulting equation y = ax? + bx +e. 
b. In how many points does the graph intersect the x-axis 
¢. Enlarge the scale on the x-axis, if necessary, until you can estimate the 
root(s) to the nearest tenth, 
d. Repeat steps ae for a different set of values. 


Explore ax? + bx + c = 0, where b* — 4ac>0 


2. a, Choose values for a, b, and ¢, such that 6? ~ ac > 0, and graph the 
resulting equation y = ax? + bx +e. 
b. In how many points does the graph intersect the x-axis? 
¢. Enlarge the scale on the x-axis, if necessary. until you can estimate these 
root(s) to the nearest tenth, 
d, Repeat steps a-c for a different set of values 


Explore ax? + bx + c = 0, where b? — 4ac <0 


3. a. Choose values for a, b, and c, such that b> ~ dac <0, and graph the 
resulting equation y = ax? + bx +c. 
b. In how many points does the graph intersect the x-axis 
¢. What can you conclude about the real roots for this equation? 
d. Repeat steps a-c for a different set of values. 


Use What You Have Observed 
= 8r + 9= 0h: 


4. How many real roots does 3 


? How do you know? 


5. How many real roots does 2 — V12x + 3 = 0 have? How do you know? 
Graph the related equation and estimate the root(s) to the nearest tenth. 


6. How many real roots does 3x7 — 6r + 1 = 0 have? How do you know? 
Graph the related equation and estimate the root(s) to the nearest tenth, 


7. Make up quadratic equations that have no roots, one root, and two roots. 
Graph your equations to verify the number of roots. 
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Portfolio Projects 


To make a portfolio, an artist selects a variety of original work to represent the 
range of his or her skills. Each of the following projects will give you a chance to 
create a finished product that you will be proud to add to your algebra portfolio, 

‘The projects will help you develop your ability to present and communicate 
your ideas. They will also help you develop your problem-solving and reasoning 
iilities as you make Connections between what you know and what is new, Your 
individual insight and creativity will help shape the mathematics you discover. 

Let these projects be springboards for further exploration. Feel free to expand 
them to include new questions or areas of interest that arise. Most of all, have fun! 


(LR TS TES SS RS ET 
Hailstone Sequences (Chapter 1) 


A sequence is an ordered list of numbers. The rules given below generate some in- 
teresting sequences, called hailstone sequences, Begin with any positive integer 


Step 1 Ifthe integer is even, then the next number is 4”. 


Ifthe integer is odd, then the next number is 3+ 1. 
Step 2 For each number you obiain. repeat step (1) to find the next number. 


Here is an example: 
Start with n= 10, 


1 
10 is even, so the next number is 5(10) = 


5 is odd, so the next number is 3¢5 + 1 = 16, 


1. Continue fisting numbers of the sequence above until a pattern becomes clear. 


2. The diagram at the right represents the sequence in peepee eer 
Exercise 1. Draw a similar diagram of the sequence that 5 
begins with (a) 1 =6 and (b) n= 18. f } 


~~ 


Draw diagrams of at least five more hailstone sequences. 
Investigate the following questions: Does every hailstone sequence end ina 
loop? If so, do they all end in the sume loop? What is the longest stretch of 
numbers before a hailstone sequence enters a 1oop? What is the highest value 
reached by a hailstone sequence? 

te the consequences of changing the rules for generating a hailstone 


sequence. Again, begin with any positive integer 1. Then: 
Divide the integer by 3. 


1 
ext number is 571 
nu al 


If the remainder is 0, then th 


If the remainder is 1, then the next number is 4 — 1 
If the remainder is 2, then the next number ts 4+ 1 
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Diagramming Operations (Chapter 2) 


The diagram at the right represents the arithmetic operation , 
‘add 2." Notice, for example, that an arrow joins ~1 on the 
upper number line to 1 +2, or Lon the lower number line. 
Similarly, an arrow joins each number n on the upper number 
line ton +2 on the lower number line. 
1, Describe the operation represented by the diagram at the 
right in words and with an algebraic expression. 


2. Draw a diagram to represen! each operation, and write an 
algebraic expression to describe the operation. 
a. Subiract |b. Multiply by 3. Take the reciprocal 
‘The diagram at the lefi below represents two operations applied one after the 
other. The upper and middle number lines represent the first operation, and the mid- 
dic and lower number lines represent the second operation. The combined opera 
tions are represented by the diagram at the right below. in which the middle number 
line has been eliminated and each pair of arrows has been replaced by one arrow. 


ie: =) OP aenat eee 


3. a. Describe in words the two operations represented by the diagram at the left 
ahove, Write an algebraic expression to describe the combined operations 
represented by the diagram at the right above. 

b, What two operations would you use to reverse the directions of the arrows, 
that is, to move from the lower to the middle and upper number lines? Write 
an algebraic expression to describe the combined operations represented by 
the diagram at the right with the arrows reversed. 


|) SO 
ISBNs and Check Digits (Chapter 3) 


Every book published after 1968 has a 10-digit The book is published injan 
ISBN, or International Standard Book Number, English-speaki 
The diagram at the right shows how to interpret He The publisher 
the first 9 digits of an ISBN. The last digit of an lpugtiton Minin Compan 
ISBN isa check digit, which allows a person or — O - 395 - 67608 - 8 


a computer to tell if a mistake was made in one on oe 


PUES MEI The title is Algebra, Structure and Method, Book 
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The check digit is chosen so that when the digits of the ISBN are inserted in 
order into the blanks of the expression shown below. the result of the calculation is 
divisible by 11. 

Is —the +90 +10 
For example, the “check calculation” for the ISBN 0.395-67608-8 i 
Let led te 94 4eS 504 Get 7 eH4 8 490K 4 [O08 H=319= 1) 0 20 
1. Find the ISBNs of bvo books (they usually appear on the copyright page). Do 
the check calculation for each book. Verify that the result is divisible by 11 
2, Find the correct check digit » for (a) 0-231-10245-n and (b) 0-101-10200-n. 
3. A typist enters ISBNs into a computer. which checks them to see if they are 
yalid. Show by example that the typist could type two wrong digits without the 
computer detecting the errors. 1s it possible for the typist to enter only a single 
wrong digit without the error being detected? Explain. 


422 _4+3+ 44+ 45+ _ +60 +7 


4. Why do you think that 11 was chosen as the number that must divide evenly 
into the result of the check calculation? Would some other number, such as 7 or 
8 or 12, work just as well? Explain. 

5. Devise your own code that uses a check digit and give the check calculation 
formula for your code. 


Bumper-to-Bumper (Chapter 4) 


Traffic volume and traffic density are wo measures of the number of cars ona 
highway at any given time. The average speed maintained by cary on a highway 
depends in part on both the traffic volume and the traffic density 
Traffic volume is the number of cars per hour (cars/h) that pass a given point. 
‘Traffic density is the average number of cars per mile (cars/mi), 
1. Suppose that there are 2 cars in every mile of highway, and that they are 
traveling at an average speed of 50 mi/h. What is the traffic volume? Draw 


picture and explain your method. 
2. Find the traffic volume fora highway on which cars are traveling at an average 
speed of 40 mih with a density of 15 cars/mi. 
3. Fora given stretch of highway, let »=the average speed in mi/h of cars on the 
highway, let v = the traffic volume in cars/h, and let d = the traffic density in 
cars/mi. Write a formula relating these three variables. 
4. Forany fixed average speed, what happens to the traffic volume as traffic 
density increases? Will this always happen? Explain. 
5, Two lanes of bumper-to-bumper traffic merge into one lane ian eaeEon 


‘The cars are moving at an average speed of 10 mifh before a 


the merge. If the traffic volume is the same before and after 
.e speed of the cars immedi. 


the merge, then what is the avera 
ately after the merge? Explain your reasoning. 
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Pursuing Primes (Chapter 5) 


For centuries, people have tried to find formulas that generate prime numbers. 
Formulas have been found that work in some cases, but never in all. In Exercises 2 
and 3, you will investigate two of these formulas. First, though, you should estab- 

lish an efficient method of testing a number for primeness, which is the purpose of 
Exercise 1. Exercise 4 involves a little research, Exercise 5 is a game you can play 
that relies on knowing prime numbers and factors of numbers. 


3, and 679? Deseribe an 


1. Which of the following numbers are prime: 79. 157. 
efficient method of testing whether a number is prime. 

2. A polynomial formula that has been tried as a prime-number generator is 
x? +. + 17. Show that the formula gives a prime number for.«=0, 1. 2, and 3. 
Find a positive integer for which the formula does not produce a prime. 

3. Inthe seventeenth century, the French abbot Marin Mersenne 
looked for primes that can be written in the form 2” — 1, where p. 
is a prime number. (In 1975, the postmark pictured al the right 
commemorated the discovery of the Mersenne prime 2!'213— 1.) 
Find a prime number p less than 20 for which 2” — 1 is nor prime. 

4, Ina book on math . find Goldbach's Conjecture and then demonstrate 
that it is true for at least the first 10 even numbers greater than 4. 

5. In this solitaire game, your goal is to get the highest score you can by taking 
numbers according to the rules given below. Play the game several times and 
then describe your strategy for choosing the numbers you take. 


Begin with a list of the first 20 positive integers. Take a number that has at least 
one of the remaining numbers as a factor. Then eliminate from the list all 
factors of the number you took, Continue to take numbers in this way for as 
Jong as you can, Your score is the sum of all the numbers you take, 


Continued Fractions (Chapter 6) 


‘The expression shown at the right could be described as the sum of an integer \ 
and a fraction that has within it two other fractions. The numerators of all the I+ 
fractions are 1, Such an expression is called a continued fraction, To evaluate 2+ 
the continued fraction, start at the bottom and work your way up: 


‘To write a fraction in continued-fraction form, follow the steps illustrated by 
the example at the top of the next page. 
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ar r 1 Stop when 
100) Ip tag sot 73+ all the 
4 1+ 7 1+—> [numerator 


— 
Split off a 4 i) 
Weloveger Writes Sole off 3 


x 
panatoe LO the imeger WF Split off 
= 7 part af 10 the integer 
antof ey 
7 3 puro 2 
1, Evaluate each continued fraction: a, 2 + 5 b. a. 
145 44 
2. Write each fraction in continued-fraction form: =a be 


3, By trying several examples, discover and describe how to find the continued 


fraction form of any fraction of the type ra , where 1r is a positive integer. 
n+ 


4. By trying several examples, discover and describe the relationship between the 
continued-fraction forms of a fraction and its reciprocal 


A Transportation Problem (Chapter 7) 


A certain construction company often moves lumber to construction 
sites by helicopter. The lumber be loaded inside the helicopter or it 

can be carried below the helicopter, attached by a cable. Packing the — 
lumber inside the helicopter takes more time than simply attaching the 

lumber with a cable, but the helicopter can fly faster if it carries the 

lumber inside rather than underneath, Here are the facts: 


Loading the lumber into the helicopter takes 30 minutes and unloading it takes 
20 minutes, Carrying the lumber inside, the helicopter travels 144 mi/h, 
Attaching the lumber by cable takes 15 minutes, and detaching it takes only 
10 minutes. Carrying its load underneath, the helicopter travels 120 mi/h, 


It costs $300 per hour to fly the helicopter and $40 per hour to load and unload 
the lumber (whether loading it inside or attaching it by cable). 
The company management asks you to answer two questions; 
1. For what distances is each method of transporting lumber most economical? 
2. Sometimes the company has a rush job that requires them to transport the 
lumber as quickly as possible. regardless of cost. For what distances does it 
make sense for them to take the time to load the lumber inside the helicopter? 


Prepare a written report for the company management giving your solutions, 
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Slopes of Staircases (Chapter 8) 


Materi 


: Ruler or tape measure 


The horizontal parts of a staircase are called treads and the vertical riser: 


parts are called risers tread 


1. How would you use the height of the risers and the depth of the 
treads to measure the slope of a staircase? 


Many communities have building-code requirements that place restrictions on 
the slope of a staircase. Why do you think this is so? (How will the slope of a 
staircase affect your sense of comfort and safety when you use the stairs?) By 
drawing pictures, estimate a good range of slopes for Staircases. 


3 


Measure the riser height and tread depth of staircases in a number of buildings, 
both public (such as your school) and private (such as your home). Include 
different types of stairs, such as front stairs, back stairs, attic stairs, and base- 
ment stairs. Find the average slope, and the smallest and largest slopes of the 
staircases you measure, For each staircase, rate or otherwise describe the sense 
of comfort and safety you fee! walking up and down the stairs. 

4, Find a set of recommended specifications for the design of stairs. (You could 
find this ina reference book or you could call a local building inspector to find 
out what the building-code requirements are in your community.) How closely 
do the staircases you measured conform to these recommendations? 


Breaking E' ven (Chapter 9) 


Zack and Zoe spend $14 every time they go to the local cinema. 
‘They're thinking about buying a VCR for $240 and renting tapes 
for $2 each. The graph shows the couple’s total expenses if they 
continue to go to the cinema (red dots) and if they buy a VCR 
and rent tapes (blue dots). Each set of colored dots is linear 


1. a, The red dots lie on the line with equation y = 14x. What 
is an equation for the set of blue dots? 

b. Graph the two equations in part (a) and find the intersee- 
tion point of the two Lines. You may want to use a graph 
ing calculator or a computer with graphing software. 

¢. The point you found in part (b) is called a break-even 
point, Explain what this means for Zack and Zoe. 

2. Find other situations in which making some investment 
such as buying a VCR, lowers a regularly-occurring 
expense, such as the cost of watching a movie. Use graphs, 


: 
2 


equations, and words to analyze the situations, especially x= number of 


With regard to break-even points and what they mean. 
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The Classified Ads (Chapter 10) 


‘Suppose you have been hired to lay out the classified ads for a 
newspaper. Classified ads may appear only in the bottom 
20 em of any given page, and each page of the newspaper is 
divided into 6 columns. Ads are one column wide, and no ad 
can begin at the bottom of one column and then end at the top 
of another column. You want to do the job efficiently. keep- 
ing Wasted space to a minimum, but you don’t want to spend 
too much time “tinkering” with the placement of the ads. 
Instead, you need a general procedure that you can use day 
after day to position the ads using as few columns as possible, 
For today’s paper, the ads are of the following lengths: 


Sem, 8 em. 4 cm, 6. cm, 4.em, 2.5 cm, 3.5 em, 5 em, 7 em, 7.5 em, 6 em, 6.5 em, 
3.5 em. 2 cm, 6 cm, 4 em, 7 em, 5 cm, 5 em, 5.5 cm, 4.5 cm. 6.em, 5 em 


Using the lengths given above as an example, devise a systematic approach to 
the problem of positioning the ads, Can you fit all of today’s ads in the 20 cm at the 
bottom of one page or must you use part of a second page? Describe your prace- 
dure in detail so that someone else could use it and get the same results, Make up 
another set of lengths of ads and use your procedure to position the ads. 


A Swimming Race (Chapter 11) 


Six swimmers are about to begin a 50m gowimmers timers 
race, which will cover one length of the pool. $ ki 
Each swimmer stands in the middle of his or 

her lane, which is 2.75 m wide. The race will 5 Tr 
begin when the starter, standing at the side of D | Pay SR rr | 


the pool 3 m from the starting end, fires the 
starting pistol. The moment they hear the 3 
starting signal, the swimmers will dive into F} 
the pool and the timers (one for each lane) 

will stant their stop-watches. As each ; 
swimmer finishes the race, the timer for that rrr 
swimmer’s lane will stop his or her watch. 

Because the swimmers and timers are different distances from the starter, each 
one will hear the sound of the gun at a slightly different time. As a result, there may 
be a discrepancy between a given swimmer’s actual and recorded times 

Suppose that the swimmer in lane 2 Wins the race with a recorded time of 
30.87 s. The swimmer in lane 6 comes in second with a recorded time of 30.88 
‘Assuming that under the conditions of this race the speed of sound is 343 m/s, show 
that the swimmer in Jane 6 may actually have won, Write up your solution in detail 


\ce from timer 2 to suuter| 1 
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Solving Equations by Iteration (Chapter 12) 


Have you ever tried to solve @ quadratic equation by getting the x? term alone on 
one side of the equation and then dividing both sides by x) For example: 


Although. is “alone,” you still don’t know 
a value of that makes the equation true. } si 


With the equation x? + 3x—4 = 0 written in the form x 


4 
3+, youcan, 
however, use a method called solving by iteration to the find a solution, The steps 
of the process are illustrated below. 


(1) Start by guessing a solution. 


(2) Substitute the guess into the expression on 
the right side of the equation. 
(3) Use the result as a new guess for « solution. 


(4) Repeat step 2 with the new guess. 


(5) Use the result as a new guess for a solution. 

(6) With each guess, repeat steps 2 and 3 until 
the value of the new guess is the same as the new guess =-3 + 
value of the old guess. 


4 
old guess 


1. Continue the process shown above from y= —7, until the values of the guesses 
settle down to one number, By substituting this number for x. show that the 


number is a solution of the equation x = 


3+ 4 and also of the equation 
z 


a? +3r-4=0. 
lone” in the equation x? + 3v—4=0 isto 
4 


2. Show that another way to get 


write the equation in the form x= ‘Then try solving by iteration, What is 


the result? 


3. Use the quadratic formula or solve by factoring to confirm that the values of x 
you found in Exercises | and 2 are the solutions of the equation x2 + 3.x — 


4. Solve by iteration, Find as many solutions as you can. Use the quadratic formu- 
la or solving by factoring te confirm your solutions. 
a. -4r+3=0 b. da? + 2v-1 =0 

§ Write a quadratic equation that has no real solu 
iteration, Describe what happens. 


ons and then try to solve it by 
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Preparing for College Entrance Exams 


If you plan to attend college. you will most likely be required to take col 
lege entrance examinations, Some of these exams attempt to measure the 
extent to which your verbal and mathematical reasoning skills have been 
developed. Others test your knowledge of specific subject areas. Usually the 
best preparation for college enirance examinations is to follow a strong 
academic program in high school, 1 study. and to read as extensively as 
possible. The following test-taking strategies may prove useful: 


= Familiarize yourself with the type of test you will be taking well in advance 
of the test date. Sample tests, with accompanying explanatory m K 
ure available for many standardized tests. By working through this sample 
material, you become comfortable with the types of questions and diree 

for the pace 


tions that will appear on the test and you develop a feeling 
at which you must work in order to complete the test 


® Find out how the test is scored so that you know whether it is advanta 


geous to guess 


= Skim sections of the test before starting to answer the questions, 10 
an overview of the questions. You may wish to answer the easiest qu 
tions first, In any case, do not waste time on questions you do not un 
derstand, go on to those that you do 

= Mark your answer sheet carefully. checking the numbering on the an 

ct about every five questions to avoid errors caused by mis: 


swer she 
placed answer markings. 


© Write in the test booklet if it is helpful; for example, cross out incorrect 
alternatives and do mathematical calculations. 

© Work carefully, but do not take time to double-check your answers un: 
Jess you finish before the deadline and have extra time: 

= Arrive at the test center early and come well prepared with any neces 

sary supplies such as sharpened pencils and a wateh 


College entrance examinations that test general reasoning abilities 


such as the Scholastic Aptitude Test, usually include questions dealing with 


busic algebraic concepts and skills. The College Board Achievement Tests 
in mathematics (Level I and Level 1) include many questions on algebra. 
¢ exams. For 


The following first-year algebra topics often appear on th 


each of the topics listed on pages 710-711, 
> this topic is discussed has been provided, As you pre 


reference to the place in 


your textbook whet 


pare for college entrance exams, you may wish fo review the topies on 
these pages. 
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Types of Numbers (pages 31-32, 75, 185) 


Positive inte 
Negative int 


Integers 


Odd numbers 
Even numbers 


Consecutive integers i = an integer) 
cutive even integers {n.a + 2.n +4... .} (v= even integer) 
Qn 4...) (= odd integer) 


cutive odd integers, Inns 


Prime numbers gbabbs baer fay ted bel ga 


Properties (See the Glossary of Properties on pages 72 


Rules for Operations on Positive and Negative Numbers 


(pages 54, 71) 

Rules for Addition 

|. Ifa and b are both positive, then 
a+ b=|a\ + |b). 

2. Ifa and b are both negative, then 
a+ b= —(\al + |b). 

3. If a is positive and h is negative and a has the greater absolute value, then 
at b=|al— (bl 

4. If a is positive and b is negative and b has the greater absolute value. then 
at b= ~(\b| ~ jai). 


If a and > are opposites. then 
at+bh=0, 


Rules for Multiplication 

|. If two numbers have the same sign, their product is positive. 
If two numbers have opposite signs, their product is negative. 

2. The product of an even number of negative numbers is positive. 
The product of an odd number of negative numbers is negativ 


Factoring (pages 185-186. 194-195, 204-227) Algebraic Fractions (pages 247-279) 


Integers a? + 2ab + Simplification Multiplication 
cr a — 2ab + # Addition Division 
ae + bx axe + bx + 
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Graphing (pages 31 3-355, 366-368, Percents (pages 309-311, 315-316) 
85, 457-458, 478-479, 490-492, 495, 


73) 
Points on a number fine Converting decimals and 
Inequalities on a number line fractions to percents 
Points and lines in a number plane Percents greater than 100 
Inequalities in a number plane Percents less than | 
Quadratic functions Percent problems 


Solving Equations (pages 95-96, 102-103, 230-232, 561-562. 567-568, 573) 


Transformation by substitution (p. 96) 
Transformation by addition (p. 96) 
‘Transformation by subtraction (p. 96) 
Transformation by multiplication (p. 102) 
Transformation by division (p. 102) 


Factoring (pp. 230-232) 
=k (p. 561) 

Quadratic formula (p. 567) 
Discriminant (p. 573) 


Simultaneous Equations (pages 413-414, 417-418, 426-427, 430-431) 


The graphic method 

The substitution method 

The addition-or-subtraction method 

Multiplication with the addition-or-subtraction method 


Vari 


Direct 
Inverse variation 

Direct variation involving powers 
Inverse variation involving powers 
Joint variation 

Combined variation 


(pages 391-392. 307-398. 584-585, 588-589) 


ariation 


Word Problems (pages 23-24. 26, 27-28, 75-76, 112-113, 121-122, 126, 165, 
167-169, 172. 175-176, 234-235, 287-289, 293-294, 302, 315-316, 321-322, 326-327, 
350, 421-423, 438-439, 444-446, 469-471, 579, 588-389) 


Age Percent 

Proportion 
Consecutive integers Ratio 
Cost and value Uniform motion: 
Digit Wind and water current 
Fraction Without solutions 
Investment Work 


Mixture 
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Types of Questions 


The types of questions you can expect may include five-choice Multiple-Choice 
questions, four-choice Quantitative Comparison questions, or Grid-in questions. Here 
is an example of a Multiple~Choice question: ==, 


If 4x + dy + 4y = 72, what is the value of x + 3? 
(A) 6 

(B) 7 

(Cs 

(D) 9 the correct answer 

(E) 10 


Quantitative Comparison questions give you two quantities and ask you 10 compare 
them. Here is an example of a Quantitative Comparison question: 


Column A Column B 
Mi Pre 


You must choose whether the quantity in Column A is greater, the quantity in column 
B is greater, the two quantities are equal, or if you cannot determine which is greater 
from the information given. For this example. the quantity in Column A is greater. 


Grid-in questions emphasize active problem solving and critical thinking by asking 
you to grid the answer directly on the answer sheet rather than recognize it from 
among the choices. Using the same example as the Multiple~Choice question, the 
answer is still 9 but you would have to grid 9 on the answer sheet rather than 
choose (D). 


Calculator Use 


Some college entrance exams allow students to use calculators. If calculator use is 
permitied, bring a familiar calculator with you to the test center, but don't plan to use 
it for every problem. First decide how to solve the problem. and then decide if a cal- 
culator will help with the computation, For example, suppose you are given the num- 
bers 1, 4, $2, 93, 45, 232, and 19, If you are asked to find the median, the middle 
value listed, using a calculator will not help. You should list the numbers in order 
and choose 45. If you are asked to find the mean, the average of the numbers, using 
a calculator may help. You should add 1 + 4 + 82 + 93 +45 + 232 + 19 and then 
divide by 7 to get 68. In general, calculators help solve problems involving data, 
number patterns, or guess-and-check problem solving strategies. 
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A-2 Point-Slope Form 


Objective To derive linear equations using the point-slope formula. 


Use after Chapter 8 


A shipping company charges $10 to ship a package 
weighing 3 Ib or less. For every pound over 3 Ib, it 
charges an additional $.50 per pound. The graph of this 
pricing scheme consists of pieces of two lines. The lines 
can be described algebraically 


For weights <3 Ib: y= 10 
For weights > 3 10 + 0.50(x ~ 3) 


number of pounds over 3 


The second equation features the coordinates of a point Weight (Ib) 
on the line, (3, 10), as well as the slope of the line, 0.50. 

When you know the coordinates of a point ona line. (4), yg), and the slope 

of the line, m, you can use the point-slope formula to write an equation of 

the line: 


Write an equation in point-slope form of the line through the 
point (7, 8) with slope 4. 


y-8=4-7) 


Equations of Perpendicular Lines 
When two lines are perpendicular, their slopes have a product of —1 
In other words, if the slope of one line is m, then the slope of a line 


ly, an e 
perpendicular to itis ~,- You can use this faet to write an equation. 
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Line A has equation y = 3x—7 and passes through the 
point (~2, 6), Line B passes through the same point and is 
perpendicular to Line A, Write an equation of Line B in 

slope-intercept form 


| in slope-intercept form 


Y= yy = mlx — ay) 
\ The slope of Line A is 3 


pages so the slope of Line B is 


Yo 


For Exercises 1-8, a point and the slope of a line are given, Write an 
equation in point-slope form. 


1. (1,2);3 2. (5,9); 2 3. (3.4); i 4. (-2,4):5 


3.835 6. (l,i es (0.3):4 8. (0, b)s mm 


3 
9, An equation of a line is y ~ 2 = yr ~ 5). Write an equation in slope 


intercept form. Then write an equation in standard form. 


For Exercises 10 and 11, write an equation in slope-intercept form for 
the line described. 


) that is parallel to the line y = 4y + | 


10, a. The line through (2 


4 
b. The line through (2, 5) that is perpendicular to the line y= Gy +1 


allel to the line 4x + 


11. a. The line through (—7, 6) that is pi 


b. ‘The line through (7, 6) that is perpendicular to the line 4x + 2y 


12, Read the first three paragraphs on page 378, Notice that the red line 


passes approximately through the point (62, 73). 


Estimate the slope of the line and write an equation for the Tine in 
point-slope form. 

b. A boy is 70 in. tall at age 14, Use your equation from part (a) to 
predict his height at age 24. 
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A-3 Inductive and Deductive Reasoning 


Objective To identify and use inductive and deductive reasoning. 


Use after Chapter 12 


Suppose you observe the following pattern 


t=) 
14+3=4 The sum of the first 2 odd integers is 2 
st 3 add integers is 3° 


1+ 9 The sum of the 


34+5= 
1434547 = 16 The sum of the 


st 4 odd integers is 4 


Based on the pattern, you could use inductive reasoning to make the follow- 
ing generalization 


The sum of the first » positive odd integers is 17, 


Inductive reasoning involves making a general statement based on a num: 
ber of observations 


You can test the statement above for many different values of n. Observing 
that the statement is true for many values of n is not the same as proving that 
it is true for all values of n, however, You can use deductive reasoning to 
prove that the statement is true for all values of x. Deductive reasoning uses 
known facts, definitions, and accepted properties in a logical order to reach a 
conclusion or to show that a statement is true, 


Let § = the sum of the first 1 odd integers. First write an 


gers isn? 


equation. 


The nith even integer is 


=14+345+ 3)+Qn—1) 
i nth odd integer is 1 less than 2y 
: bp 3) 4 On 1) [NOW Write Sasa “forward sum” 
= + + 2.4 (20-3) + Qn=1) ” 
iat 1 1) {an a“hackevard sum" Add the 
Fer ere eae ieee 
‘ented all S Wo equations, term by term 
a= in + ree a a ’ 
2§=n(2n) The term 2n occurs n times 
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Using Counterexamples 


You may wonder why it is important to prove a statement like the one in the 
Example. After all, the statement appears to be true for all values of n, To see 
why a deduc 


ve proof is important, consider the following, statement 
For every positive integer n, 1° + 1 + 41 is a prime number. 
If you test the statement for different values of n, it appears to be true, 


Whenn=1 12 +14+41=43 prime 
When 1 


274+24+41=47 prime 
Whenn=3, 3? 


+3441=53 pI 


Testing many numbers may lead you to believe that the statement above is 
true, but you would be wron, 


For example 


When 


41. 41? +41+41= 1763 not prime because 1763 = 43 * 41 


In fact, n° +: +41 is prime when n= 1 
when n = 40 or 41. These values of » 


3... 39, but it is not prime 
re called counterexamples 


Proving that a statement is false requires just one counterexample, Proving 
that a statement is true requires a deductive proof. 


deductive reasoning. 


1. Tim is Veronica’s cousin. Since David is Veronica's twin brother, Tim is 
also David's cousin. 


2. The school librarian notices that many students are requesting books about 
different countries in Africa. The librarian concludes that one of the social 
studies classes must be studying about Africa. 


27. ... is found by 


multiplying the previous term by 3. She concludes that the next two 
terms are 81 and 243, 


Julie notices that each term in the sequence I, 3, 9. 


4. Study the equations and algebraic reasoning shown below the two col- 
ored figures on page 529, Is the final equation a? + b? = c? reached by 
using inductive or deductive reasonin 


Give an example of inductive reasoning. Then give an example of deduc- 
live reasoning. How are the two types of reasonii 


2 different? 
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6, Look for a pattern in the statements below: 
2 


2+4=263 
24+446=3-4 


[<2 


a, Write the next two statements in the pattern 
b. Use inductive reasoning to write a genenil 


jitement. 


Use deduetive re if Lo prove your stalement, Mint: Start by let- 
ting 5 = the sum of the first 1 positive even integers, Then write two 
equations and add them vertically, term by term: 


S= 2 + 4 4...4(2n~2)4 (2m) 


+ Ss 


Qn) +(In—2)+...4 4 + 2 


7. Consider the equation (x + 3)(x + 4) Tx +12. 
a. How are the numbers 7 and 12 related to the numbers 3 and 4? 


b. Does this relationship work when you multiply (x + 5)(x + 8)? 
¢. Use inductive reasoning to multiply (x +a) +b) 


d. Use deductive reasoning and the FOIL method to show that your 
generalization in part (c) 1s true for all values of a and b 


Provide a counterexample for each statement to show that it is false. 
8. (n+ 2h =n +28 9, la + bl = |a) + |b) 


10, > x forall values of x. Liha >0, then a? >a 


Tell whether each statement is True or False. If it is False, give a 
counterexample. 
12. For every positive integer nm. n? + n+ 11 is.a prime number. 


13. Perfect square numbers always end in 1, 4.5.6, or 9 


14. The result of multiplying the sum of the first 7 positive even integers by 
4-and then adding 1 is always a perfect square. 

15, Use deductive reasoning to prove that the statement in Exercise 14 is 
always true. (Hint: Look back at Exercise 6(c).) 
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A-4 Hypothesis and Conclusion 


Objective To identify the hypothesis and the conclusion of a statement 


Use after Appendix A-3 = 
Logical arguments are bused on statements that can be expressed in this form: 
“If statement p is true, then statement g is true.” 


Statement p is called the hypothesis, Statement q is called the conclusion. 


Hypothesis Conelusion 
(1) Iaand b are even integers, then a +b isan even integer, 
Q) Ifx40, then > 0). 


Pe; ys that n° > 7 for all negative numbers n. Write 


Peggy's statement as an if-then statement, Identify the 


If wis a negative number, then n? > 1 


hypothesis and the conclusion. 


Hypothesis: is a negative number, Conclusion; 1? > n* 


Whenever you try to prove that an “If p, then q” statement is true, you use 
the hypothesis as the starting point, assuming it is true. Then you can use 
deductive reasoning to prove that the conclusion is true 


then x 


Use properties of real numbers to prove the statement 
Axr+3)= 8 
2¥+6= -8 Distributive property 
2x = -I4 Addition property of equality 
‘= -7 Multiplication property of equality 


The Converse of a Statement 


A statement that contains a hypothesis and a conclusion has a converse. In 
the converse of a statement, the hypothesis and the conclusion are reversed 
Even though a statement may be true, its converse is not necessarily true. 


[ Statement Conyerse 
(1) a and é are even integers, Ifa + bis an even integer, 
then +b is an even integer | then a and / are even integers. 
Q) Ifx +0. then 2 >0. IW? > 0, then x 40. 
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| Tell whether the converse of each statement at the bottom of 
pag 


718 is true or false. Justify your reasoning 


(1) Leta =3and b=5. Then a+b 
inte: 


+5=8, uneven 
et, But 3 and 5 are not even, so the converse of 
statement (1) is false. 


(2) Ifa? > 0, then 40 bes 
statement (2) is true. 


ause (P = 0. The converse of 
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Written Exercises 


For Exercises 1-4, write the hypothesis and the conclusion of each state- 
ment, Tell whether the statement is true or false. Justify your reasoning, 
1, If the current month is September. then there are 30 days in the month. 

2. If'a and > are negative. then ab is positive 
3. Joe lives in New England if he lives in Vermont 
4. a+b 


1a) + |b] if a and b are both positive 
5, Give the converse of each statement in Exercises 1-4. Tell whether the 
converse is true or false. Justify your reasoning 


6. After try 
any two odd integers is always even 


ing many different pairs of numbers, Jim stated that the sum of 


clusion of Jim's statement. Then 


a, Identify the hypothesis and the © 
write an if-then statement 
b. Write the converse of your statement from part (a). Tell whether the 


converse is 1rue or false. Justity your reasonil 


7. Write the converse of the statement in Example 1. ‘Then try different values 
of to sce whether the conyerse is #rue of false. Explain your reasoning 

8. Consider the inequality |x| — 1 > 0, For what values of x is the inequality 
true? For what values is it not true? Based on your observations, write 
un if-then statement about the inequality |x| ~ 1 2 0. Identify the hypoth 

jement 


esis and the conclusion of your sta 


nt is sometimes true, always true, or never true, 


Tell whether each stat 
Explain your reason 


9, For real numbers a and , |a + 


10. Ifa and 6 are nonzero real numbers and a> b, then | > 7 


numbers and a > b, then ax > bx 


11. Ifa and > aren 
12, If 2x2 = 120+ 18 =0. then.x =3 
If mand n are prime numbs 


s. then mm is also prime. 


14. If mand n are prime numbers. then # + # is also prime 
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A-5 Indirect Reasoning 


Objective — Vouse indirect reasoning in a logical argument. 
Use after Appendix A-4 


Sharon King returns home to find that a large slice of freshly baked rhubarb 
ten. The only people with access to the house are her hus 


pie has been e: 


band, son, and daughter. Since her husband is out of town and her daughter 
hates rhubarb, she concludes that her son must have eaten the pie 
Sharon does not reason directly that her son ate the pie. Instead, she uses 


indirect reasoning. In other words, she shows that all other allematives are 
impossible. Indirect reasoning is used in mathematics as well 


TRGB se indicect reasoning to prove the following statement 
Tf? is odd, then n is odd. 
PGR sian vy ideniitying the hypothesis and the conclusion of the 
statement. Then try to show that the alternative conclusion 
Jeads 10 a contradiction in the statement, 
Hypothesis and known fact: is odd 
Desired conclusion: 1 is odd. 
Alternative Conclusion: 1 is even. 
Assume temporarily that the allemative conclusion is true. If 


nis even, then 1 can be described as the product of 2 und 


some integer k, Then n? is as follows: 

(2ky 22K) 

Notice that 77 has a factor of 2. This implies that 1 
which contradicts the known fact that? is odd, The desired 
conclusion must be accepted, and the original statement is true 


seven, 
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Written Exercises 


{ reasoning to prove each statement. 


Use indi: 


1. If nis negative, then n is negative 
2. If nis even, then n is even. 
3. Ix > 3, then |x| ~3>0. 


4, Lan equation in the form ax? + bx + ¢ =0 has no real-number solutions, 
then the graph of the related equation y = ax? + by +¢=0 has no 
intercepts 

If n? isa multiple of 3, then n is a multiple of 3. (Hint: The desired 
conclusion is that » is 3 times some integer k, There are two alternative 


conclusions you must consider: n = 34+ 1 orn = 3k +2 
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